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WEIGHTED SHIFTS ON DIRECTED TREES WITH ONE BRANCHING
VERTEX: BETWEEN QUASINORMALITY AND PARANORMALITY

GEORGE R. EXNER, IL BONG JUNG,
EUN YOUNG LEE AND MI RYEONG LEE*

(Communicated by I. Peri¢)

Abstract. Let Jy  be a directed tree consisting of one branching vertex, 1 branches and a
trunk of length x and let S; be the associated weighted shift on .7 . with positive weight se-
quence A . Introduced recently was a collection of classical weighted shifts, “the i-th branching
weighted shifts” W) for 0 < i< 1, whose weights are derived from those of S, 2 by slicing the
branches of the tree 7y ([9]). As a contrast contrasting to “slicing” we consider “collapsing
the branches of a tree” and define “the k-step collapsed weighted shift” Si(k) on Fy_gx for
1 <k<n-—1 sothat Si(n,l) may become the basic branching shift W(®) . In this paper we

discuss the relationships between operator properties of S3 such as quasinormality, subnormal-
ity, eo-hyponormality, p-hyponormality, and p-paranormality, and these properties for the w
and Si(k) .

1. Introduction

Let ¢ be an infinite dimensional complex Hilbert space and let (%) be
the algebra of all bounded linear operators on 5#. An operator T in HB(H) is
normal [resp., quasinormal, hyponormal] if T*T = TT* [resp., (T*T)T =T(T*T),
T*T > TT*]. An operator T in B() is subnormal if T is (unitarily equivalent
to) the restriction of a normal operator to an invariant subspace. For a fixed n €
N, an operator T € ZB(H) is n-contractive [resp., n-hypercontractive] if A,(T) :=
Sio(=DFC)T*T* > 0 [resp., Ax(T) >0 forall 1 <k <n]. Itis well-known that
T is contractive subnormal if and only if T is n-contractive for all n € N ([1]). For
some p > 0, an operator T in B() is p-hyponormal if (T*T)’ > (TT*)? ([17],
[24]). The Lowner-Heinz inequality implies that every p-hyponormal operator is g-
hyponormal for ¢ < p ([17]). An operator T in B(H) is eo-hyponormal if T is p-
hyponormal for all p > 0. It is well-known that every quasinormal operator T € ()
is co-hyponormal. An operator T € () is paranormal if || Tx|| > || Tx||* for all
unit vectors x in s ([16], [19]). Recall that every operator T € () has the
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(unique) polar decomposition T = U|T|, where |T| = (T*T)'/? and U is the par-
tial isometry with kerU = kerT and kerU* = kerT*. For each p > 0, an opera-
tor T € B(H) is p-paranormal if |||T|PU|T|Px|| > |||T|Px||> for all unit vectors x
in 27 ([14], [15]). Obviously, 1-paranormality and paranormality coincide. Every
q-paranormal operator is p-paranormal for ¢ < p. An operator T € B(S) is nor-
maloid if ||T|| = r(T), where r(T) is the spectral radius of T', which is equivalent to
|IT"|| =||T||" forall n € N. The following implications are well-known:

normal = quasinormal = subnormal = hyponormal

4 i

co-hyponormal = p-hyponormal = 1-hyponormal

(1<p<eo)
\
normaloid < g-paranormal < g¢-paranormal < p-hyponormal
(I<g<eo) (0<g<l) (0<p<l)

and their converse implications do not hold in general ([4], [5], [6], [17]). There is no
implication between p-hyponormality (1 < p < o) and subnormality in general (see
[21, Example 8.2.4]).

Let Z [resp., Z1, N] be the set of integers [resp., nonnegative integers, posi-
tive integers]. We write R [resp., Ry, C] for the set of real [resp., nonnegative real,
complex] numbers. And we set Ny = {k,k+1,k+2,...} for k€ N, and J, = {k €
N: k< t}, 1 € Z;, with the convention that Jo = &. For a subset J of Z, we set
—J={-k:keJ}.

As a generalization of the classical weighted shifts, Jabtonski-Jung-Stochel [21]
introduced the weighted shift S on adirected tree .7 = (V,E), where V and E are the
sets of vertices and edges, respectively, whose definitions are given in Section 2. The
weighted shifts Sy on directed trees 7y« = (Vi «, En.x) With one branching vertex
(see (1) and the Figure 1) have provided good information and several exotic examples
to solve open problems in operator theory (see [2], [3], [12], [21], [22], [23]). In [12]
and [13], the papers studied the subnormal completion problem for weighted shifts S,
on the directed trees .7y x = (Vy.«, En.«) . In [9] Exner-Jung-Lee studied the branching
weighted shifts w@ of § 2. 1 € Jy U{0}, that are sliced from .7,  to analyze the
structure of S and proved the following statements:

1° S is subnormal if and only if W) is subnormal for i € J,, U{0} (see a remark
above Theorem 2.1 in [9] and also [21, Corollary 6.2.2]);

2° S, is n-contractive [resp., n-hypercontractive] if and only if w (@ is n-contrac-
tive [resp., n-hypercontractive] for i € J, U{0};

3° if S, is hyponormal, then W) is hyponormal for i € J, U{0}. However the
converse implication is not true.

We may apply this sort of study about hyponormality, subnormality, n-contrac-
tivity of S, and W to other properties; we will use “property P” as placeholder for
such properties, so, for example we say “property P is hyponormality”, or “property P
is p-paranormality”, etc. Thus the following question arises:
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Q1. Suppose S is a weighted shift on the directed tree 7 i . Is it true that if Sy
has property P, then W) has property P forall i € J, U{0}?

As a concept complementary to that of “slicing tree”, one may consider a “col-
lapsing tree”. In this paper, we give a weighted shift S; induced by such a directed tree
In—1.x — which we call “the (first-step) collapsed weighted shift” (see Definition 2).
By repeating 11 — 1 times the “collapsing” method from the given weighted shift Sy
on 7 x, we may obtain lastly a classical weighted shift W which is called “the last-
step collapsed weighted shift” of S; (see Definition 2). Hence the following parallel
question arises from this notion:

Q2. Suppose S, is a weighted shift on the directed tree .7y . Is it true that if Sy
has property P, then the collapsed weighted shift S5 has property P?

In this paper we answer questions Q1 and Q2 for the properties of operators
between quasinormality and paranormality such as quasinormality, subnormality, co-
hyponormality, p-hyponormality, and p-paranormality.

The paper consists of five sections. In Section 2 we recall the notation and ter-
minology for classical weighted shifts and for weighted shifts S; on directed trees
Iy« and its sliced classical weighted shifts as in [9] and [21]. We introduce a new
definition which we call “the collapsed weighted shift.”” In Section 3 we answer Q1
affirmatively when placeholder P is quasinormality, p-hyponormality (0 < p < o),
and p-paranormality (0 < p < 1). When property P is p-paranormality (1 < p < o),
we show that the answer to Q1 is negative. In addition, we discuss the question of the
converse implication of the statement in Q1, namely “is it true that if W) has property
P forall i € J, U{0}, then S, has property P?” We see that the converse implication
is true when property P is quasinormality or p-paranormality (1 < p < o). In Section
4 we solve Q2 when the placeholder P in Q2 is some property between quasinormality
and p-paranormality. We show that Q2 is affirmative when property P is quasinormal-
ity, subnormality, p-hyponormality (0 < p < e), and p-paranormality (0 < p < 1).
Some counterexamples showing a negative answer to the question, “is it true that if
S5 has property P, then Sy has property P?” are given when property P is one of
properties among quasinormality, subnormality, p-hyponormality (0 < p < o), and
p-paranormality (0 < p < o). In Section 5, we see that if S is 2-generation flat, then
the answers to Q1 and Q2 are positive as are those for the converse implications of the
statements in Q1 and Q2.

