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ON THE GENERALIZED VON NEUMANN-JORDAN TYPE
CONSTANT FOR SOME CONCRETE BANACH SPACES

ZHAN-FE1 ZUO ™, LIANG-WEI WANG, YONG-XIANG ZHAO AND YAN-QIU WU

(Communicated by S. Varosanec)

Abstract. In this paper, we investigate the relations involving the generalized von Neumann-
Jordan type constant of the absolute normalized norms ||.|[, and ||.||¢ . where the convex func-
tions ¥ and ¢ are comparable.These conclusions which not only contain some previous results,
but also give the exact value of the generalized von Neumann-Jordan type constant for some
practical examples in the application of geometric theory of Banach spaces.

1. Introduction

Let X be a Banach space with the unit ball By and the unit sphere Sx. Many
geometric constants for a Banach space X have been investigated, such as the von
Neumann-Jordan constant Cy;(X) [9] and the von Neumann-Jordan type constant
C_w(X) [21]. On the one hand, it has been shown that these constants are very useful
in geometric theory of Banach space, which enable us to classify several important
concepts of Banach space such as uniformly non-squareness and normal structure[7, 16,
25,28, 29, 30], on the other hand, the calculation of these geometric constants for some
concrete spaces is also of some interest [0, 12, 13, 19]. It is well known that the exact
values of the von Neumann-Jordan constants Cy;(X) have been calculated for many
classical spaces, such as the Lebesgue space [3], the Cesaro space, the Lorentz sequence
space [8] and the Bynum space [7] etc. Naturally, one hopes to know the exact values
of the von Neumann-Jordan type constant C_..(X) for these spaces. Although the
exact values of the von Neumann-Jordan type constant C_..(X) have been considered
in some concrete Banach spaces [21, 25, 28, 29, 30]. However, the exact values for
the von Neumann-Jordan type constant C_..(X) remain undiscovered for the absolute
normalized norms of some concrete Banach spaces.

Mathematics subject classification (2020): Primary 46B20; Secondary 46B25.

Keywords and phrases: The generalized von Neumann-Jordan type constant, Absolute normalized
norm, Convex function.

* Corresponding author.

© t1€I"€N' Zagreb 597

Paper MIA-24-42


http://dx.doi.org/10.7153/mia-2021-24-42

598 Z.-F. ZU0, L.-W. WANG, Y.-X. ZHAO AND Y.-Q. WU

2. Preliminaries

Firstly, let us recall the definition of the von Neumann-Jordan constant Cy;(X)
and the von Neumann-Jordan type constant C_o.(X),

[x+y)* + [lx = yl]?
2(][x 1>+ Iy lI?)

CNJ(X):sup{ :)cESX7)16BX}7

C (X):sup min{||x+yH27Hx_y”2}
- [x[1> + [Iy12

It is well known that C_..(X) < Cnj(X) and some properties among them have been
indicated in [21, 25].

Recently, the von Neumann-Jordan type constant C_..(X) is generalized in the
following form, for 1 < p < oo,

x,y€X,(x,y) # (0,0)}.

1 p —vl|lP
¥ x)— s {mm{||x+y =17}

22+ o) e 7 <0’0>}~

It is obvious that C(i)o (X) = C_w(X), some geometric properties of Banach spaces X
in terms of the new constant C'”) (X) are investigated in [26, 27].

(i) Let X be a Banach space, then = < C(p )

2p—2 —oo

(X)<2forall 1 <p< oo,

(ii) The Banach space X is uniformly nonsquare < C(_p,,l (X) <2 forsome 1 < p<

oo
(iii) Let X be a Banach space, if there exists some 1 < p < +oo such that C(_p,,l X) <
1420 )P .
%, then X has normal structure, where p(X) is weak orthogonal-
u(x)P(P=1

ity coefficient.

(iv) Let X be a Banach space, if there exists some 1 < p < +eo such that C (p) X) <

—oo

(1+R(1ﬁlx)l7 )p

o ROXPT
272t )

Benavides coefficient.

