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CONVEXITY PROPERTIES OF AREA
INTEGRAL MEANS OVER THE ANNULI

YUCONG DUAN AND CHUNJIE WANG*

(Communicated by I. Peric)

Abstract. For positive numbers 7, p,q,c and an analytic function f(z) in an annulus R; < |z| <
Ry, let My ¢ 4.c(f,r) be the area integral means of f with respect to the weighted area measure

1
¢'(|2]9)|2]9 2 dA(z), where Ry < ¢ < Rp. We show that M, ¢ 4.(f,r)? is a convex function of
rif f and ¢ satisfy certain conditions. The convexities of logM; ¢ 4.c(f,r) in r and logr can
be obtained as special cases.

1. Introduction

Let 0 < R < Ry < oo, and let 57 denote the space of all functions f(z) analytic
in Ry < |z| <R, and continuous on R} < |z| <R;. Forany f € 5 and 0 <t < oo, the
classical integral means of f are defined by

M (f,r) / |ld9 R <r<Rs.

These integral means play an important role in classical analysis, especially in the the-
ory of Hardy spaces. The well-known Hardy convexity theorem asserts that M, (f,r), as
a function of r, is logarithmically convex. See [4] for example. Logarithmic convexity
here means that the function r — logM, (f,r) is convex in logr.

Let g be a positive number, and let ¢ be a real-valued function defined on (R’f,Rg)
with positive derivative ¢’. We consider the measure

dAg(z) = ¢'([217)[z|" 2 dA(z), (D

where dA is the Euclidean area measure on R < |z| < R,. Note that when g = 2,
Ri=0,R;=1and ¢'(x) = (1—x)*

dAg(z) = (1—|2[*)* dA(2),
which is frequently used in the theory of Bergman spaces [2, 3]; When ¢ =2, Ry =0,
Ry = o0 and ¢'(x) = e~ ¥,
dAg(z) = e~ dA(2),
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which is frequently used in the theory of Fock spaces [17]. Let A(a,b) be the annulus

{zeC:a<|z]<b}ifa<bortheannulus {ze C:b<|z|<a} ifa>b.For fe 1,
0 <t <eo, R| < ¢ <Ry, we consider the area integral means

[ 1@ ()2 aA )
(er)

| @k aat)
A(ce,r)

Migg.c(fir) = , Ri<r<Ry,

where the functions f and ¢’ are such that the integrals exist.

Note that if c =R =0 and f is analytic in the unit disk I of the complex plane
C, the area integral means were firstly studied by Xiao and Zhu [16]. It was shown
in [12, 14] that, if f is analytic in D and dAy(z) = (1 —|z[*)*dA(z), just like the
classical integral means, M; y20(f,r) is also logarithmically convex on (0,1) when
—2 < o0 £ 0. Furthermore, if t = 2, then M p20 (f,r) is logarithmically convex on
(0,1) when —3 < o < 0, and this range for « is best possible. Cui, Wang and Zhu [1],
Wang and Yang [13] discussed the logarithmic convexity of area integral means over
the annuli. If f is an entire function and dAy(z) = e~ okl dA(z), we get the Gaussian
integral means G; ¢ 4.0(f,7), which were studied by Wang, Xiao [10, 11], Li, Liu [6]
and Li, Wang [7]. See [15] for other work in the area.

In [9] Shniad proved that, if f is analytic in |z| <R, r+— (My(f, r))él’t is convex.
Professor Zhu asked whether the result remains true for area integral means of analytic
functions. Recently Hu and Wang [5] study the problem for functions analytic in the

disk |z| < R and show that (M, y2.0(f, r))% is a convex function of r if f and ¢
satisfy certain conditions.

In this paper we generalize the results of [5] to functions analytic on an annulus.
Following Hu and Wang [5], we consider Zhu’s problem in a more general setting.

Let ¢ > 0, and let ® denote the set of real-valued functions ¢ defined on [RY,RY)
which satisfies the following conditions:

(i) ¢(x0) =0, where xo € [R],R);
(i) ¢’ is positive on (R?,RY);
(iii) ¢',¢",¢" are all continuous on (RY,RY).