2. Preliminaries

2.1. Classical weighted shifts

We sketch here briefly some very standard notation and results for classical weighted
shifts. Recall that given a weight sequence o = {0, };7_, we define the weighted shift
Wy, on 2, equipped with the standard orthonormal basis {en}r . by Wo(en) = anentt
(and extend by linearity). For virtually all questions of interest it is sufficient to take the
o, to be strictly positive, and we do henceforth without further comment. The shift is
bounded if the ¢, are bounded above. The moment sequence y = {¥,};,_, of the shift
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is defined by =1 and §, = ;.:01 o for n > 1. The subnormality and various re-
lated weak subnormalities of such shifts have been studied extensively (see, as a starting
point, [6]); for example, the hyponormality of a classical weighted shift is easily seen to
be equivalent to a non-decreasing weight sequence. Recall that a subnormal weighted
shift W has representing (Berger) probability measure ( supported on [0, ||[W,||] (see
[18]) such that the moments of the measure are the moments of the shift:

m:/}%wax n=0,1,....
R

2.2. Weighted shifts on directed trees

In this section we recall briefly some basic terminology from [21] that will be
required in this paper. Let .7 = (V,E) be a directed tree, where V and E are the sets
of vertices and edges, respectively. A vertex v € V is the parent of u if (v,u) € E,
and denoted by par(u). A vertex of .7 which has no parent is called a root of 7.
If .7 has a root, we denote it by root and write V° =V \ {root}. Set Chi(u) =
{veV: (uv)€E} for uecV. We call a member of Chi(u) a child of u. We write
V' ={ueV:Chi(u)#a}. Avertex u € V\V' is called a leaf. A vertex v €V is said
to be a descendant of u € V if there exists a finite sequence vg,...,v, € V with n € Z,
such that vo =v, v, =u and v, = par(v;) forall j=0,...,n—1 (provided n > 1).
We let Des(V) denote the set of all descendants of V.

For a directed tree .7 = (V,E), we let £>(V) be the usual Hilbert space of all
square summable complex functions on V with the orthonormal basis {e, },cy defined
by

0 otherwise,

1 ifv=
ey(v) = { BV=E L ew
For a family A = {4, },ey> C C, the map A is defined on functions f:V — C by

Ay f(par(v)) ifveve,
0 if v = root.

(Azf)(v) = {

Then we can define the operator Sy in £2(V) with domain
D(Sp) ={f€C(V): Azrf € C(V)}

by

Saf=Azf,  fEZ(Sa).
The operator S, is called a weighted shift on the directed tree .7 with weights {4, },eve
([21]). In particular, if S, € Z(¢*(V)), then

1/2
Sypen= 2 Avey, u €V, and HSAH:(sup 2 |/lv|2> .
yeChi(u) UEV ye Chi(u)

(See [21] for more information concerning this notion.) Recall that a weighted shift S
has the unitary equivalence property ([21, Theorem 3.2.1]), and also that if A, =0 for
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some u € V°, then S, can be decomposed into two nonzero weighted shifts on subtrees
of .7 ([21, Theorem 3.1.6]). To study the structure of S, , we therefore usually consider
positive real values for the weights {1, },eye of Sy .

We now introduce a particular directed tree with one branching vertex which is
the main model of this paper. Given 11 € N, and x € Z_, we define the directed tree
Inx = (Vo En ) by (see Figure 1) !

Vnx={—k: ke }U{0}U{(i,)): i€ Jy,j €N},
Ex={(—k,—k+1): k € Ji}, (1)
En«=EcU{(0,(i,1)): i ey} U{((i,)),(i,j+1)): i€ Jy,jeN}.

(n-L1) (n-12) (n-13) (n-14)

(n.1)  (n.2) (n.3) (n.4)

Figure 1: Description of the directed tree Ty .

Throughout this paper we only deal with bounded weighted shifts S, on di-
rected trees Ty « = (Vi xc, Enxc) With positive weights A = {kv}vev,j’ _» Where
n €Ny and x € Z , unless we specify otherwise. '

2.3. Slicing trees and branching shifts
Suppose 1 € Ny and x € Z,.. For S we first recall the definition of branching

shifts for the discussion of Q1.

DEFINITION 1. ([9]) Let 7y« = (Vi,x,En,x) be the directed tree as in Figure 1
and let S; be a weighted shift on .7, , with positive weights 4 = {kv}vevf,",c- In
what follows we assume x € Z, and n € N,. We consider the i-th branching shifts
W which are sliced from the weighted shift S; on I« as follows: let W be the
classical weighted shift with the weight sequence a (@) given by

a: Xy Ais, Mgy Aisse.os i€ Jn,

I The notation “LI” denotes the pairwise disjoint union of sets.
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under the order of branches as in Figure 2. As well, let W(©) be the classical weighted
shift with the weight sequence a(®) = {(XJ(-O) } 1 givenby

%(0) =2j, j€ (—Jx—1)U{0}, provided k € N, 2)
1/2 zJ k lJ_I )Lfk -
(0)._ 22 (O B ieN 3
o (12:7 ,71> ;0 ST )Li?k , JeN 3)
i€y keJ;

We say that W(()) is the basic (sliced) branching shift of S, . For our convenience, we
say that “W () is the i-th (sliced) branching shift of Sy for i € J; U{0}".

@
I A X
i (0) 0 0) 0)
oA a_, vy all o oy oy .
L & & - Py = T [['(OJ
\ ) et
b A A A h
1.2 17 1,4
‘:‘ . . . R 7 %Y
L (2)
: A
d /\/ A A A
2.2 2.3 2.1 ;
, A . . P = [[7(7)
Q1 .
- anrl)
/ \
An—1)
4 . . o U
’\Jf 1 ’\-/*1 i3 A;,—1 i
)\a(”)
R
- * * e I/I "
AP) 2 An-:i /\n--l

Figure 2: The illustration of W) of S, foric Jy U{0}.

2.4. Collapsing trees and collapsed shifts

Suppose n € Ny and k¥ € Z,. Let S3 be a weighted shift on a directed tree
Iy« with weights A = {xv}vev,;,c- As a concept opposite to that of “slicing tree”, we
consider the collapsed tree of .7 i as in Figure 3, and introduce a new definition of the
collapsed weighted shift S; with weights {ZV}VGVTC;,LK as in Definition 2. Consider a
tree and operator S3 with weights as in Figure 3.
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collapsed weights from (n — 1) and
n-th branches

disappearing part ';'

A 71 A’?‘Z /17},3 An.4

Figure 3: The illustration of the collapsing tree Ty _1 x with weights of {L}VGV;

Lk’

DEFINITION 2. Let S7 be the weighted shift on the directed tree 71, with
weights 4 = {Iv}vev,;gm which are given by

Py 1/2
A«rl_l.’l = ()Lr%—l,l +A‘%,l) / 5 (4)
. 12
ERE
~ i=n—1keJ; )
2’71*17]‘ = nij ) ]6N27 (5)
S T AR
i=T]—lk€Jj,1
%v = Ay, otherwise. (6)

We say that Sy is the first-step collapsed weighted shift of Sy, . Collapsing the n—1)-

th branch with weights {1,,,171-}]-61\; and the (1 —2)-th branch with weights {42 j} jen
again, we may obtain the second-step collapsed weighted shift, say Si(z) , of Sy sim-

ilarly. Repeating (1 — 1)-steps from S, we obtain a classical weighted shift W=
S-m-1:
A

Sl — S’i — Sz(z) —_—> e —> Si(n,l) = W
We say that W is the last-step collapsed (classical ) weighted shift of Sy .