, then X has normal structure, where R(1,X) is Dominguez-

Therefore, the calculation of the new constant C(,pol (X) is very important in geo-

metric theory of Banach space, which not only enable us to classify several important
concepts of Banach space, such as uniformly non-squareness and normal structure, but
also give the exact values of the von Neumann-Jordan type constant C_..(X) for some
concrete Banach spaces. In this paper, we are interested in determining the generalized

(p)

von Neumann-Jordan type constant C2*2 (X) for the absolute normalized norms. As an

application, we can compute the exact values of the generalized von Neumann-Jordan

type C(,poz,(X ) for some concrete Banach spaces, such as the space ¢,, Cesaro space

2

cesp2 , Lorentz sequence spaces d(z)(w,q), Banach lattice X7 etc.
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Firstly, let us recall that a norm on R? is called absolute, if ||(z,w)|| = ||(|z],|w])]|
for all (z,w) € R? and the norm is called normalized, if

1(1,0)[[ = [I(0, D)} = 1.

Let Ny denote the family of all absolute normalized norms on R2, and ¥ denote
the family of all continuous convex functions on [0, 1] such that

y(0)=w(1)=1 and max{l —z,7} < y() < 1.

It has been shown that Ny, and ¥ are a one-to-one correspondence in [1].

THEOREM 1. If ||.|| € Ny, then w(t) = ||(1—t,t)| € ¥ and conversely, if y(t) €
W, then

||
(ol | 100y (55). o) £ 00,
0, (z,0) = (0,0).

isanorm and ||.[|y € Ny .

In particular, for the £, norm the corresponding convex function () is given
by

1
=0} 1< p <eo,
vo(t) { max{l —r,t}, p=oo.

By Theorem 1, we can also get some Banach spaces which have non- £, norms on
R2, such as the XP space, Cesaro sequence space and the following Examples 3, 4, 5,
6, 8, 9 in this paper.

For any p € (1,+90) and X = R? with different absolute normalized norms, the
norm of the space X7 is given by

1
[l = [H1?1lx -

It is proved that if X is a Banach lattice, then X? space is a Banach lattice for p €
(1,+4o0), some more results about X? space can be found in [14, 15].

The Cesaro sequence space was defined by Shue in [20], it is very useful in the
theory of matrix operators and others. For 1 < g < oo, let us restrict ourselves to the

two-dimensional Cesaro sequence space ces,(lz), which is just R? equipped with the

norm defined by
1
q =
1oyl = <|x|q+ (x;fy> >q.

The geometry of Cesaro sequence spaces have been extensively studied in [4, 5, 10, 17,
18].
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3. Main results

LEMMA 1. Let ||.||y and ||.|2 be two equivalent norms on X, namely for b > a >
0, all.ll2 < [l < &l-ll2, then

arC?)(.I12)
br

2, then CEL(|LIL) = C22(|1-112)-

b

<) < —=,

Moreover, if ||.|[1 = a||.

Proof. By the definition of C'”)(||.||), we have that

min{||x+y[|7, [lx—ylI{

(|l =s { 2ﬂ2(;’||1171+”y11y7i|1} Xy €X,(x,y) # (070)}
_. {bl’min{Hx-H’gaHX—yg}
= ar2r=2([|x[|5 + [[y]I5)

b {mm{||x+y2,||x 5}

2°=2([lx)15 + Iy 115)

x,y€X,(x,y) 3&(0,0)}

aP

.y € X, (ry) £ <o,o>}

b _(p)
< C;Cfm(lH\z)-

Similarly, we can get the inequality

(p)
aPCeL([Il2) _ )
(=
Let us put
t t
M| = max M and M, = max w

0<r<1 y(r) 0<i<1 (1)

THEOREM 2. Let y(t),¢(t) € ¥ and y(t) < ¢(t), if the function 3(()) attains its

maximum at t = % and c'?) (I-ls) = 721,,1;1,(%), then
(») 1
CEL(I- = .
(M) = 55y

Proof. By the condition of y(z) < ¢(¢) and the definition of M, we have that

—|| lo < [-llw < [I-llo-

Take a = MLI and b =1 in Lemma 1, which implies that

CO(I1-lly) < MECEL(-)-
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1
It is noted that the function ﬂ?) attains its maximum at r = %, ie, M| = W(jl) and
2
C(|I-llp) = W then
(| ly) < MICOL( o) = . M
20ty (3)
On the other hand, let us put x; = (1,1),y; = (1,—1), it follows that
1
[[x1 Hv/ = [In Hv/ = 2‘!’(§>»
1 +y1lly = 21 = yilly =2
min{ [x; +yilly, o —yilly} 2p _ 1 <c® )
2 P P . m =71 SCwlly) @
22l Il 2 T2ryr(3) 2 tyr())
By the inequality (1) and (2), we have that
L ly) = MU lg) = . D
2r=lyr(3)