Note that xj is the unique zero of ¢ on [R},R}) due to the condition (ii) above. We
also let ./ denote the set of positive functions M defined on [R{,R?) with continuous
second derivative M" .

For ¢ € ® and M € .# , define

X

M(t)g'(¢)d1

[ o
Xo
1

For p > 0, we want to find conditions under which the function H(x%)? is convex.

H(x) R <x<Ri. (2)
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Throughout the paper we always assume 0 < R} < Ry < o= whenever R; and R;
appear. We use the symbol =: whenever a new notation is being introduced. We will
use the notation A ~ B to mean that A and B have the same sign.

2. Preliminaries

In this section we collect several preliminary results that will be needed for the
proof of our main results.
For any twice differentiable function f on (a,b) C (0,0), we define

S
and ,
S0 W (W
byt =G+ () ©
It is easy to check that
dpg(x) =dp(x) +dg(x), dyp/g(x) =dp(x) —dg(x), 4)
(df(x))" = Dy(x), ()
and
xDg(x) = dp(x)(1+dp(x) —dp(x)). (6)

Lemma 1 can be foundin [1] or [13].

LEMMA 1. Suppose that f is positive and twice differentiable on (a,b) C (0,00).
Then log f(x) is convex in logx if and only if Dy(x) > 0 for all x € (a,b).

The special case g =2 of Lemma 2 can be found in [8] or [5]. It is clear that the
conclusions hold for any g > 0. So we omit the details here.

LEMMA 2. Suppose that g >0, f(x) is twice differentiable on (R?,R3). Then
f(x7) is convex on (Ry,R;) if and only if (1 - %) (%) +xf"(x) is nonnegative on
(RY,RY).

LEMMA 3. Suppose that p >0, g > 0, f is positive and twice differentiable on
1
(R{,R3). Then f(x9)7 is convex on (Ry,Ry) if and only if

4 [1-2 +apt+ (2-1) ay0] 20

holds on (R{,R%).
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Proof. Tt follows from direct calculations that

1

(r07) = 27w,

p
(r009) = s+ L (S -1) st

Since p > 0, f is positive, we have
1 1N/ 1N\
(1-2) (1) 1 (r0?)
~ay) 1= v ap (5 -1) a0

The desired result follows from Lemma 2. [

Suppose that 0 < p < oo, 0 < g < oo, f is positive and twice differentiable on
(a,b) C (0,00). We define

o= (1-5) 75+ (-1 (5

D0 =dyta) [ 1= Lt g0+ (3 -1) ayto).

Then

1
Lemma 3 tells us that f(x?)7 is convex if and only if D%(x) > 0. Itis easy to verify

that f is convex if and only if D;’l (x) = 0; log f(x) is convex in logx if and only if
' 1

D7 (x) = Dg(x) > 0; log f(x) is convex in x if and only if Djf’l(x) >0; f(x)7 is

convex in logx if and only if D’;’w(x) > 0. This implies that Lemma 3 is valid if p or

q is oo.

LEMMA 4. Suppose that q # 0, f is positive and twice differentiable on (a,b) C
(0,00). Then

(i) log f(x?) is convex in logx if and only if log f(x) is convex in logx,
(ii) logf(x7) is convex if q € (—o,0)U[1,o0) and log f(x) is convex.

Proof. Consider the function g(x) = f(x?) and write y = x7. It is easy to check
that

dy(x) = q)%x(;;) = qdy(y),
dy(x) =q—1 Jrq)M =q—1+4qdp(y).

f'(x)
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Hence we have
xDy(x) = g*d()[L+dp(y) = dr(v)] = ¢°yDy (v),
DF0) =Py ) |11 +dp )~ 0)| = D770
This completes the proof of the lemma. [

LEMMA 5. Suppose that p >0, g >0, f, g are positive and twice differentiable
1
functions on (R{,R3). Then (f(x?)/g(x?))? is convex on (Ry,R,) if and only if