It is worth mentioning that the last-step collapsed weighted shift W and basic
branching shift wO of § 2 coincide (see Corollary 20).
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3. Slicing branching shifts and properties

It follows from [22, Proposition 3.1] that if Sy € 2(¢*(V)) is a weighted shift on
a directed tree .7 with weights {4, },cye, then

Sy € B((*(V)) is normal if and only if there exists a sequence {uy},cz C'V
such that u,_ = par(u,) and |7Lu,1,1’ = |Ay,| forall n € Z, and A, =0 for
allve V\{u,:neZ}.

The above statement says that no nonzero weighted shift 3 acting on 7 x with K <eo
can be normal, so we study only weak normalities of S € Z(¢2(Vy «)) such as quasi-
normality, eo-hyponormality, p-hyponormality (p > 0) and p-paranormality (p > 0).

3.1. Quasinormality

Let S be a weighted shift on 7  with weights 4 = {4, },evg . We first recall
a condition equivalent to quasinormality of Sy from [21, Propos1t10n 8.1.7].

P1. A weighted shift Sy on Ty is quasinormal if and only if ||Sye.|| = ||Saey|
SJorall u eV and v € Chi(u), which is equivalent to the following condition:

=Y A4, veVy M D}ies,. (7

i€

PROPOSITION 3. Let S, be aweighted shift on Iy  withweights A = {AV}VEV{,’

Then S, is quasinormal if and only if every i-th branching shift w s quasinormdl

Proof. Suppose that S is quasinormal. By (7), all weights of W) are constant
for i € Jy . Thus W) is obviously quasinormal And now we consider the basic branch-

ing shift W with weight sequence al® ={ OC 41 8sin(2) and (3). According
to P1, we obtain that (xl(o) = aj(.o) for j € (—Jx—1) U {0} (provided k € N), and

z H A’i?k 12 2 ;112 ( 2 2{[21)]' 1/2
g0 _ |k ) @ f € i€
T 2 A S AA(3 A
iEJnkGJ' icly i€y
1/2
=(X23) =a jen
i€y

which shows that W) is quasinormal.
Conversely, we suppose that every i-th branching weighted shift w0 is quasinor-
mal for i € J, U{0}. Since the weights of W) are constant for each i € J,, U{0}, their
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expressions are given by

Ay = ( )y 7%‘?1>1/27 v € (—Jk-1)U{0},

i€Jy
1/2

z.‘]‘ k l.;I z’fk / 1/2

(0) 1€/ k€Jjt1 2 .
= = = A » JEN, ®)

j+1 z H x? <lez]:’ l~,1>

i€y keJ;
211'72:211'4'7 ie]ﬂv ]EN2 (9)

By applying (8) with j = 1,2, and also (9) with j = 3, we have

(3 2202) = (3 24)( 3 4hd). (10)

i€ty
which implies that

Z 7“13,17“12,1@12,2—11{2,2)2
1<k<iI<n

= (T 42) (T k) - T AL - Y ALY

icly icly icly NN

22 PRV A3 D,
=(Z ) (2 i) - (g )

Therefore A1 = A, forall k € J;. Applying these equalities to the right two terms

1/2
of (8) with j =1, we get <Ziejn 7Lf1> = M, forall k€ Jy,. Hence S satisfies (7),
which completes the proof. [

3.2. p-hyponormality

‘We now discuss the relationship for p-hyponormality of S, and its i-th branching
shift W0, i e Jn U{0}. The following theorem answers question Q1 when property P
is p-hyponormality (p > 0).

THEOREM 4. Suppose p > 0. If Sy is a p-hyponormal weighted shift on Ty
with weights & = {Av}vevg .. then every i-th branching shift W is p-hyponormal for
i€ JyU{0}.

The following corollary comes immediately from applying Theorem 4 with all
p>0.

COROLLARY 5. If Sy is eo-hyponormal, then every i-th branching shift w) s
co-hyponormal for i € J, U{0}.
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To prove Theorem 4, we recall a condition equivalent to p-hyponormality of S
from [21, Corollary 8.2.3] as follows.

P2. Suppose p > 0. A weighted shift Sy on Ty with weights & = {A}vevg . is
p-hyponormal if and only if the following four conditions hold:

1) A_(kH) <Ay for ke JK_2U{0}, if K€ Ny,
(i) A< 3 A2, if KEN,
i€y

ai (x2)" (3 4 <t

2p
icTy icly %ia

(iv) 2,,'71‘ < A«i.’j_i'_l foricJy and j€Ny.

Note that a classical weighted shift is p-hyponormal (p > 0) if and only if the
weights are non-decreasing.

We introduce an elementary inequality for the proof of Theorem 4.

LEMMA 6. Let a,b, and p be positive real numbers. Then it holds that

(BPxtaP(1—x) /P> — D

> ———, 0<x<1.
ax+b(1—x) *

Proof. If a = b, then the result is obvious. Without loss of generality, we assume
that @ > b. Define a real function f on [0, 1] by

f(x)=(Px+a’ (1 —x))(ax+b(1 —x))P —a’bP.
We will claim f(x) > 0 for x in [0,1]. Differentiating the function f, we can obtain
that 4
F(x):= Ef(x) = (b+(a—b)x)"'- (Ax+B)
with
A=—(a—b)(a”—b")(1+p); B=(b" —a’)b+ (a—b)pa®.

Observe that f(0) = f(1) = 0. For our purpose, we fix b > 0 and p > 0 and consider
two real valued functions ¢ and y on R defined by ¢(a) = B and w(a) =A+B,
where we now view a as an independent variable. Some elementary computations
show that

6(0) = w(b) =0, “-0(a) = p(p+ D" (a—b),

and Ly(a) = —(p+ 1)(a” — ),

da
which implies that ¢(a) > 0 and y(a) <0 for a > b, and so F(0) >0 and F(1) <O0.
Since f has the unique critical pointon (0, 1) at x = —/5;, we can see that f(x) >0 on

[0,1]. The proof is complete. [J

Before proving Theorem 4, we consider first the case n =2.
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PROPOSITION 7. Suppose p > 0. If Sy isa p-hyponormal weighted shift on 7
with weights A = {A}vevs , then every i-th branching shift w is p-hyponormal,
i=0,1,2.

Proof. Since S is p-hyponormal, the conditions (i)—(iv) of P2 hold. By P2(iv),
itis obvious that W1 and W(?) are p-hyponormal. Recall that W(%) is p-hyponormal
if and only if

A—1<+1 < A—1<+2 << )LOa (11)
A§ <AL A3 (12)
@12,1 +7Lz 1)< Al AL 2+7LQ 12 2; (13)
2
(> H)Lfk <(TT»)(T HA ), JEN. (14)
lEJQkE i) kEJj lEJQkE

Clearly, (11) [resp., (12)] is a condition equivalent to P2(i) [resp., P2(ii)] for n = 2.
Applying the Cauchy-Schwarz inequality (with [Tie;, Aig and A jy1 TTke Tt Aix) and
using P2(iv), we see that the inequality (14) holds. The only question is whether we
may obtain (13).

Observe first that for any 8 € C\ {0}, T € Z(s) is p-hyponormal if and only if
0T is p-hyponormal, and check that conditions (i)—(iv) of P2 are unaffected by scaling;
the only one not completely obvious is P2(iii). Obviously, w O s p-hyponormalif and
only if 6W(©) is p-hyponormal for @ > 0. So our first step is to scale the weights of
WO 5o that

= (11271 +122,1)1/2 =1

Then P2(iii) becomes
A2 A?
TR (15)
/11.,2 /12.,2

and (13) becomes
1 <AL AL + A A, (16)

Lemma 6, with a=A7,, b= 217, and x= A2, (so 1 —x= A7), says that

1 7L2 2
e B a7)
(11,111,24'7“2,112,2) llg A5

Using (15) and (17), we can obtain the inequality in (16), and thus (13) holds. Hence
the proof is complete. [J

The proof of Theorem 4 which is generalized from Proposition 7 will appear in
Subsection 4.3.