THEOREM 3. Let y(t) € ¥ and y(t) < ¢(1) =y, (t) (2 < p < o), if the function

Wp(t) .. . 1
1 m =5
W atains its maximum at t = 3, then

1
COU ) =M = s
2

Proof. By the condition of y(r) < y,(¢) and Clarkson inequality,

1
min{[lx+ vl =yl < S x 4yl + lx=ylly)
1
< Syl +lx =I5
<2772l + IvID)
<2772 MY (Il + IIIG)-
The definition of C” (H |ly) implies that
UL ly) <M. 3)

On the other hand, note that the function 1’;;’(( )) attains its maximum at ¢ = 2 ,i.e. My =

1’;;’(( )) Let us put x; = (%7%),y2:(%,—§),then
2

1
min{|lxo+ya [, [ —yallf} = 1 =277y (3),
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1

leally = lya iy = w7 (5)-

The definition of C@,(H |ly) implies that

() _ min{lle+ vy, [l = vally} v(3) 1
C,w(H~||u/) = -2 P P - 1 _Ml T oAp—1 1y° 4)
([le2ly + lly2[ly) v (3) 2r=lyr(3)
By the inequality (3) and (4), we can get that
(p) _ P 1
C—oo(”'HW) _Ml - 2p_1wp(%)' U

COROLLARY 1. Let X? be a two-dimensional Banach spaces, if the correspond-
ing function Wy attains its minimum at the point t = % For 2 < p < oo, then

(r) 1
Coallllxr) = 571+
217711!’)1(71’(%)
1
Proof. Itis clear that ||x|| = |||x|?||# € Ng from the norm of the space X7, and its

corresponding convex function is

wir )= [ =)l = [0 =0+ (i)

Since yx < 1, then wxr(r) < (1), it is easy to check that the function
vplt) S ( 1P )
= Wy :
wxr(t) (1—t)p41p

For arbitrary ¢ € [0,1], the variable s = (17;);;’#

is also belongs to [0,1]. Since the

function yy (t) attains its minimum at the point # = 1, then yy <( i

m) attains its

;1 D
minimum at ¢ = %, this implies that the function v <( I

m) attains its maximum

at % . By Theorem 3, we have that

() 1
(| xe) = =——5—. O
2177111/;(717(%)

THEOREM 4. Let y(t),0(t) € ¥ and y(t) > ¢(t), if the function YO attains its

o)
maximum at t = % and C(,poz,(HHq)) =207 (1), then

1) =2v7(3).
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Proof. By the condition of y(¢) > ¢(¢) and the definition of M,, we have that

[lo < [l-lly < Mz [lo-

Take a =1 and b = M, in Lemma 1, then

(1) < MECL()119)-

_vd

It is noted that the function % attains its maximum at r = %, ie., My = o(h and
2
C2(]1lo) =297(4). then
1
C20-ly) < MECTL(Nl0) = 297 (3)- 5)
On the other hand, let us put x3 = (1,0),y3 = (0, 1), then
3]l = llysll = 1,
1
3 +y3lly = 23 = y3lly = 2‘l/<§)7
min{|lxs+y3lly, I3 —y3llh ) 2PwP(3) 1
2 =2yr(3) <) ©

202l + lyally) 207!
By the inequality (5) and (6), we have that
p) P (1

COL(ly) = MECEL( 1) =297 (5). O

THEOREM 5. Let w(t) € ¥ and y(t) = ¢(t) =y, (1) (1 < p <2), then

(|1 lly) =2>PM2.