1 2 1 p+1 1
——1)d3+d (d,——d,+1——)—d,<d,,_—d,+1——)>0
<p>fffp”q””p”q
holds on (R?,R%).
Proof. Tt follows from direct calculations that
(i)'zf_”(ﬂ_g_’)
g s\f g/’

(1)” 2 28) [
- 2 + 3
8 8 8 8

g2
_ g (f_” 2% 20 g_”) ,

o fs g g

Therefore

P dpdy —2dpdg +2d; — dodyy
(f/g) df — dg :

We use (4) to obtain

1 1
d 1——+4d r+1——1]d
f/g [ q (f/8) (p ) f/g]

1 dpdp —2ddy+2d2 —dedy (1
= (df—d,) |1~ : g £ ——1)(df—d
(dy g)[ q+ d; —d, + » (dy —dy)

1 2 1 p+1 1
=(=-1)d%+d (d/——d,—i—l——)—d,<d/——d,+1——).
(p )f AN q) \¢ T p q

The desired result follows from Lemma 3. [

We remark that, when p = o, the conclusion of Lemma 5 can be stated as follows:
log(f(x?)/g(x)) is convex if and only if

1 1
—dj+dy (df,+1—5> —d, (dg,—dg+1—5> > 0.
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In particular, when p = g = oo, the conclusion of Lemma 5 can be stated as follows:
log(f(x)/g(x)) is convex in logx if and only if

—dj+dy(1+dp) —dg (1+dy—dg) >0.
For ¢ € @, using (3) one can see that xDy and xD, are continuous on (R’f,xo) U
(x0,R9). Since @(xg) =0, we have

(P(X)Z/ ¢'(r)dr, R <x<Rj.
X0

Note that dg(x) > 0 on (xo,R?) and dy(x) < 0 on (R,xy). Moreover, we have the
following property.

LEMMA 6. Let a <0, beR, g >0 and ¢ € ®. Suppose that

L(,, [xDyy — (dg +b) (1+dy —dp)] >0

holds on (R{,R%). Then dy +adp+ b has at most one zero on (R1,RY), say x*, so
that dey +ady+b <0 on (xo,x*) and dy +ady+b >0 on (R, xo) U (x*,RY).

Proof. Consider the function k(x) = (dy +ady +b)/d,. Observe that k(x) is
continuous on (R?,R) and

dgDy — (dy +b) Dy
o
xd3

K’ (x)

>0

by the assumption. Hence k(x) has at most one zero on (R?,RY), say x*.

If x < x*, then x(x) < x(x*) = 0. Therefore dyy +ady+b >0 on (R{,xp) and
dy +ady+b <0 on (xo,x"). If x> x*, then k(x) > k(x*) = 0. Therefore dy +ad,+
b > 0 since dy > 0. The desired result follows. ]

LEMMA 7. Let p>=1, ¢>0. Suppose {hi(x)} is a sequence of positive and twice
differentiable functions on (a,b) C (0,00) such that the function H(x) = X;_hg(x) is

also twice differentiable on (a,b). If for each k the function hy(x4 )% is convex, then

1
H(x?)? is also convex.

Proof. By Holder’s inequality,

2
! 2 . "(x S x“h;{(x)z_ xw



CONVEXITY PROPERTIES OF AREA INTEGRAL MEANS 551

Therefore
D) = ) {1 — )+ (% - 1) dH(x)]
()t () ()
(-t ) e
= Y DLW
H(x) 5 ,

By the assumption and Lemma 3, one gets Dﬁ,’q(x) > 0. The desired result follows. [

3. Convexity of the function H (x4 )%

In this section we consider the convexity of the function H (x? )% , where H(x) is
defined by (2).

We establish the following theorems, which give an answer to the problem pro-
posed in Section 1.