We now give a useful equivalent condition for eo-hyponormality of §; which will
be used later in the paper.
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PROPOSITION 8. Let S, be aweighted shift on Iy  withweights A = {AV}VEV{,"K-
Then Sy, is oo-hyponormal if and only if the conditions (i), (ii) and (iv) of P2 hold, and
also the following inequality holds:

ci= Y A4 < %2}2{’152}' (18)

i€

Proof. 1t is enough to show that condition P2(iii) for all p > 0 is equivalent to
condition (18). Suppose P2(iii) holds for any p > 0. For the contrary, we suppose that
A

p
c> 7Lk22 for some k € Jy. Take p > 0O satisfying Tl (l%) > 1. Then we can see
5 k2

_ 22 A2 r
242 p-1 ( l,l) _ 7,1 <L>
(i;Jn ’1> ieEJn 23 iean ¢ \ A

P p
Ay e i e
S ) ) o
iem\{k} € A ¢ \ A,
which contradicts P2(iii).

\P
Conversely, suppose that ¢ < JLEZ for all i € J;. Obviously (ﬁ) <1 forall
: 1,2

that

i€Jy and p > 0. Then

-1 A A? 8 A7
(za) (5] -2 (%) <221 o0

2p
ieTy ichn Ais iely iely

i.e., P2(iii) holds for all p > 0. Hence the proof is complete. [

3.3. p-paranormality

We discuss the relationship of p-paranormality between the weighted shift 3 and
its i-th branching shift W), i € J;, U{0}, in this subsection. The following condition
equivalent to p-paranormality of S; comes from [10, Theorem 6.5].

P3. Suppose that p > 0. A weighted shift Sy on Ty i withweights A = {kv}vev,‘;‘,c
is p-paranormal if and only if

Y AlSaerl? = ISaeal2, u eV,
veChi(u)

which is equivalent to the three conditions (i), (ii), and (iv) of P2, and with the
further inequality:
p+l1
(222)" < Tk (19)
i€Jy i€Jn
Recall that p-paranormality for classical weighted shifts reduces to monotonicity
of weights for p > 0.

We answer Q1 when property P is p-paranormality for 0 < p < 1.
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PROPOSITION 9. Let Sy and W' (i € J,, U{0}) be as usual. Suppose 0 < p <

1. If Sy is p-paranormal, then the i-th branching shift W is p-paranormal for
i€Jyu{0}.

Proof. Ttholds obviously that every W) is p-paranormal (p > 0) for i € J,, U{0}
if and only if three conditions (i), (ii) and (iv) of P2 hold as well as the following:

( 2 )%)2 < 2 7%‘?17%‘?2 (20)

icly icly

This means that the above equivalent conditions for p-paranormality of w e Jau
{0}, coincide with the equivalent conditions for 1-paranormality of Sj . Thus, if Sy
is p-paranormal for 0 < p < 1 (therefore it is 1-paranormal), then it is obvious that
every i-th branching shift W\, i e Jy U{0}, is p-paranormal. Hence the proof is
complete. [l

Note that if p > 1 in Proposition 9, the above statement is no longer true: see
Subsection 3.4.

In the proof of Proposition 9, we can see that S) is 1-paranormal if and only
it Wi is p-paranormal, i € J, U{0}, for any [some] p > 0. Hence we obtain the
following remark.

REMARK 10. Suppose p > 1. If every i-th branching shift W), i € J,, U{0}, is
p-paranormal, then S, is 1-paranormal, hence p-paranormal. However this assertion
is not true in the case of 0 < p < 1: see Subsection 3.4.

The following comes immediately from Proposition 9 and Remark 10.

COROLLARY 11. Let Sy and W) (i € J, U{0}) be as usual. Then Sy is para-
normal if and only if every i-th branching shift w s paranormal for i € Jy U{0}.
3.4. Examples for relationships

In the previous subsections, we discussed some relationships between the two con-
ditions below:

(Cy1) Sy has property P,
(C2) WU has property P forall i € J, U{0}.

In this subsection we discuss the implications between (C ) and (C,) with some
explicit examples.

Consider a weighted shift S3 on 7, with weights 4 = {A,},evs, such that
Mo=1, Li1=vx, 1=,/ and 41 ; =+/u, A; =+/v for j € Ny, where x, y,
u, and v are positive real variables. We denote this shift, here and subsequently, by
Sy (u,v,x,y); further, let W (u,v,x,y) be the associated basic (sliced) branching shift
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of Sy (u,v,x,y). According to Definition 1, we obtain the following sequences al),

i=0,1,2:
2 2 3 3
0) . Ux +vy U=x+ vy u’x+ v’y
o '17\/ ) ) ) P 21
rhy V' x+y ux -+ vy ulx+v2y @

a(l):ﬁ7ﬁaﬁ7"'a
a(Z) : \/;7\/;7\/;7""

Using the equivalent conditions in the previous subsections, we discuss operator prop-
erties of this weighted shift S} on 7 ; with weights A = {lv}vevzol )

Quasinormality. By P1, we obtain easily that

(1) S, isquasinormal & 1l =u=v=x+y,

(i) W is quasinormal < 1 =u=v=x+y, i.e., W is the unilateral shift of
multiplicity one. Note that W(1) and W(?) are always quasinormal.

Subnormality. Consider u; = §, and up = 6,, where 0, := S{X} denotes the usual
Dirac measure. Obviously the measure p; above is the representing Berger measure
for the branching shift wi i=1,2, respectively. To find equivalent conditions for
subnormality of the basic branching shift W | we first assume that W% is subnormal.

Consider
o " +vy  uix+viy o udx 3y
Nox+y N owx4+vy T\ ulx vyt

and let W, be the weighted shift corresponding to the weight sequence ¢’. Then
W, is a bounded subnormal weighted shift with the corresponding Berger measure
u= )ﬁy&, + %&,. Since W is a 2-step backward subnormal extension of Wy, it
follows from [7, Theorem 3.5] (see also [8, Theorem 5.3] and [21, Corollary 6.2.2])

that . :
—du=1 and / —=du <1,
/]R+l H R, 12 H

which implies that = + V% <1l and 3 +% = 1. Conversely, if the two conditions just
before this sentence hold, the measure v given by

v(c) = (1 - (% + Vy—2)) 8 (0) + %5,,(0)—}— Vy—zav(ay o e BR.),

where Z(R.) is the family of Borel subsets of R , is the Berger measure associated
to W, which can be confirmed by computing the following moment equations:

1, n=0,

y,,:/ "dv(t) =14 1, n=1,
Ry W ix 4 V"’zy, n>=?2.

Therefore we can see that the following assertion holds.
(i) W is subnormal if and only if % + 2 <1 and £ 4% =1.
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Observe that the Borel probability measures uj, i and v satisfy Corollary 6.2.2 (ii-b)
in [21]. Thus we obtain the following assertion.

(ii) Sy is subnormal if and only if =5 + le <land £+3=1.

p-hyponormality. According to P2 and Proposition 8, we get the following asser-
tions.

(i) For p > 0, S, is p-hyponormal if and only if 1 < x+y and Mip + le <
()77

(ii) Sy, is eo-hyponormal if and only if 1 <x+y < min{u,v}.

(i) For p >0, W is p-hyponormal if and only if 1 <x+y and ux+vy >
(x+ y)z. Recall that every classical hyponormal weighted shift is p-hyponormal for
any p € (0,00) U {eo}.

To show that the converse implication of the statement in Proposition 7 is not true,
we consider S; = Sy (u,v,x,y) and W = W) (i, v,x,y) as at the start of Subsection
3.4 with x =y = 1. Then we obtain the following:

@i’ for p >0, Sy (u,v,1,1) is p-hyponormal if and only if

- u
(2 -n""

(ii") Sy (u,v,1,1) is eo-hyponormal if and only if 2 < min{u, v},

(ii") WO (u,v,1,1) is p-hyponormal if and only if v >4 — u.
By (i’), (ii") and (iii"), we obtain Figure 4 and may confirm that the converse implica-
tion of the statement of Proposition 7 is not true.