Proof. By the condition of y/(t) > v, () and the Clarkson inequality, we can get

minglx+ Iy, [x = ylly} < 54yl + e =yI3)

l\JI'—l\JI'—‘

M ([be+ Y115+ be = yII7)

N
X
S

—~

e[l + [l 117)
[l + I 11)-

NN
S

The definition of C@,(H |ly) implies that

(| lly) <22 PM2. (7
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On the other hand, if the function % attains its maximum at ¢t = 7y € [0,1], i.e

M, = V/,(( )) Let us put xg = (1 —19,0),y0 = (0,1), then

lxolly = (1 =120)", [lyoll}y =15,

min{||xo 4+ yol|%, [[xo — yoll iy} = w”(10)
= M5 [(1—10)" +1{]
= M ([lxoll5 + [[voll5)-

min{||xo + ol [1X0 — volly }
2P=2(lxolly + llyolly)

() = — 22y, ®)

By the inequality (7) and (8), we have that

(|l lly) =2> M8, D

In fact, we can also get some results related to the general mean from Theorem 2
and Theorem 4. Firstly, we give the definition of general weighted mean of order s,
(0" + (1= @)b)5, 570, +e0,—co
a®bl=® s=0
mfl(a,b;0,1 - 0) =
max{a,b}, s=eo
min{a,b}, s=—co
where a,b are positive real numbers, @ € (0,1). In the following, let us state a con-

clusion related to the general mean and then applied it to the weighted mean of order
s.

COROLLARY 2. Let y(t),0(t) € ¥ and y(t) < ¢(t), m(t) :=m(y(t),9(t)) be
a mean of functions y(t),0(t), if the function m(t) be a convex function, then

(i) ™9 antains its maximum at t = % 1 and cl? (|| ly) =2yP(3), then

v(1)
1
) =27 (5)-

<

(1) then

(ii)

attains its maximum at t = and C (H llo) =

3
=

S
=

20 1¢P(%)
1
2r-1mr (1)’

CP (I lm) =
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Proof. The general mean m(t) has the property

Since (1), @(¢) € ¥ and the assumption of the function m(r) is convex, it is easy to
check that m(¢) € W. Now, statements of the results follows by the Theorem 2 and
Theorem4. [

For the general case y(r) € ¥, we can only estimate the lower bound or upper
bound of the generalized von Neumann-Jordan type constant C(_p,,l(H -

COROLLARY 3. Let y(t) €'V, then
(i) if 1 < p<2,then
22 P Ml <) (|- |ly) <22 PMP M,

(ii) if 2 < p < oo, then
(1 1ly) < MIM3.

Proof. (1) It is well known that from Theorem 5
(- lly) > 22mg.

Note that the inequality

1
2, o < [l-lly < M-l

Take a = Mil and b = M, in Lemma 1, we have that

(11 ly) < CEL(1 I, )MTMS. ®
If 1 < p<2,itis known that c (H ) =2%P from Example 1, then
CE2( lly) < 2P MiM.

(i)If 2 < p < oo, it is known that c (H l,) =1 from Example 1, we can similarly get
the estimate (ii)

CUL(1I-lly) < mpmg
from the inequality (9). U

However, we can get some conditions of y(¢) that the von Neumann-Jordan type
constant C_.(||.||y) coincides with the upper bound M7 M3 .
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)
)

S

THEOREM 6. Let (1) €Y and y(t) = y(1 —1) forallt € [0,1]. If M| = "V’f((

[SE

— v
and M = maXxo<,<1 0K then

Cow[-lly) = MM,

Proof. By the definition of M, M, and inequality (9), we can have that
Ccal|l-lly) < Coaa(l-2) M7 M5
Since C_w(]|.]|2) = 1, which implies that
Coee((lly) < MEM3. (10)
Take an arbitrary ¢ € [0,1] and put x = (t,1 —1), y = (1 —¢,t), then

X[y = [[ylly = w(t).

1 1
3ty = 1Dl =2 (5) =yl = [0 1,1=20) [y =202 = 1]y (5)-

Amind |lx[ly [y} a0
eyl + 1=yl (14 2= 1)2)y(3)

Since ¢ is arbitrary, from the equivalent definition of C_..(||.||y), then
Coa[l-ly) > MM, (11)

The inequalities (10) and (11) show that C_w(||.||y) = MiM3. O

THEOREM 7. Let w(t) €Y and y(t) = (1 —1t) forall t € [0,1]. If there exist
unique points 1,1, € [0, %] such that

_ @)

M=)

1
, My = and (1—1‘1)(1—1‘2)25,

then
Cwa|-lly) = MiM5.
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Proof. On the one hand, by Theorem 6, we have that
Cocal|l-lly) < MTM5. (12)

