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INEQUALITY OF HARDY-TYPE FOR n-CONVEX FUNCTION VIA
INTERPOLATION POLYNOMIAL AND GREEN FUNCTIONS

DORA POKAZ

(Communicated by I. Peric)

Abstract. We obtain new results on the Hardy-type inequality in the general context, in terms of
measure spaces with positive o -finite measures. The connection is made between the difference
operator derived from the Hardy-type inequality on the one hand and the expression containing
the interpolating polynomial of Abel-Gontscharoff and the four Green functions on the other
hand. We discuss the n-convexity of the function and consider the result depending on the parity
of the indexes n and m. Further results are obtained by using the Holder inequality for conjugate
exponents p and ¢g. Finally, we derive upper bounds for the remainder, obtained from the
main result, using the Cebysev functional. The Ostrowski-type bound for the generalized Hardy
inequality is also given.

1. Introduction

Green functions, named after the famous British mathematician and physicist
George Green are very interesting from different aspects. These functions allow us to
solve various types of differential equations, including an ordinary differential equation
with initial conditions and more difficult ones such as an inhomogeneous partial differ-
ential equation with boundary conditions. Green functions are used for solving wide
variety of problems, specifically in quantum field theory, aerodynamics, aeroacoustics,
electrodynamics, seismology and statistical field theory.

Here we deal with specific Green functions, based on the article [9]. Throughout
the paper, with Gy, Y=1,2,3,4, we denote the following Green functions defined on
[ar, B] x o, B] with

~ oa—s, o<s<U;

Gilt,s) = (<o B (1)
- oa<s<t
Ga(t,s) = 1 <s<B (2)
- o <s<t
Gs(t,s) = (<o B 3)
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~ B—s, a<s<rt
Gy(t,s) = 4
4(t,s) {ﬁ—u <5< B. “4)

Note that all these functions are continuous and convex with respect to both vari-
ables. We proceed with useful result from [15].

LEMMA 1. For ¢ € C*([a,B]), the following identities hold

B .
0(1) = o(cr) + (1 — )9’ (B) + / Gi(1,5)9" (s)ds, (5)
B .
0(1) = 0(B)+(t — B9 () + / G (1,5)0" (s)ds, (©)
B .
(1) = 9(B) + (1 — )9’ (cr) — (B — )9 (B) + / Ga(t,5)0" (s)ds, (D)

B .
o(1) = ()= (B—1)9"(B)+ (B~ 06)(15’(06)+/0C Ga(t,5)9" (s)ds, (8)

where the functions Gy, v=1,...,4, are defined by (1)—(4).

The aim of this article is to give a result related to the general Hardy-type inequal-
ity. The classical Hardy inequality from [6] is

oo X P oo

1 P
[(3froa) avs (S25) [ rwa p>1. ©)
0 0 0

where f is non-negative function such that f € L?(R; ) and R4 = (0,00). The constant
P

(%) is sharp. Inequality (9) was generalized in many ways, see [7], [11] and [12].

Here we refer to settings and generalization from [7]. We begin by defining the

settings that we continue to work with. Let (£,Q1,1;) and (Z;,Q5,>) be measure
spaces with positive o -finite measures and A; be the integral operator defined by

Arf(x) /kxt 1)duy(t), (10)

where k£ : Q) x Q> — R is a measurable and non-negative kernel, f:Q, — R is a
measurable function and
0<K(x /kxtd[.tz(), x € Q. (11)

Q

Throughout the article we mark an open interval in R with 7. The following result
was given in [7] and also [8].
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k(x,y)

THEOREM 1. Let u be a weight function, k(x,y) > X0 u(x) is

locally integrable on Q| for each fixed y € Q. Define v by

v(y) = k,(f(;cy)) u(x)dpt; (x) < oo, (12)

1

If @ is a convex function on the interval I C R, then the inequality

[ @lnsDutod x / O(f())v(y)dia(y) (13)
Q

holds for all measurable functions f : Qy — R, such that Imf C I, where Ay, is defined
by (10)—(11).