—5 1 ©@-hyponormal

2| proo IS,\ : p-hyponormal

= 11%is p-hyponormal for all p>0:

- {(u,v) 14 < u+tv}

—

Figure 4: Regions of p-hyponormality of S, and W) when x=y = 1.

p-paranormality. Using P3, we can see that the following statements hold.
(i) For p > 0, S is p-paranormal if and only if 1 < x4y and u’x 4+ 'y >
(x+y)Pth.
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(ii) For p >0, W is p-paranormal if and only if W) is p-hyponormal, or
equivalently 1 < x+y and ux+vy > (x+ y)z.
Again with S; = S (u,v,x,y) and W(© =W (1, v,x,y), to show that

(C2) # (Cy) for 0 < p< 1 and (C;) # (C2) for 1 < p < o when

property P is p-paranormality, (22)

we consider Sy (#,v,1,1). Then we obtain

(i) for p >0, Sy (u,v,1,1) is p-paranormal if and only if v > (27! — up)l/p,

(ii’) for p>0, WO (u,v,1,1) is p-paranormalif and only if W(©) is p-hyponormal,
or equivalently v > 4 —u.

The regions of p-paranormality of Sy (u,v,1,1) are described in Figure 5. One
can find many counterexamples in Figure 5 to conclude as in (22).

v
)

S\ : p-paranormal, p > |

S\ : p-paranormal,g < p < |

Figure 5: Regions of p-paranormality of S3 and W) with x =y =1.

Summary. Summarizing results for solutions of Q1 in Section 3, we organize them
in a table.

| Property P | (C) = (Cy) | (C) = (Cy) |
quasinormal True True
subnormal True True
co-hyponormal True False
p-hyponormal (p > 0) True False
p-paranormal (0 < p < 1) True False
1-paranormal True True
p-paranormal (1 < p < o) False True

Table 3.1.
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3.5. Remarks

There are various classes of weak hyponormal operators other than the operator
classes that are considered above, such as absolutely p-paranormal, class A(p), and
normaloid operators in Z(.5°). An operator T € #(H) is a class A(p) operator if
(T*|T*P T)Y/ P+ > |T|* for p >0, where |T| = (T*T)"/2. For p > 0, an operator
T is absolutely p-paranormalif |||T| Th|| > ||Th|["™" for all unit vectors h € 2. It
is well-known that the following implications hold for any p > 0 (see [17], [25]):

e p-hyponormal = class A(p) = absolutely p-paranormal = normaloid;
e p-paranormal = absolutely p-paranormal (when 0 < p < 1);
e class A(p) = absolutely p-paranormal = p-paranormal (when 1 < p < eo);

the relationships among these classes have been studied by several operator theorists
(see [4], [5], [11], [14], [15], [17], [25], etc.). The following remark provides informa-
tion about these operator properties of Sy € Z(£2(Vy ).

REMARK 12. Let Sy be a weighted shift on 7y  with weights {4, }yevg . It
follows from [10, Remark 6.6] that S3 is p-paranormal if and only if S, is abso-
lutely p-paranormal, or equivalently that S is a class A(p) operator for p > 0.
Thus S3 is an absolutely p-paranormal [or, a class A(p)] operator if and only if
Svechitn M I1Saevl?? = [Saeul P2, u € Vi .

Recall that the largest class among classes of operators mentioned in the dia-
gram in Section 1 is that of normaloid operators. It is natural to study whether S
is normaloid. The following remark provides some information to characterize S; nor-
maloid.

REMARK 13. Let S; be a weighted shift on .7 = (V,E) with weights A =

{A }veve . To characterize S) normaloid we will compare HSﬁ " for n € N.
It follows from [21, Lemma 6.1.1] that
heu= 2 Ayvev, UEV,n€Ly, (23)

veChi™ (u)

where
A= L, ifv=u
T VTG Apari ) i v € Chi® (), n> 1.

Set @ = Sup,cy ZveChl |7Lu|v| for n € N. To obtain a standard formula for
take f € ¢>(V). Since f = zuev f(u)e,, by (23) we get
8341 = X P lisied =% (3 Janf)1rwP
UEV " yechi® (u)

<G X @ =Call £l

ucV
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which implies that || S} H <C, forallne Z+ By a method similar to that in the proof
of [21, Lemma 3.18], we can see that ||S} H =C,, forall n € Z,. Therefore Sy is
normaloid if and only if Cn = Cf forall n € N, i.e.,

sip Y P =swp( Y IWP), nezy (24)

UEV e Chil) () UV S ye Chiu)

Applying (24) to the weighted shifts S, on directed trees 7 and by direct
computation, we obtain an equivalent condition for S; normaloid as follows.

PROPOSITION 14. Let Sy be a weighted shift on Ty i as usual. For brevity, we
set

an ,n = sup H A’l Ak ne N7 (25)
i€y kel,
jeN
max A2 iFn=1
o<k<i—1 K if ;
> max € ifl<k<n
bunx = { 0<i<k—1 ml> if 1< ; (26)

n—1
max{ max [] A%, ,, max in}7 if2<n<x
0<I<K—njg=0 o<i<n—

where Q| 1= H A2 (2 11 7L ) Define a sequence {6,!7,77,(}”61\; by

=0 l€Jr, jEJn 1-1
max{dy,n, ZJ ]} A%, if K=0;
-~ i€y jeu
Conx= " neN. 27)
e max{@,n, Y II /1,,719,“7,(} if KeN;
i€ty je€n

Then Sy is normaloid if and only if@mrm = for all n € N, which is equivalent

lr) K
-~ . Sl/n
to Cipx = hm,HmCm/n’,(.

COROLLARY 15. Let Sy := Sy (u,xy) be a weighted shift as defined in Subsection

3.4. Then Sy, is normaloid if and only if W) is normaloid, or equivalently max{1,x+
v} < max{u,v}.

Proof. Firstly, we claim that |3 || = || (WO)||. According to (25)—(27), we can
see that 617271 = max{1,x+y,max{u,v}}, and

n—1

6,,7271 = maX{un_zx + v"_zy, Wty yymax{u"Vv'}}, neN,. (28)
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k+1 k+1
Observe that the sequence < 2t
ux+vty

and this observation, we can see that

}k N is monotonically increasing. Using (21)
(S

k41 k+1
WO = max {1x-+y. sup ‘0
kez, WXV

k41 k+1
= max{l,x—f—y, lim woxtvoy

k—eo  ukx 4 vky } = max{1,x+yu,v}

Similarly, we may see that

k+n k+n

uF x4

||(W(O))"||2 = max{u"_zx—i-v"_zy,u"_lx—i-v"_ly, sup ——————— y}
keZ, M.X+—Vy

= max{u"*2x+ V72 ey, max{u",Vv"'}}, neN. (29)

By (28) and (29), we have ||(W(©)"||2 =, forall n>2. Hence W(© is normaloid
if and only if S, is normaloid.

Furthermore, if the inequality max{1,x+ y} < max{u,v} holds, by a simple com-
putation, we get 6,,727 1= 6{'2 1» n €Ny, and so Sy is normaloid. Conversely, suppose
that S, is normaloid, i.e., 6,,7271 = 6{{2.1, n € N, . By using this equality and some el-
ementary computations, we can see that max{1,x+y, max{u,v}} = max{u,v}. Hence
the proof is complete. [J

It is well-known that there exists a 3 x 3 real matrix A such that A is normaloid
but not p-paranormal for any p > 0 (see [17, Example 5, p. 179]). The following
corollary provides such an example on an infinite dimensional Hilbert space.