1
THEOREM 1. Suppose that p >1, g>0, ¢ € ® and M € A . Then H(x?)? is
convex for x € (R1,Ry) if M and @ satisfy the following conditions:

(i) M' >0 and M(x‘f)% is convex,
(ii) The inequality
1 1
= [Py = (1=~ +dy | (1+dy —dy)| >0 ©)
0] q
holds for x € (R1,R}).
Proof. For ¢ € ® and M € ./ , let
o) = [ o0, ®)
X

and

) = [ M@, ©)
X0
where xo,x € [RT,RY). Then K (x) = M(x)¢’(x). It follows from (4) and (5) that

dy =dy+dy, (10)
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and
Dy =Dy + Dy (11

Note that M(x) is an increasing function of x. If x > xp, since
W) = [ M0/ 0 <M [ ¢'(1)dr = Mx)p(),
X0 X0
we have dj, > dy. If x < xo, since

) = [ Mg (0dr < M) [ ¢/t = M(x)p(x).

we also have dj, > dy.
If x > xo, noticing that dy > 0,dy > 0, we obatin

2 1\? 1 p+1 1
dy —2d +1——> —4(1——)d (d/——d +1——)
(h p? q p) P\ p ° q

1\? 1
:<dh/—2d(,,+1——) +4<1—;>d¢,dM>0. (12)
q

If x < xo, then dy <0, by Lemma 6

1
1= L dy—2d,>0 (13)
q
and | .
1= = 4dy— 2 d, > 0. (14)
q p

‘We also obtain

2 1\* 1 p+1 1
dy—=d +1——) —4(1——)d (d/——d +1——)>0. (15)
(h » [ q ) 9\ % p ¢ q

For convenience, we write

2 1\? 1 p+1 1
S = dy — —d -l-l——) —4(1——>d (d/——d +1——).
\/<h p? q p) P\ p q

By Lemma 5, we just need to prove that A(x) > 0 for x € (R?,R?), where

1 2 1 p+1 1

Ax)={—-—-1 d2+dh<d,_—d —i—l——)—d (d,_—d +1——)
@) (p ) ! et g) U p

oo sl aw)
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and
1
21 =dy —2dp+1—--35,
q

1
Zz=dh/—2dq;+l—5+5. (16)

We proceed to show that A(x) >0 on (xo,R%) and (R?,xo), respectively.
Case 1. Suppose that x € (xo,R}). Note that dy >0, z; <0,
22 20, (17)
and

1
2<1_5> dp+122>0. (18)

Since dj, > dgy, we have

Therefore

A(x) ~z =2 (1 - })) (dy—dy)

2(1- ) )

Nh——_
2(1-1)dp+2

It follows from direct computations that
2 (1 - i) H(1+dy)
8'(x) =h' — -
2 (1 - %) do+12
2(1-8) ' (2(1-5) Dy +-25)
1 2 '
(2 <1 — I_7> dq) +Z2>

By Lemma 3, the assumption (i) implies that

+

1 d
xDyy = dyr(1+dyy — dyy) > di (5—7M>. (19)
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Combining (17), (18), (19) with the assumption (ii) we deduce that

1
xS<2<1—I—))D¢+Z/2>
1 2
=xDy (2 (1 - —) dy +Z2> +x (D(p/ - _Dq)) 2
P P
2 (1 1>D (d 2dg+1 1)
oxf1-2 ,_ _ -
p ¢ ¢ ¢ q
1 d 1
”M(;‘—M) (2 (1__)%“2)

1
+ (1+dy —dy) ( ,_—d(,,+1——> 2
q
—2(1——)d¢<d(p/—2d(p+l——>(l—i—d(p/—dq,)

al8) -

1
+ (1 4dy —dy) (2 (1 - —) d(p—|-22> (S —d).
Since /' >0, zp > 0, we have

2(1-8) (dy) 2(1-1)du (1-L+dy—dp+ )
2(1-1)dp+2 s(2(1-1)dp+2)
2(1-1) (1+dy —d)

2(1—l)d¢+zz
2(1-5) (du+dg) 2(1=5)du (1= L +dy —dp+2)

= 2(1-1)dp+2 B s(2(1-1)dp+2)

N M

2
—3 (5412 dy-2a+ (2-1) aw)

=>0.