Now, we start with the generalized Hardy-type inequality (13). In the settings
where Ay is as in (10), a weight function u with v given by (12) and for y € {1,2,3,4},
we consider Gy to be as in (1)=(4). In addition, for ¢ € C?([a,B]), identities (5)—(8)
and some simple calculations yield the following statements from [9]

/¢ ()du (v /¢ Af () u(x)dp (x)

_ / / Gof V)i (y / Gy(Acf(x),9)u(x)dp (x) | ¢”(s)ds.  (14)

The techniques that we use in the paper are based on classical real analysis and
the application of the Abel-Gontscharoff interpolation. The Abel-Gontscharoff inter-
polation problem in the real case was introduced in 1935 by Whittaker [14] and sub-
sequently by Gontscharoff [5] and Davis [4]. The next theorem presents the Abel-
Gontscharoff interpolating polynomial for two points with integral remainder (see [1]).

THEOREM 2. Letnm €N, n>2, 0<m<n—1and ¢ € C"([at,B]). Then

(P(u):anl (067[37¢7u)+R(¢,u)7 (15)

where Q,,—1 is the Abel-Gontscharoff interpolating polynomial for two-points of degree
n—1,ie.

0 1(0,B,0.u) i 69(a)
s=0
n—m—2 r a)m+l+s ((X ﬂ) " .
+ ZE) [2(‘) (m+14s)!(r—s)! q)( o )(ﬂ)

and the remainder is given by

R(o.0) = [ G110 (1)1,
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where Gpun(u,t) is Green’s function defined by

i -1 . .

| z<n )(u—oc)“(oc—t)"“1 , a<t<u
— N

Gm,,(uJ) - - s=0

n—1 n—
(n=01!) _ Z( 1>(u—a)5(a—t)"_5_l, u<t<pB.

s=m+1 §

(16)

REMARK 1. Further, for oo <1,u < B the following inequalities hold

nm—19°Gun (u;1)

(—1) I SR 20, 0<s<m,
°G N
(—1)"—5% >0, m+1<s<n—L

Further in the article, we state our results for the class of n-convex functions, a
more general class of functions that contains convex functions as a special case. We
recall the basic definition and some properties of n-convex functions.

DEFINITION 1. The n-th order divided difference, n € Ny, of a function ¢ :
[, B] — R at mutually distinct points xg,x,...,x, € [0, B] is defined recursively by

;9] =0(x;), i=0,...,n
X1, X0 0] = [X0, -+ X015 )]
Xp — X0 ’

[x0, .- X0 0] =

The value [xg,...,x,;;0] is independent of the order of the points xp,...,x,. A
function f : [ot, ] — R is n-convex if all its n-th order divided differences are non-
negative, i. . [xo,...,x,; f] > 0 for all choices x; € [er, B]. Thus, 0-convex functions
are non-negative and 1 -convex functions are non-decreasing, while 2-convex functions
are convex in the classical sense. An n-times differentiable is n-convex if and only if
its n-derivative is non-negative (see [13]).

After the Introduction, in Section 2 we state and prove the main result involving
the Hardy difference operator in the general settings and the Abel-Gontscharoff inter-
polating polynomial. We discuss the cases where indexes n and m are numbers with
opposite parity. We conclude the section with the application of the Holder inequality.
Finally, Section 3 is devoted to results concerning the determination of upper bounds
for remainders.

2. Main result

In the main result we establish the connection between the Hardy difference oper-
ator derived from(13) and the expression that involves Abel-Gontscharoff interpolating
polynomial (15) and Green functions (1)—(4).
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THEOREM 3. Let (£1,Q1, 1) and (23,80, lUp) be measure spaces with positive
O -finite measures. Let u:Q; — R, be a weight function and v defined by (12). Let
Arf,K be defined by (10) and (11) respectively and for v € {1,2,3,4}, Gy is as in
(1)—~(4). Finally, let nnme N, n>4, 0<m<n—3, Gy, be defined by (16) and
¢ : I — R be such that (Z) (n=1) g absolutely continuous and o, 3 €I, oo < 3. Then

/ 0 (F())v(¥)dia (v / 0 (Arf (x))u(x)dpy (x)

_/ DGy f, E(Z_AY*'(X)(Z)(Prﬁ(a)dz—k/ﬁDéy(f,Z)
s=0 . o
n—i—4 [Xr‘ (Z— a)m-‘rs-‘rl(_l)r—s(ﬂ _ a)r—s

X
= (m4+s+1)!(r—s)!