COROLLARY 16. There exists a normaloid weighted shift Sy on 51 such that
Sy is not p-paranormal for any p > 0.

Proof. Use Corollary 15 and equivalent conditions for p-paranormality of S; on
5,1 as in Subsection 3.4. [
We now close this section with the following remark related to Q1 and Q2 for

normaloidness of weighted shifts Sy on 7 «.

REMARK 17. Let S; be a weighted shift on .7, « as usual. It seems difficult to
solve Q1 or Q2 when P is normaloid, and we do not attempt it in this paper.

4. Collapsed branching shifts and properties

4.1. Basic properties

We consider question Q2 about quasinormality, subnormality, eo-hyponormality,
p-hyponormality (p > 0), and p-paranormality of the collapsed shift S; of Sy €
B(1*(Vy.x)). We start this section with basic lemmas about the collapsing method,
which will be used frequently in subsequent parts of the paper.
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LEMMA 18. Suppose n =2. Let Sy be a weighted shift on J i with weights
A = {A}evs . Then the last-step collapsed weighted shift W and basic branching

shift WO of § 2 coincide.

Proof. This is provided directly by Definitions 1 and 2. [

LEMMA 19. Suppose 1 > 3. Let Sy be a weighted shift on Ty i with weights
A ={A}vevg . andlet S5 be the first-step collapsed weighted shift of S, with weights

A= {ZV}V’EVE,I .- Then WO =wO  where WO is the basic branching shift associ-

ated to Sy and WO s the basic branching shift associated to the first-step collapsed
weighted shift S;.. Moreover, WO =W for i€ Jy o, where WO [resp., W] is the
i-th branching shift of Sy, [resp., S3].

Proof. We claim that the weights of W(® and W(® coincide. The weight se-
quence {&}0)}?:7K L1 of W is as follows:

a;O) Zﬁij fOI’j S (—]K,I)U{O},

~ N\ 1/2
1/2 'EJZ li—I )Lsk
_ ~ ~ i€y_1 keJ;
) = > 7%‘?1) ) 051(2)1 = nlijtz » JEN, (30)
i€n-1 I |
lEJn,lkEJj ’

and the weight sequence {aj(-o) 7=—r<+1 of WO is as in (2) and (3). By (4) and (5), it
is easy to check that

~ n
ng—l,k: > Hz’i?lu jeN.

kel; i=n—1keJ;

Using this equality and (6), we obtain

S oM a2\
a(0) . iEJn,QkGJ_Hl ’ k€Jjy1 ’
= - =
" M AR+ AR,
i€lyakel; T kel; '
1/2
s ooz oma)
. ik T ik
- i€ly_2keljny i=n—1k€Jj) 31)
o n
Y I AL+ Y IIA2
il ke, F s ikes,
A
1e/n keJjr1 .
— |2 jeN
T ’

?

i€y kel;



WEIGHTED SHIFTS ON DIRECTED TREES 615

Comparing (3) and (31), we have &\ = o\, for j € N. By (3, (4), (6). and (30), we

j+1
have

i’ = (¥ i) () ea e

i€ly-2 i€

Others are trivial. The “moreover” part of this proposition follows immediately from
the definitions of W) and W) . Hence the proof is complete. ]

For brevity, in the remaining part of this paper we will say simply “S3 is
the collapsed weighted shift of Sy, ” instead of using “the first-step” when no
confusion will arise.

Repeating the steps for collapsing branches in Lemma 19, and using Lemma 18, we
may obtain the following corollary.

COROLLARY 20. Suppose 1 > 2. Let S; be a weighted shift on Ty  with
weights A = {M}vev;;x. Then the last-step collapsed weighted shift W and the ba-
sic branching shift W of S 2 coincide.

4.2. Quasinormality and subnormality

First we answer question Q2 affirmatively when property P is quasinormality.

PROPOSITION 21. If Sy is a quasinormal weighted shift on Ty i with weights
A= {Av}vev;;x, then the collapsed weighted shift S5 of Sy is quasinormal.

Proof. If n =2, by Proposition 3 and Corollary 20, S3 is quasinormal. Thus we
may assume 71 > 3. By (5) and (7), we may see that

A 22, o - 22)" =2 €N
n-1,j = Z i,1'm —<Z i,1> =An-1,j, ] € No. (33)

icly icly

By (6) and (32), we get Yic;, | A} = A3 = A = e, A}y According to P1, by (6)
and (33), Si is quasinormal. [

Next we answer question Q2 affirmatively when property P is subnormality.

THEOREM 22. If Sy is a subnormal weighted shift on Ty i with weights A =
{xv}veVﬁ‘K) then the collapsed weighted shift S5 of Sy, is subnormal.

Proof. The case N =2 follows easily from Lemma 18 and 1° in Section 1. So we
will consider n > 3. Recall that S, is subnormal if and only if every W) is subnormal
for all i € Jy U{0}. Similarly this fact holds for S;, and so it is enough to show that
every i-th branching shift W() is subnormal for i € J,_; U{0}. By Lemma 19, we
have W) = W) for all i € J;_»U{0}. So to finish we need only that WM~ is



616 G. R. EXNER, I. B. JUNG, E. Y. LEE AND M. R. LEE

subnormal. We first scale the problem, namely, multiply all the weights of S; by a
¢ >0 so small that W=D w( and W1 are all contractions. This can surely
be done for W=D W) and an inspection of the resulting weights for W11 (see
Figure 3) shows that these are also multiplied by c¢. Since all the shifts are bounded,
this succeeds, and of course scaling the operators does not change subnormality.

But now we can detect subnormality by checking moment sequences of wm-1,
W and W—1) | The moment sequence for W11 is

llr) 12al1%71,211%71,3a1%71,22'%71,32’%71,47 ' Hln 1k»" s
and that for W) is
2
17%27/1112/11137/1112/11137%4»' H/lnk,

These sequences are completely monotone (see Section 3 of [20]), which is equivalent
to the Agler condition

n Jj+1
A(nyi) =Y (— ()HA >0, neN,ie{n—1n}, (34)

=0

with the convention H?:a() ;=1 for a > b. The moment sequence for wn=1 s

n
S H?L?
/ln 11/111 12‘”L2 /12 i=n-lkel ok
’ x?v 11+/ln71 , /l% 11‘”%2,,1’
Now we observe that for n € N,
. 2 2 i(n L 2
> zlAnl (An—11+A0)+ 2(—1)1<-> DI |
i=n—1 i€l 1/ i=n=1kedi
n
2.0
pfn\ i=n—1lkeJji
=(A2 A1+ (—1)~’<.)7
e /g;n i) gt A,
n
i n\i=n—lkeJj
i) S ()
! ! j=0 J) Ao +AL
By (34), it is obvious that
U 2
> 11 %k

n S(n\ i=n—1k€Jjy
$ ()it
j=0 J) At A
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(which means that the moment sequence for w1 s completely monotone). Thus
W=1) is subnormal, and so S5 is subnormal. Hence the proof is complete. [

4.3. p-hyponormality

In this subsection we solve question Q2 when property P of S is p-hyponormality
and prove Theorem 4 in the general case of 1.

THEOREM 23. Suppose p > 0. If S, is a p-hyponormal weighted shift on a
directed tree. Ty ¢ with weights A = {Ay}vevg . then the collapsed weighted shift S
of Sy is p-hyponormal.