8'(x) =0 |1

+

Hence &(x) > 6(xo) =0 and A(x) = 0 on (xo,R]).
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Case 2. Suppose that x € (R{,xp). Then dy <0, dj < 0. Using (13) and (14)
one can get

21 20, (20)
2(1-%) do+21 <0, 1)
and
12—2<1—l) (dp—dy) >Z2+2<l—l>d¢ > 0.
p p
Therefore

A(x) ~2 (1 - %) (dy—dyp) — 21

2(1-1)dp+2

It follows from direct computations that

5/()6):_h/+2<1_1%>h/(1+dh,) _2(1—11;>xh’ (2(1_,1—,>an+z’1>.

2(1—1%>d¢+21 <2(1—%)d¢+zl)2

Combining (20), (21), (19) with the assumption (ii) we deduce that
1 /
xS 2 1—; D(P+Zl
D (2(1 1>d + ) <D 2D)
=—X - = 1) —x ;= — z
M » o T<l T ¢ )<l
+2x(1_l)a (d 2d +1_1)
p ¢ [ 4 q
1 d 1
>_dM<__—M> (2(1——>d¢+m)
q p p
(d 2yt 1 l)(1+d dy)
— /) — —_ = /) — 21
ol q [ ¢
1 1
+2<1—E)d(p<d(p,—zd¢+1—5>(1+d(p,_d¢,)

) (e

+ (1 +dy —dy) (2 (1 - %) d(,,—i—m) (S+du).
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Since h' >0, dy < 0, we have

§'(x) < 20 p) ) 2(1-F)d (1o —dy )
2<1_1%>d¢+21 5(2(1_;—7>d¢+m>
2(“%) (1 +dy —dy)
2(1-1)dp+2
2(1—§>(dM+d¢,)+2(1—%>dM(1_$+d¢,_d¢+d7M>
2(1-3) do 2 s(2(1-4)do+a)
N <11—2<1—%>dM>S+2<1—%)dM(1_$+d¢,_d¢+d7M)

1 1 2 2
-~ (1-=4d,—2d Z 1)dy-S
2( g o (p+<p )M )

<0.

——K|1-

Hence &(x) > 6(xo) =0 and A(x) > 0 on (R?,xo).
This completes the proof of the theorem. [

1
THEOREM 2. Suppose that p > 1, ¢>0, ¢ € ® and M € A . Then H(x?)? is
convex for x € (R1,Ry) if M and @ satisfy the following conditions:

1
(i) M' <0 and M(x7)? is convex,

(ii) The inequality

1 1
— [xDy — (1= =4dy | (1+dy—dy)| <O (22)
dg q

holds for x € (R1,R}).

Proof. To finish the proof of the theorem, we indicate how to adapt the proof of
Theorem 1 to show that A(x) >0 on (xo,R?) and (R{,x)), respectively. So for the rest
of this proof, we are going to use the notation from the proof of Theorem 1.

First, ¢ and & are defined by (8) and (9), respectively. It is easy to show that
dp < dy for x € (R, x0) U (xo,R}) since now M is decreasing on (R{,R?). Note that
dy <0.

Second, S is well defined on (R’f,Rg). In fact, if x < xg,

1\? 1
(dh/—Zd(p—l-l—;) +4<1_E> dody > 0;
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If x > xq, the assumption (ii) implies that <1 — é +d¢/> / dy is a decreasing function
of x, which leads to
1
1—5+dq,/—2d(p <0,

1 p+1
l——+dy—2""q,<0,
g ¢ p 7
and
2 1\ 1 p+1 1
dy —=d +1——) —4(1——)d (dr——d +1——>>0.
(h p? q p) % p ° q

Thus z;,z, are also well defined.
In the case x € (x07Rg), we have z; <0, 20 <0, 2 <1 - 117) dy+25>0 and

1 1
zl—2<1—5) (dh—d(p)<2<1—;)d(p+zl <0.

Therefore

2(1 —};)xh’ N
A(x) ~h — W 5(x).

In the case x € (R‘f,xo), we have 71 <0, 22 >0, 2 <1 — 117) dp+2z1 <0 and

1
22—2<1_;>(dh_d<p)>z2>0~

Therefore

X . 2(1—}9)th s
(x) ~— +W—. (x).