On the other hand, note that (1 —#,)(1—15) =, put x = (1—1,t1), y = (t1,t; — 1),
then x+y= (1,21, — 1) x—y=(1—-2#;,1) and

va(t)
5 Hy”u/:‘!/(l_ll): M1 3

1—2t1>: v(n) :lelfz(fz)
2-2t1) (1-n) (1-n)’

-~ 1 _y(l-n) Mywt)
x_y||‘!/_(2_2tl)w<2_2t1>_ (l—tz) - (l—tz) .

va(ti)
M,

I¥lly = w(n) =

3y = <2—zzl>w(

Since

\/E(l—t)IVz(z_lzt) = (1)

Consequently

min{]|x + ylI5, [l —ylly}

=MIM3. (13)
(I3 +11v113) e

Cooa(ll-ly) =

By the inequalities (12) and (13), we have that C_o(]|.||y) = MiM3. O

4. Some Examples
In this section, we will calculate the exactly values of c(ffj, (X) for some concrete

Banach spaces. These results which not only give the exact value of the generalized

von Neumann-Jordan type constant C(,pol (X), but also give some new supplement re-

sults about the von Neumann-Jordan type constant C_..(X) for some concrete Banach
spaces.

EXAMPLE 1. If X is the £, (1 < p < o) space, then

In particular, C%)(|[.|[1) = CZ.(]|.|l») = 2.

Proof. Let 1 < p <2, then y,(t) > y»(r) and

1 1

Wp(t) <27 2yn(t),
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where the constant 271’7% is the best possible. On the other hand, the function 11’4//2 8
attains maximum at t = % .
1 1 Dy (s
Wp(z) _ (( 2) +(2) ) :2%_%
va(2) (=3P + (0
Therefore, by Theorem 4, we have
c®) —oyr (L) =2 14
O =2v8(5) =227 (14)
Similarly, for 2 < p < o, then W, () < y»(r). By Theorem 3, then
1
(1) =1. (15)

oty

Let p = oo, since

-1, 0<t< 4,

t, 3<t<l.

el = {

1
(i) Let 0<r < &, 2 = WP — o) then ¢/(1) > 0 and My = g(}) = 27

1
(i) Let L <r<1, Y2l — W0"MP _py then (1) < 0 and My = h(L) =27

Voo () 0

Therefore, C'7)(||.]|.) = M? =2 by Theorem 3. [J
EXAMPLE 2. Let X = R?, the convex function y(¢) is defined on [0,1] as

wx () = (1—141%)2.

The corresponding norm is

1
1o y)l = (el =[xl y] + %) 2.

It is obvious that ||(x,y)|| is an absolute normalized norm on R?. By a standard
discussion, it is easy to check that the corresponding function iy (¢) = V1 —¢+12
attains its minimum at the point % For p > 2, then the corresponding space X?” has
the norm .

Gy = (PP + el yl? + [y127) 2

And the corresponding convex function is

()= 1= t)lhn = (1 =7 + 015w (=i ).

By Corollary 1, we have that

) = i = 25
XP\2
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EXAMPLE 3. Let 0 < w < 1 and 2 < g < e=. The two-dimensional Lorentz se-
quence space d?(w,q) is R? with the norm

1) log = () + @),

where (x*,y*) is the rearrangement of (|x|,[y|) satisfying x* > y*, then

w=(pig)

l+w

_—=

21|

Proof. 1t is well known that ||(x,y)||e4 is an absolute normalized norm on R,
and the corresponding convex function is

) (=0)1+ r9)
'%Aﬂ_{w+mu—m)

t

, 0<1<
<<

)

Q= Qe
—_— N

1
)
It is easy to check that Wy 4(f) < Wy(r). Since 0 < 0 < 1, Jw"—(t)) is symmetric with

alt
S : Vy(1) 1 : 1
respect to ¢ = 5, it suffices to consider Vo ) for t € [0,5]. Forany 7 € [0, 5], put

ft)= W"(’:y()t;q . Taking derivative of the function f(), then

sy dl—o)(1—n)]!
£ = [(1—1)1+ cr9]?