Proof. Since the case 11 =2 follows from Lemma 18 and Proposition 7, we will
consider only 11 > 3 as before. Recall that S is p-hyponormal if and only if conditions
(1)—(iv) of P2 hold. Let us write the associated conditions for p-hyponormality of Si

as PZ(T)—(i:/) for the time being. According to (6), we can see that P2(i) and P2(T)
coincide. Since

v _ v (&) v _ v
PV ES > AH+AL )y )Li21+1%711+l1%1 > AL
i€y el T i€l " ’ T ié, 7

also conditions (ii) and (ﬁ) of P2 coincide. By (6), each of conditions (iv) and (i;) of
P2 coincide for i € J_;. It follows from the Cauchy-Schwarz inequality that

n 2 n n .
(i=§—1kle_[1_,-xfk> < (i=§—1kelj_j[1xfk> Q:%‘-lejklgj_,/lgk) J €Ny,

and by using P2(iv), the inequality P2(i?/) holds when i =1 — 1. So our concentration
is on condition P2(iii). Observe that P2(iii) is equivalent to (cf. (32))

22 p-1 izl (1%4714'1%71)#1 < 5
2 i1 Z 2p+ 22 22 A2 A2y <L (35)
icTy i€l Ai) A M2+ 240145 5)
It is clearly sufficient from P2(iii) and (35) to show
(%2;—171+/1%71)p+1 /l%—l,l & (36)
(1371,11%71,24‘1%,11%,2)’7 /1,311172 /1,?172

Observe that we may scale the problem by multiplying each weight by ¢ > 0 such that
g+ =1

This is because the total order of each side is ¢>~2” in the scaling constant ¢. So we
assume (without changing notation) that 1371 L+ JL% | =1, and then (36) becomes

2 2
1 Arl—l,l A1771

2 2 2 22 v S o2 TR
Aot A AP 4P, Ak

(37)
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Letx=A7 |, (so A;, =1-x), A7, =aand A7, =b. Then (37) becomes

S

1 <X n 1—x
(ax+b(1—x))? ~aP  bP’
which is equivalent to

ab
z —.
ax+b(1—x)

=

(bPx+a’(1—x)) (38)
By Lemma 6, (38) holds automatically, and so does (36). Hence Si has condition
PZ(ﬁi). The proof is complete. [

PROPOSITION 24. If S, is co-hyponormal, then Sy is oo-hyponormal.

Proof. The case n =2 follows from Lemma 18 and Corollary 5. Therefore we
will consider 1 > 3, too. Recall that S is eo-hyponormal if and only if the conditions
(1), (ii), (iv) of P2 and (18) hold (see Proposition 8). Let us write the corresponding
conditions for eo-hyponormality of Si as (T), (ﬁ), (i:/) of P2, and (/1§). According
to the proof of Theorem 23, conditions (i), (ii) and (iv) of P2 imply conditions (T),
(ii), and (iv) of P2. Since ¢ := Sies, A% = Siey, | A4y by (6) and (18), we see that

Sich 131 < miniejnfz{zi?z}. Using (5) and (18), we get that
Mogrqapt Aadng  Agoct e

12 — 9 ki > — C
n—1,2 2 2 = 2 2 :
Mgt Aqoia T

Thus, the condition (Té) holds. This complete the proof. [J
Now we will prove Theorem 4 by using Theorem 22.

Proof of Theorem 4. Suppose that Sy is p-hyponormal on .7, i . It follows from

P2(iv) that W) is p-hyponormal for i € Jy . So we will show by mathematical induc-
tion that

Claim: if S is a p-hyponormal weighted shift on 7  (p >0, N € N,), then
the basic branching shift W(%) is p-hyponormal.

The case n =2 follows from Proposition 7. We now assume that the statement
holds when 1 = m. For the case of 1 =m+ 1, we suppose S, is a p-hyponormal
weighted shift on Z,11,c. By Theorem 23, the (m+ 1)-th collapsed shift S3 as-
sociated to Sy is p-hyponormal on .7, . By the induction hypothesis in 1 = m,
the basic branching shift W) of S5 is p-hyponormal. Applying Lemma 19, we get
WO =w©  where W is the basic branching shift of S3 on 7,11 ., and so w©
is p-hyponormal. Thus our statement holds. The proof is complete. []
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4.4. p-paranormality

Now we solve question Q2 when property P is p-paranormality.

PROPOSITION 25. Suppose 0 < p < 1. If S), is a p-paranormal weighted shift
on Ty with weights A = {Av}vevg .. then the collapsed weighted shift S5 of Sy is
p-paranormal.

Proof. Recall that S, is p-paranormal if and only if the conditions (i), (ii), (iv) of
P2, and(19) hold (see (P3)). We write the corresponding conditions for p-paranormality
of SN as (1) (11) (1v) of P2 and (19) According to the proof of Theorem 23,
condmons (i), (i1) and (iv) of P2 imply conditions (T), (ﬁ), (i:/), respectively. Since
Z,GJH Z,GJT’ . JLL 1 » it is enough to show that

z/ 2{2 2+12 2’22 14
R a1t Aty < (A 11+7L%71)< = liz 17+;LG’1 2 (39)
n-1,1T 41

As in the proof of Proposition 7, we scale the weights {M}ngﬁx of S, so that 7LT2,_ Tha
Apy=1.Seta=A; |,,b=2A;,and x=A; | . Then condition (39) becomes

xa? + (1 —x)b? < (xa+ (1 —x)b)P. (40)

Thus it is sufficient to show that (40) holds for p € (0, 1]. Since the function f(z) :=¢?
is concave when p € (0,1), it is obvious that xf(a) + (1 —x)f(b) < f(xa+ (1 —x)b)
forall xe€ (0,1) and a,b > 0. When p = 1, the equality in (40) holds. Hence the proof
is complete. [

REMARK 26. According to the “p-paranormality” part in Subsection 3.4, we see
that there exists a p-paranormal weighted shift S; on .7 ; such that W s not p-
paranormal. Since in the case 1 =2 the first collapsed weighted shift S; becomes

W) | we can obtain the following, a counterpart of Proposition 25 for p > 1:

for p > 1, it is not necessarily true that if Sy is p-paranormal, then

Sy is p-paranormal. (41)

In Remark 26, we consider first the simplest case 1 = 2 to show (41). Further-
more, we will provide additional example to exhibit (41) for 1 = 3 in the next section
(see Example 28).

4.5. Examples

We discussed relationships, for various P, between the following two conditions:
(C1) Sy has property P,

(C3) Sj has property P.
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In this section, we proved the implications (C;) = (C3) when the “placeholder P” in
Q2 is quasinormality, subnormality, p-hyponormality (0 < p < o) or p-paranormality
(0 < p < 1). But the converse implications are not true. We provide counterexamples
for these converse implications.

EXAMPLE 27. Consider a weighted shift S on 73 ; with weights 4 = {4, },eve
with A9 € (0,1] and consider weights 4 = {%}verl of 73, given by

M =Vx A =uy, A =vy, o =2A33= \/g, Mi=2A3p= \/g,

Ay =1, otherwise,

w~here x,y,u,v >0 with x+y =1 and u+v = 1. By Definition 2, the weights A=
{kv}vevil of S3 of Sy are given by
Ao = 20771171 = \/2771271 =/, and L, = 1 otherwise.

By the corresponding equivalent conditions for each property, we obtain that

(i) Sy is quasinormal if and only if Ay =1 and u=v,

(i) Si is quasinormal if and only if Ao =1,

(iii) S, is subnormal if and only if u = v,

(iv) Si is always subnormal,

(v) S is p-hyponormalif and only if u=v (0 < p < o),

(vi) S3 is always p-hyponormal (0 < p < ),

(vii) S, is p-paranormal if and only if u=v (0 < p < o),
(viii) $j is always p-paranormal (0 < p < o).

According to (i)—(viii) above, we can find weighted shifts S, such that § i has property
P but S; does not when P is any of the operator properties quasi-, sub-, eo-hypo-, p-
hypo-, or p-paranormality. Moreover, we can confirm easily that this example shows
(C3) # (Cy) when P is p-paranormality for 0 < p < eo.