The rest of the proof of Theorem 1 remains valid here. This completes the proof
of Theorem2. [

We remark that, when p or ¢ is oo, the proofs of Theorem 1 and 2 are also valid.
When p = 1, we have the following two results.

THEOREM 3. Suppose that ¢ >0, ¢ € ® and M € 4. Then H(x?) is convex
for x € (R1,Ry) if M and ¢ satisfy the following conditions:

(i) M' >0 and M(x7) is convex,

(ii) The inequality (7) holds for x € (R],R}).
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Proof. According to the Lemma 5, we just need to prove that A(x) > 0 for x €
,R1), where
R1.RY), wh

1 1
Alx) =dj (dh’_2d¢+1——) —dy (d(p,—zd(p_H__),
4 q

By Lemma 6, dy —2dy +1— é has at most one zero on (xo,Rg), say x*, so that
dy —2dg+1—7 <0 on (x0,x") and dgy —2dg+1—7 >0 on (R{,x0) U (x*,R3).

(a) Suppose that x € (x*,R%). Then dy —2dp+1— é > 0. Noticing that d;; =
dy + d(p/, we have

1
A(x) = dydy + (dy, — dyp) (dq,, —2dy+1— 5) )

Since dy >0, dj >0 and dj, > d, we have A(x) >0 on (x*,R}).

(b) Suppose that x € (xp,x"). Then dy —2dy+1— é <0. Since h >0, dy >0,
we have
dy 1

A(x) ~h—xh . +d—
dp (dy —2dp+1-1) o

= 5(x).

Noticing that 7' = M@’ > 0, it follows from direct computations that

d 1
i +

8'(x) = — W (1+dyy) —
do (dy —2dp+1-1) o

/ Dy duDy
—xh —
do (dy —2dp+1-1) &3 (dy—2dg+1-1)
_ -2
dp (dy —2dp+1-1)" 70

2
dy g, <d¢,—2d¢+1—$) & (d(p,—zd(,,ﬂ—é)

By Lemma 2,

1
1= = +dy >0.
q

Combining this with the assumption (ii) we have

' lyd 1+dy—d
5’<x>>h"Ml—1— i % Ty —dy | _y

dy dy =2dp+1—3  dy —2dp+1—7
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on (xp,x*). Hence 0(x) = 6(xp) =0 and A(x) >0 on (xp,x*).
(c) Suppose that x € (RY,xo). Then dy —2dp+1— é > 0. Since 1 <0, dy <0,

we have
d 1
N ta
dp (dy —2dp+1-1) o

A(x) ~ —h+xh' =—-0(x),

where &(x) is defined in (b) above. Now from the proof in (b) we can get &'(x) < 0.
Hence &(x) > 6(xo) =0 and A(x) > 0 on (RY,xo).
The proof of the theorem is completed. [J

THEOREM 4. Suppose that ¢ >0, ¢ € ® and M € 4 . Then H(x?) is convex
for x € (R,Ry) if M and ¢ satisfy the following conditions:

(i) M' <0 and M(x9) is convex,
(ii) The inequality (22) holds for x € (R?,RY).

The proof is similar to that of Theorem 3. We omit the details here.

4. Convexities of area integral means

In this section we study convexities of area integral means of analytic functions on
an annulus.

Recall that, for f € 77, 0 <t < eo, R| < ¢ <Ry, the area integral means of f are
defined by

JACIICREER0
M[7(P7q76(f7 r) - 7 ) Rl g r<< R27

e dA)
Aler)

c,r

where the functions f and ¢’ are such that the integrals exist.

Let xo = ¢4, x=r? and M(x) = M,(f,x'/9). By polar coordinates, we have
h(r?)
¢(r1)’
where @, h are defined by (8) and (9), respectively.