¢(m+r+3) (ﬂ)d?

r=0

B B
+ / 0" (1) ( / DGy(f,Z)XGzn,n—z(Z:f)dZ)d” an
where

DGy(f,2) / Gy(£ (), 2v()dia (v / Cy(Auf (), u(¥)d (x)  (18)

Proof. We prove the statement for the case of Green function G;. Applying the
(5) from Lemma 1 to both expressions on the left-hand side in (17), we obtain

[oUev)an) = [ [o(e)+(£0) ~ @9’ (B)] v(3)dra(y)

Q) Q)

+/[/ﬁél(f(y)7z)¢”(z)d1} v)dua(y),  (19)

. f [ / ! Gl(Akf(x),z)d)”(z)dz] u()dw (x).  20)
Q

Now, if we subtract (20) from (19), we get

/ O(F("))v(y)da(y / O (Aw s () u(x)dps (x) @)

—/U <mhwmw

_ / [ /a ’ Gl(Akf(x),z)(P”(z)dZ] u(x)dp (x),
Q
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since

[ 6@+ (6) = 008/ (B)] v(»)aps ) 22)

The reason for equation (22) lies in the following equations

y)dia(y Kxy), (x)d i (x)dpa (y)
/ // K(x)

Q) Q Q)

/K); [ ey () = [ u)dp @
Qz

Q)

and

Additionaly, by using Fubini theorem on (21), we get the result for the Green
function G . Similarly, from (6), (7) and (8), we obtain the combined expression (14)
for all four Green functions.

Further, for function ¢” in (14) we take the Abel-Gontscharoff interpolating poly-
nomial. We substitute ¢ with ¢” and n with n— 2 in the expression

-m=2| r ( _ )m+1+.\~(_1)r,s(ﬁ_ )ris i r
"2 LE(') : a(m+1+s)!(,_s)!a (1) ()
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and get

io Tl L o2)a) 23)

" G o) T D) B 0) |
i Z(‘) [Z (m+4s+1)!(r—s)! 01T (B)
B

n / Gonna(2,1)0 (1)dr.

Finally, our statement (17) follows from (14) and (23). O

THEOREM 4. Suppose that u, v Ay ,Gy, DGY for ye {1,2,3,4} and Gpp, n =
4, 0<m<n—3, beasinTheorem 3. If ¢ : [ — R is n-convex, and

(i) n —m is odd number, then the inequality
/¢(f( y)din (y /¢ Arf (x))u(x)d (x)
Q

B mo(z— B
2/0: DGy(f.z) x%%¢<s+2)(a)dz+/a DGy(f.z)

y n7§:4 [i (z— a);n+s+1(_ )S(B— o)~

> |0 e

r=0
holds.

(ii) n —m is even number, then the inequality

/ 0 (F())v(y)dita (v / 0 (A f (x))u(x)dp (x)

< / DGy(f,2) x i@wﬁ”(a)m / D612

i (Z— a)er.\'Jrl(_ )rf.\'(ﬂ _ a)rf

(mts+0)1(r—o)! oI (B)dz (25

holds.

Proof. (1) Since Gy(~, -) is continuous and convex with respect to both variables
foreach y € {1,2,3,4}, according to the (13), inequality

Déy(f’z) =0
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holds for every ¢ € [, 3]. On the other hand Gy given by (1) - (4) are non-negative
and so is ¢" since ¢ is n-convex. By definition (16) of the function G,,,, according
to the Remark for s = 0 we can conclude that (—1)"""1G,, > 0. If n—m—1 is
even, then G, is non-negative. On the other hand, if n —m — 1 is odd, then G, is not
positive. In (17) we have expression containing G, ,—>. So, if n—m — 3 is even, then
Gy n—2 2 0. Instead of the condition n —m — 3 is even, we can observe the equivalent
condition where n — m is odd and the inequality (24) follows from the Theorem 3.