We always have f7() >0 for 0 <t < %, this implies that the function f(¢) is increased

for 0 <t < % Therefore, the function qu(f()t) attains its maximum at ¢ = % By
,q
Theorem 3, then
P
(p) _ (1 )ﬁ
C . =2(——) .
O oa) =2(7—

EXAMPLE 4. Let X = R? with the norm ||.|,, 3 = max{||.||,A[.ll;}. where
1_1
I1<g<p<eoand A €27 4,1], then

p_
. 2AP247P if1<q<p<2,
CLL(Ilpgn) = p

2, if2<g<p<e.

Proof. Tt is very easy to check that ||.|[, 2 = max{|.||,,All.|ls} € Ng and its
corresponding function is

W(Z) = ”(l _t7t)Hp,q,l = maX{WP(Z)vaq(t)}'
Let to € [0,3] be a point such that v, (fo) = Ay, (t), then

{ Wp(t)’ re [07t0]’

Vi = Ayy(t), t € [to, 3.
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In fact, y(¢) is symmetric with respect to ¢ = %, which is expanded to the whole
interval [0, 1].

(i) Suppose that 1 < g < p <2, from the definition of y/(r), it is obvious that y(¢) >
v, () and the function

17 tE[O,tO]U[l—to,l],

wp(t) %g% 1€ to, 1 —10).

attains its maximum at ¢ = % . Hence, by Theorem 5, we can have that
(p) _ L—p
Clo(ll-llpgn) =24P247F.

(ii) Suppose that 2 < g < p < oo, since WY, (1) < y,(¢) and Ay, () < y,(r), then
v(r) < (1), it is easy to check that the function

V() _ { Yt e 0,10] U1 —10,1],
I 1€ [to,1 —19).

attains its maximum at ¢ = % . By Theorem 3, then

s

21

C_poz,(”'Hp,q,l): 7 0

In the following, we will consider a wide class of absolute normalized norms
which involve weighted means of p-norms after normalization.

EXAMPLES. Let 1 <p<g<eo, 1 <s <o and 4 >0, the convex function
Vi p.g.s(t) is defined on [O, 1] as

1
s

Wi pgs(t) = (1) 75 (yi(6) + A1) 5

ie WV p, qs(t) is a weighted mean of order s of functions v, and y;, with weights
_/1 and 5 M The corresponding norm is

1
s

H'”l,p,q,.\' = (1 +A’)_

1
s

(-1 + A1)
Then

() If 1< p<q<2then CP(|L[Ix ) =2(1+A)F (27 +227)5

(ii) If 2< p < g < oo, then CLL(|LI[1 pg) =21+ 4)5 (27 +220) .
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Proof. Since y; , . (t) is a weighted mean of order s of functions v, (#) and
y, (1), then
WII(Z) < Wl,p,q,.\'(t) < Wp(t)'

(1) Let 1 < p<g<2,since Yy ,, (1) = y,(t) and Yipgs®) attains its maximum
Vi.pa, Yy v (1)

1740)

14/ ) attains its maximum at r = 1 5 by the simple calculation.
Take v = y,(7) and ¢ = y, () in Corollary 2 (i), we have

1 j
COU 1 q0) =205 g(5) = 201+ ) F (25 +220)5,

(ii) Suppose that 2 < p < g < oo, since Wy, , o () < W, () and W”( )(t) attains its
’ 2.D:4:

maximum at t = 5. Similarly, take y = v, (¢) and ¢ = y,(z ) in Corollary 2 (ii),
then
1

(14 A)fQI+A20) . O
2p_lwﬂlz,p7q7s(%)

CPL 1 pgs) =

REMARK 1.

(i) Infact, take g =2 in Example 3 and take p =2, g=1 or p =00, ¢ =2 in Exam-
ple 4, these concrete Banach spaces which have been studied in the paper [8, 9],
some classical constants such as von Neumann-Jordan constant CN j (X) have

been calculated for these spaces. Now, we get the exact values of C_,X,(H lp.gn)
for the general Banach space. However there are some problems which re-

main unsolved: the exact values of C_N(|| lw,gq) for the case 1<g<?2 and
_.X,(H ) forthecase 1 <g<2<p<oeo, A€ (ZP 4,22 ‘1).

(i1) In particular, take p =2, g =, s = 2 in Example 5, the concrete Banach space

which has been studied in some papers [12, 22, 23, 24]. The generalized von

Neumann-Jordan type constant cl? (|| 12 p, q S) is calculated for the general case

in the paper. However, the exact value of C_,X,(H.H A
2 < g < oo remain undiscovered.

p.a.s) forthe case 1 < p <

In the above Examples, the maximum value M; and M, always attains at t = % .
However, there are some examples that maximum value M, attains not at ¢ = % .