Now we turn to consider the convexity for area integral means of analytic functions
f in D. For the weighted area measure

Mf7(P7q7C(f7r) - Ry <7 <Ry,

dAp(z) = (112|172 dA(2),

where dA is the Euclidean area measure on D, the area integral means of f are denoted
by My qq.c(f.r). Since now

o'(x)=(1-x)% 0<x<1,
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we have
(23)

(p(x):/ (1—0)%d1, 0<x<1,
X0
where xp € [0,1). One can easily verify that
—oux
dy =dgy(x) = 24
0 ¢ (x) —x (24)

and —a
D(p/ = D(p/(x) = (1 _x)z. (25)

We have the following estimate for ¢.
LEMMA 8. Suppose that g > 0,00 € R, ¢ is defined by (23). Then
(i) (7) holds for x € (0,1) if g= 1 and -2 < a0 <0,
(ii) (7) holds for x € (0,xq) if ¢ =1 and o < =2,
(iii) (22) holds for x € (x0,1) if 0 < g <1 and o > 0.

Proof. Set

Ai(x) =

xD 1+d, xQ

¢ [

((1—l+d/)2_1—l+d,>(p *€[0,1).
q ¢ q ¢

It follows from direct computations that
/ 2
, _ Dy +XD<P’ B ZxD(P, EDq"
Ay (x) = I ) 1 3 + 1 2 | ¢
(1_5""1(0’) (1_5""1(0’) (l—a—i—dq,/)
(PD<p’
(1—1+dy)?

/

(1 1+d) 1+1+D"" 2xD
= —_— = / — X — ZX /
g 7 q "Dy ¢
1 1 2 D,
:<1——> <1+—+(a+ )x) Lt .
P g T-x ) (1-Lidy)

If > 1 and 2 < <0, we have Dy >0 and 1 -1 +dy > 0. So

"X

8 ~ o) = [ (1=n)ar,

X0
which implies that A} (x) <0 on (0,x0) and A} (x) >0 on (xo,1). Hence

x0¢' (xo
g %
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Ifg>1and ax < 2wehaveD/>0andl— +d¢/>0.So

xDyy 1+dy
(I—f+dy)? 1L +dy
. XDy B 1—|—dq)/
Cdy(1-14dy) 1-L4d,
(oc+1)x
T (-1 -Lray)

<O0.
Hence for any x € (0,x¢), we have

x0¢' (xo)

A(x) = A =
1(%) 1(x0) l—é—kd(p/(xo)

IfO0<g<1land o > OwehaveDr<Oand1——+d/<0 So

A (x) ~ —(x) <O

n (xo,1) and hence Aj(x) < Aj(xp) <0 on (xp,1).
The desired result follows. [

Note that, Lemma 8 gives examples of a function ¢ satisfying (7) or (22).
As mentioned in the first section, if f € ¢, logM,(f,r) is convex in logr. Taking
p = q =<0 in Theorem 1, 2 and using Lemma 4, 8, we obtain the following result.

THEOREM 5. Suppose that ¢ >0, 0 < ¢ < 1, and f(z) is analytic in D. Then

(1) logM; o.q.c(f,7) is convex in logr for r € (0,1) if g=>1, —2< a0 <0, and
M, (f,r) is increasing,

(ii) 1ogM; a.q.c(f,r) is convex in logr for r € (0,c) if g > 1, o0 < =2, and M;(f,r)
is increasing,

(iii) logM; g q.c(f.r) is convex in logr for r € (¢,1) if 0 < g <1 and a0 >0, and
M, (f,r) is decreasing,

In [9] Shniad proved that, if f is analytic in |z| < R, (M4(f, r))zl’t is convex for
r € [0,R). Taking p=4, ¢ > 1 and ¢ = 0, we immediately obtain the following
consequence of Theorem 1.

THEOREM 6. Suppose —2 < a0 <0, g > 1, f(z) is analytic in D. Then the
1
function (Ms,o.q0(f,r))? is convex for r € (0,1).
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Every function f € .7 has a Laurent expansion of the form

flz)= 2 ad, Ry < |zl <Rs.
f— oo

It is easy to check that

M (f,r) = Z |ak\2r2k, R <r<R,.

k=—oo

. . 1 . JA
Since for any integer k, ()2 = r* is convex, by Lemma 7, M>(f,r)Z is convex.

