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A NOTE ON WEIGHTED ESTIMATES FOR
BILINEAR FRACTIONAL INTEGRAL OPERATORS

YASUO KOMORI-FURUYA

(Communicated by J. Soria)

Abstract. De Napoli, Drelichman and Durdn (2011) proved weighted estimates for the fractional
integral operators. Komori-Furuya and Sato (2020) proved weighted estimates for bilinear frac-
tional integral operators. We show that their results are optimal by giving counterexamples.

1. Introduction

Consider the fractional integral operator

Iaf(x):/Rn%dy, O<a<n.

Stein and Weiss [6] proved weighted estimates for this operator.

THEOREM A . ([6]) If O0<oa<n, l<p<g<o, A<n/p', B<n/q,

A+B>O and lzl_w,
q9 P n
then
[ f] g < Cl[ £ -

When A = B =0 this is the Hardy-Littlewood-Sobolev inequality and the condi-
tion A+ B > 0 is optimal. However, restricted to radial functions, De Napoli, Drelich-
man and Durdn [2] improved this inequality as follows; see also [5].

THEOREM B . ([2]) If O0<a<n, 1<p<g<e, A<n/p, B<n/q,

11 1 1 o—A—B
A+B>(n—1)<———> and -=————"—
qa p qa p n

then

|| |x|_BIafHLq < C|| |x|Af| for all radial functions f .
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Y. Komori-Furuya and E. Sato [4] considered bilinear fractional integrals.

DEFINITION 1.

._ F(»)g(z)
Io(f,8)(x) := //R2 (T dydz,  0<o<2n.

THEOREM C . ([4]) Assume that 0 < ot <2n, 1 < py,pry<e, 0<1/qg<1/p1+
1/p2, Ay <n/p, Ay <n/ph, B<n/q,

1 1 1 1 1 1 o—A1—A,—B
) and —l———#.
qg P D2 n

A1+A2+B>(n—1)<—————
qg P D2

Then for all radial functions f and g,

Ikl ™t (f.8)l] 0 < C[lxI* 1]

By using this theorem, authors got improvements of the bilinear Caffarelli-Kohn-
Nirenberg’s inequality.
For Theorem B, De Napoli et al. [2] showed that the condition

A+B>(n—1)<é—}))

x[*2g]

Pl 2

is optimal by giving a counterexample for n = 3; see also [1]. We show the following.
For Theorem C, the condition

Ai+A2+B> (n—1) (l—i— L)
q9 P1 P2

is optimal for all n > 2.

Our proof is elementary and by the same argument we can give counterexamples
for Theorem B where n > 2.

The following notation is used: X <Y and X 2 Y denote the statement that X <
CY and X > CY respectively, where C is a positive constant which is independent
of essential parameters. X =~ Y denotes the statement that X <Y and X 2> Y. The
characteristic function of a set £ is denoted by yg.

2. A counterexample
Letn>2. If

1/g=1/p1+1/p2—a/n+ (A1 +Ax+B)/n (D

and

A1+A2+B<(n—l)<l—i—i)7 @)
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then substituting (2) for (1), we have

We take 0 < € < 1 such that

Let
1

fo(t) == m%(l/z,z)(f) and go(r) := m%(l/z,z)@),

and define

f&) = fo(lxl) and  g(x) := go(lx]).

1
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Then |x[*1 f(x) € LP'(R") and |x|*2g(x) € LP>(R"). However we shall show the fol-

lowing:

COUNTEREXAMPLE .

Lo (f,8) (x) ¢ L(1 < |x] < 2).

Note that this is equivalent to

Io(f,8)(x) ¢ LI(1 < |x] <2).

For the proof we need the following lemmas.

LEMMA 1. ([3] p. 442 or [2] Lemma 4.1) Let n>2 and h € L'(R"). Then

27'[(”71)/2
- h(x-w)do(w) = s 1)/2)

where do is the Lebesgue measure on S".

LEMMA 2. Let %<r< 1, eo=(1,0,...,0) and

Sri={o=(o,...,0,) €S" o >r2—r)}.

If €S, then \eo—r(x)|<\/§(l—r).

o(S,) ~ (1—r) .

) / 11 B(lxfe)(1 —2)=3 2y,

3)

“4)
&)
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Proof of (4).

n
leg —ro|* = (1—ray)? + E(rwk)z = 2ron+1<rP=2r*2—r)+1
k=2

=Q2r+1)(1-r)?<3(1-r)

Proof of (5). Let h(t) = ¥(y(2—r)1)(t)- Then h(ep- @) = xs,(@) where ® € §" .
By Lemma 1,

1
G(S,)%/r (1— "3/2dz~/ NI ar (1

(2—r)

LEMMA 3. Let % <rs<landey=(1,0,...,0). Then

(@)do(a) (L=
J(r,s,0) /s l/s“ Ieo—rw|+|eo—sw\>2" @ (1=r)+(1—s)™ "

Proof. By Lemma 2,

rse // dG( )
0) ,éwwwm+M—mw%a

o(Sr)-o(Sy) o (L=r" 11 —s)nt

~ .
A=) (=t 1)
LEMMA 4. If 1<|x|<2and 1/]x|]<rs< %, then
J(rse) > —
P -
Proof. If 1/|x| <rs<(14+1/]x])/2,then 1/2 <r,s <1 and
%(|x|—1)<1—r<|x|—l
l(|)c|— I)<l—s<lx|—1
4
Therefore we have
(= i1-st [ a-ni-s " 1
(1=-N+1-9)""% \(1-nN+1-9)7) (1-r+(1-s5)°
1
~N——. [
(|x|_1)270(

Now we we shall prove (3).
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Proof of (3). Let 1 < |x| <2. By Lemma 4,

n—1 n—1
/ / / / ()"~ go(s)s S drdsdo(®)do (o)
/2 /2 sn—1 Jon—1 |x—rw|+|x_5w/|)

_ fo(r)go(s) ~drdsdo(w)do (o)
/1/2/1/2/&1*1/3"*1 x/|x| rco/|x|‘+‘x/|x| sw’/lxID ’ w

2/l 2/l do(w)do(a)
- //m‘ /mx| ( o o ttodol sw,|)2n_a)fo<|x|r>go<|x|s>drds

ESV/E R ERVIE]
2/1 /1 J(r,s,e0) fo(|x|r)go(|x|s) drds
[ )

1 L | L1/ :
R e —ds.
(e —1)> "y (Wr=D0=ap S (xls — 1)(-2)/p2

x|

Since 0 < |x|r—1 < (|x| —1)/2, we have

141/]x]
-

1
dr >
L (e TR

[x|

1 <1+ 1/ L)

Y(a=e)/pi 2 ]
N 1

)

~ W= naarm F =0

and we obtain

Iolf.) () > ! 1

(M= D0 a0/ /m e = (W= 1)

77 ¢ L1 < |x] <2).
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