EXAMPLE 6. If the corresponding convex function is given by

ya(r) (0<1<y),

W(t):{(z—\/i)er\/i—l (F<e<),

then ,
Py =22 PMp =22 P(4—2V2)%.
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Proof. Let y(t) € ¥ and the norm of |||y is
Vi0alP+ 16> (lal > (b)),
1(a,0)ly =
(V2= 1)lal + 6] ((lal <[]
Since y(z) = yi(t), from Theorem 5, then

)
)

22 pr (
w3 (

p
2

(| lly) =22 "ML = 2274 -2v2)%. O

MI& “IE

EXAMPLE 7. Let X be two-dimensional Cesaro space cest(f) , then

O (1Ll = 227PME =227 max L0
e oi<1 Y3 (1)

vo= [ (i) |

yat) = ((1-1) +7)%.

Where

and

Proof. Let us first define

o= (2 p)
(1+29)4
(2)

for (x,y) € R2. cesy is isometrically isomorphic to (R?,].|) and |.| is an absolute and
normalized norm ([17]), and the corresponding convex function is given by

y(t) = {241(14:2? + <(1 i;f)w +t)q} %'.

Note that y(7) > y»(t) and Theorem 5, then

(2)

cesg

~—

O

CO (|1 y) = 22" ML = 2277 max Y20
o oi<1 Y5 (1)

REMARK 2. In fact, the function % attains the maximum at ¢t = % if and only
if ¢ =2 for the two-dimensional Cesaro space ceséz) .

As the application, we will present two practical examples [0, | 1] which satisfy
the conditions of Theorem 6 and Theorem 7, thus the exact value of the von Neumann-
Jordan type constant C_..(X) coincides with their upper bound in some concrete Ba-
nach spaces.
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EXAMPLE 8. Let } s <B<I, Xg is the Banach space and its corresponding func-
tion is

1—%s if 0<s< i,
() = - | 21
T+TS, lf %Ssél
Then
2
) 15 < B < . then C (] ) = B0

(i) If 55 < B <1 then Cwo(]|.[ly;) =2(B>+ (1= B)?).

Proof. Note that g (¢) is symmetric, therefore we discuss the function g;(s) =
%) on [0, 1], then

Wﬁ(s)
w | rEelE
1= wisz) 1
Similarly, we discuss the function g (s) = l:;g ((;)) on [0, 3], then
1— 2_|_ 2
- VOB
1
) If B e (%7 1], since wg(l -B)= wg(ﬁ) and ;’:g(é)) = M, = V2. By Theorem

6, we have

Calll-lyy) = MM =2(B2+(1=B)). e (5.1

*

(i) For each % <B < \/— , it is easy to check that X E is isometrically isomorphic to X%
2/3

under the identification

1 *
X[; 3 (x1,x2) & == (x1 +x2,x1 —x2) € X%»
2,

2B
since max{|x; +x2|,[x; —x2|} = |x1| + [x2| for all xj,x, € R. If B € (3, %} then
ﬁ € (%2,1] and

Coe(X}) = Coa(X?))
2B

~2((55) "+ (- (5)))
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EXAMPLE 9. Let 0 < ¢ < 1, the corresponding convex function is given by

2
l//c(t):max{l—ct7l—c+ct,l—%} for 0<r< 1.

Then

@) IF0< e < —1+/3, then C_oo(|[|y,) = &L,

2(c2—2¢+2)?

(i) If —1++v3<c <1, then Coo(]||y.) = o

Proof. As the discussion in [6], if 0 < ¢ < —14+/3, then (1) = y(r). From
Theorem 5, then

2-¢)?
C—oo(||~wa)=M§=72 :
If —1++v3<c<1,then
2 2 2
t 2(cc—2c+2 I
12:[//22(1): (C C2+ )7 M%:W3(2)2C2_2C+27
v2(1) (2—c2) v; (1)

where 1| = §,1, = 3=<, which satisfy the condition (1 —#)(1 —#,) =  in Theorem 7,
then
2(c? —2c+2)?

(2—c?)? =

Cool(|l-lye) = MEM; =
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