Taking p =2 in Theorem 1, we obtain the following result.

THEOREM 7. Suppose that —2 < a <0, ¢>1, 0< c <1, and f(z) is analytic
inD. Then (Ma g 4.c(f, r))% is convex for r € (0,1) if Ma(f,r) is increasing for r €
0,1).

Suppose that f € 77 does not vanish. Then for any r > 0, f Te . Ttis easy
to see that M, (f,r) = My(f?,r) is convex. Replacing f with f2 in Theorem 7, we
obtain the following result.

COROLLARY 1. Supposethatt >0, -2< o <0,g>1,0<c<1,and f(z) is
1
2

a nonvanishing analytic function in D. Then (M; o q.)(f,r)2 is convex for r € (0,1)

if M;(f,r) is increasing for r € (0,1).
For the weighted area measure
dAp(2) = e “H 2 dA(z),

where dA is the Euclidean area measure on C, the area integral means of f are denoted
by Gt aq.c(f,r). Since now

we have .
(p(x):/ e “dt, x>0, (26)

X0

where x( € [0,°0). One can easily verify that
dq)/ = d(p/ (x) = —0x, 27

and
Dq)/ = Dq)/ ()C) = —0. (28)

Then we have the following estimate.
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LEMMA 9. Suppose that ¢ >0, o € R, ¢ is defined by (26). Then
(i) (7) holds for x € (0,xq) if ¢ =1 and o <0,
(ii) (22) holds for x € (xp,%0) if 0 < g< 1 and o > 0.

Proof. Set
1 1
Al(x) = % xD(p/ —(1— 5 +d¢/ (1 +d¢/ —d(p) .

Noticing that

X —ox __ ,—0xg ! N

(P(x) :/ e—atdt — e 4 — (p (x) (p ()C())7 x € [0700),

X0 - -

we have

2

(p{x (é—i—d)(l—i—d(p/—d(p)}

=¢ [xD (1—$+d¢,/) (1+d(p,)]

1
+ (x¢’(x0) — ax) (1 —5+dq,,)
11— )(P+)C(P (xo0) (1—$+d(p/)
51()6

Ifg>1and <O, —$+d¢/>0.Theref0re
1
51(x)>—<1—5>(p20

for any x € (0,x¢). Hence Aj(x) >0 on (0,xp).
If0<g<1land a >0, ¢'(x) < ¢'(xo) forany x € (xp,). Therefore

n (xp,0). Hence &;(x) < 8;(xp) <0 and A;(x) <0 on (xg,00). O

Taking p = g = o in Theorem 1, 2 and using Lemma 4, 9, we obtain the following
result.
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THEOREM 8. Suppose that ¢ >0, ¢ >0, and f(z) is an entire function. Then

(i) 108Gy g q.c(f,7) is convexin logr for r € (0,c) if g =1, a <0, and M;(f,r) is
increasing,

(ii) 102Gy 0,q.c(f,r) is convex in logr for r € (c,o) if 0 < g <1, o> 0, and
M, (f,r) is decreasing,

Taking p =4 and ¢ > 0 we obtain the following consequence of Theorem 1 and
Lemma 9.

THEOREM 9. Supposethat g > 1, ¢ >0, a0 <0, f(z) is an entire function. Then

1
the function (Ga,q.q.(f,r))* is convex for r € (0,c).

Suppose that f is analytic on |z] > ¢ and e is a removable singularity of f. Then
f has the Laurent expansion

f@)=Ya " ld>c
k=0

and

My(f,r) =Y lawl’r, r>e
k=0

By Lemma 7, logM,(f,r) is convex in r. Taking p = and ¢ = 1 in Theorem 2 and
using Lemma 9(ii), we have the following result.

THEOREM 10. Suppose o >0, f is analytic on |z| > ¢ and continuous on |z| >
¢, oo is a removable singularity of f. Then 10gGa o.1.(f,r) is convex for r € (c,o°).
Moreover, if f does not vanish, and t > 0, then 102G, o.1.(f,r) is convex for r €

(¢,%).
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