EXAMPLE 28. Consider a weighted shift Sy = Sy (x,y,z) on 31 with weights
A ={A}revg, givenby

i€ Js,

1
20 € (071]7 Ai,l - %,
Mj=vVx o=y & =VE, JEN,
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where x, y and z are positive real numbers. Then weights {L}Vevzol of the collapsed
weighted shift S; of S are given by

i—1 _j—1\ 1/2
- - yimly g .
Mj=Vx A= <y~f2+Zj2 ,  JENa

By P2 and P3, we obtain without difficulty that

(1) Sy is p-hyponormal if and only if xl—,, + y% + Zi,, <3,

p
(i) Si is p-hyponormal if and only if Xl—,, +2 ( y%) <3,

(iii) Sy is p-paranormal if and only if 3 < x” 4+ yP + 27,
(iv) Sj is p-paranormalif and only if 3 <x” + 2(%E)P.
To show that

(C3) # (Cy) when P is p-hyponormality for 0 < p < eo,
(C3) # (Cy) when P is p-paranormality for 0 < p < 1, and 42)
(C1) # (C3) when P is p-paranormality for 1 < p < oo,

we consider Sy (1,y,z). One can find many counterexamples satisfying (42) in Figures
6 and 7.

yosl g S;l : co-hyponormal
15| N il
- A

1.0
B "‘S,;\:.
05 j SR is p-hyponormal for allp > 0 :
L {(2):2=y+2}
Lo N )
0 0.5 Ta 15 20 2.5 (

Figure 6: Regions of p-hyponormality of S, and Sz with x = 1.

Summary. Combining Propositions 21, 24, and 25, Theorems 22 and 23, and
Examples 27 and 28, we obtain Table 4.1.
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p—0
p=0.25

p=0.5

2.0
S; is p-paranormal forall p >0 : {(y.2):2 < y+ =}
L5 S) : p-paranormal
1.0— p—> 0
0.5
| [
0

Figure 7: Regions of p-paranormality of S3 and S with x=1.

| Property P [(C)=(Cy) [(C)=(C) |
quasi-, sub-, and p-hyponormal True False
p-paranormal (0 < p < 1) True False
p-paranormal (1 < p < o) False False

Table 4.1.

5. Generation flatness

In the previous sections, we discussed implications among conditions (Cy), (C»)
and (C3) that are as in Sections 3 and 4. But, conditions (C;) and (C,) [(C;) and
(C3)] are not equivalent in some of the standard operator properties. In this section we
prove that if S, is generation flat (whose definition appears below), then (Cy), (C»),
and (C3) are equivalent.

Recall from [12, Definition 6.1] that a weighted shift S3 on 7  is r-generation
flat (r e N) if

Aij =M j,

The following properties immediately come from (43).

i€y, jEN,. (43)

P4. Suppose a weighted shift Sy on Jy  with weights 4 = {4, }yevg . is 2-
generation flat. Then '

)

(1) 0‘;3)1 = A1,j41 for j €N, where i1 is the weight of WO asin (3),

(i) zn_17j=2,n_17j=ln7j, jEeN,.
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The following is the main result of this section.

THEOREM 29. Suppose p > 0. Let Sy be a weighted shift on Ty x with weights
A= {kv}vevﬁx. If Sy, is 2-generation flat, then the following statements are equivalent.

(i) Sy is quasinormal [resp., subnormal, oo-hyponormal, p-hyponormal, and p-
paranormal],

i) W@ of Sy is quasinormal [resp., subnormal, e-hyponormal, p-hyponormal,
and p-paranormal] for all i € J, U{0},

(iii) w© of Sy is quasinormal [resp., subnormal, e-hyponormal, p-hyponormal,
and p-paranormal],

@iv) Sy is quasinormal [resp., subnormal, -hyponormal, p-hyponormal, and p-
paranormal].

The proof of Theorem 29 will appear after the next proposition.

PROPOSITION 30. Suppose p > 0. Let Sy be a weighted shift on Ty with
weights A = {lv}vev,;{,c and let S be the collapsed weighted shift of Sy . Assume that

An-1j=An g J€Na. (44)
Then the following statements are equivalent.

(1) Sy is quasinormal [resp., subnormal, eo-hyponormal, p-hyponormal, p-para-
normal],

(ii) Sy is quasinormal [resp., subnormal, o-hyponormal, p-hyponormal, p-para-
normal].

Proof. Before proving this proposition, we observe that if (44) holds, then P4(ii)
holds, which will be used in the proof.

(1)=>(ii) In Section 4, we proved that this implication holds for any operator prop-
erties of S except the case of p-paranormality for p > 1. Hence it is sufficient to
claim that if Sy is p-paranormal, then S3 is p-paranormal (p > 1). Hence, using
P4(ii) with j =2, we see that the equality in (39) holds. By a proof similar to that of
Proposition 25, we get our claim.

(ii)= (i) We first prove the case of subnormality. Suppose S; is subnormal. By
PA(ii), since W=D = w M = w01 it is obvious that every branching shift W) of
S5 is subnormal if and only if every branching shift W) of S5 is subnormal. Hence
S5 is subnormal. Now we consider other properties. We obtained equivalent conditions
(7), P2(1)—(iv), (18), (19) to characterize other properties, namely, quasinormality, oo-
hyponormality, p-hyponormality, p-paranormality of S . The conditions correspond-
ing to all operator properties about S; appearing in (ii) can be obtained naturally. We

will write these conditions for S5 as (7), P2 (T)— (E/), (ig), (E). By using P4(ii) and



624 G.R. EXNER, I. B. JUNG, E. Y. LEE AND M. R. LEE

(32), we can see that condition (7)£esp£2(i)—(iv), (18), (19)] for S is equivalent to
condition (7) [resp., P2 (i)-(iv), (18), (19)] for S3 - Hence the proof is compete. [

We now prove Theorem 29.

Proof of Theorem 29. (i)=- (ii) Recall that this implication has been proved al-
ready except in the case of p-paranormality (p > 1). If S, is p-paranormal (p > 1),
then P3 holds. Using (43) with j = 2, (19) is equivalent to (20) for any p > 0. By a
proof similar to that of Proposition 9, W) of S is p-paranormal for all i € J, U{0}.

(1)< (iv) See Proposition 30.

(ii) = (iii) Obvious.

(iii)=-(ii) Let {e;};_, be an orthonormal basis for 2 such that

WO = aVe;, i€ () UZs.

Then, by P4(i), we see that the restriction w(©) |z of w© g unitarily equivalent to

W for i € J,, where .4 := \/ {e;} is the span of {e; }en . Since operator properties
keN

of w(© appearing in (iii) are preserved for the restriction W(0)|, « » this implication is
obvious.

(i1) = (i) When property P is quasinormality or subnormality, this implication was
proved already. For the remaining parts, we suppose that W) is p-hyponormal for
all i € Jy U{0} (0 < p <o), ie., W is hyponormal for i € J U{0}. By P4(i) and
hyponormality of WO we get

> AA <AL, (45)

i€

Since (45) implies (18), by Proposition 8, S3 is eo-hyponormal. Then it is obvious that
Sy is p-hyponormal. Next, suppose w is p-paranormal for all i € J, U{0} (some
0 < p < o). By p-paranormality of W and P4(i), (45) holds, which is equivalent to
(19) for any p > 0. Thus S, is p-paranormal. [J

We give a natural question concerning the topics discussed in this paper.

QUESTION 31. Let 7 =(V,E) be arooted directed tree with finitely many branch-
ing vertices and let S, be the associated weighted shift on 7 with weights A =
{Au}yeve - Is it possible to extend the notions about slicing and collapsing the branches
of tree for the properties of S between subnormality and normaloid of S3 such as
subnormality, p-hyponormality, p-paranormality, normaloidness, etc.?
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