(ii) Similarly, if n —m— 3 is odd, then G,, ,—» < 0 so the inequality (25) holds. [1

In other words, condition (i) of the Theorem 4 is satisfied when n and m are
numbers of opposite parity. One of them is even and the other one is odd. Analogously,
condition (ii) means that numbers n and m are both even or both odd.

In further study, we consider Holder inequality for conjugate exponents p and q.
As usual we suppose that 1 < p,q < ~ and % +é = 1. The symbol || - ||, denotes the

standard L ([cr, B]) norm of a function, i. e.

et~ ( [/ |g<s>|ﬂds)’l’

for 1 < p < oo, while ||g||- is the essential supremum of g.
To 51mp11fy notation, for y € {1,2,3,4} we introduce the abbreviation By : [, B] —
R in the form:

B
:/ DGy(f; Z) X Gm7n—2(zat)dza (26)

where we assume that all the terms appearing in By satisfy the assumptions of Theorem
3.

COROLLARY 1. Let nymeN, n > 4 0<m<n—3and ¢ : 1 — R be such that
oY) is absolutely continuous and ¢ € LI’[oc,[ﬂ for a, Bel, o< B. Further, let
Ay be as in (10), y € {1,2,3,4}, Gy as in (1)~(4), DGy as in (18), Gy as in (16), By
as in (26) and u a weight function with v given by (12). If (p,q) is a pair of conjugate
exponents, then

IR(@) < 11611 [1By(1) I 27

holds, where

/ O(F (V) dii (v / O (Arf (x))u(x)dp (x /DGy 1.2)

m (Z—a) (s n—m—4 | r a)1n+5+1( )r—s(ﬁ_a)r—s
Xlgo o @ X [Z mtst D) ]

X¢(m+r+3)(ﬂ)} dr. (28)
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Proof. Applying the Holder inequality on (17) considering the notation (28) and
abbreviation (26) we get

B
"(t) [/a DGy(f,2) X Gup—2 (z,t)dz] dt

N

dt)
o Bs ltar)” - o

=0 ([ Bl = 1o, < 0l

and obtain the required inequality. [

Bl B .
<o (] [ 0612 % G alera

REMARK 2. As special cases for boundary values p and ¢, from the inequality
(27) we get the following inequalities
/ By(t)dt

IR()] < max ¢

B
/ By()dt| x

3. Upper bounds for remainders

and

R(¢)| < max

Consider the Cebyéev functional,

gt [a- (gt [ ow) (5 200

for Lebesgue integrable functions 4, g : [0, B] — R. It plays a crucial role in the con-
struction of the upper bounds. The next two theorems from [3] provide Griiss and
Ostrowski type inequalities involving the above functional.

THEOREM 5. Let h,g: [o,B] — R be two absolutely continuous functions with

(—a)(B=") (W) (-—a)(B—)(¢)* € L([ex. B]). Then

1 1 1 B /A2 :
T(g)l < 51T ()] ﬁ<A (s—0)(B—9)[g'(s)] dS) )

The constant \f is the best possible in (29).

THEOREM 6. Assume that g : [, ] — R is monotonic non-decreasing and h :
[0, B] — R is absolutely continuous with h' € L™ ([, B]). Then

700,8)| < 57— [V / s— o) (B — s)dg(s). (30)

The constant % is the best possible in (30) .
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We apply the Theorem 5 to get upper bound for the remainder obtained according
to the main result (17).

THEOREM 7. Let n € N, n >4, ye {1,2,3,4}, Déy, By, R are as in (18),
(26), (28), respectively and ¢ : [or, B] — R be such that ¢") is absolutely continuous

with (- —o)(B—-)(¢"*V)* € L([or, B]). If (- — ) (B —-)(B})* € L([ev, B]). then the

remainder

(n—1) _ #(n—=1) B
P(¢;a,ﬁ)=R(¢)—¢ (ﬁg 0 (a)/aBy(t)dz 31

-

is bounded by

— 1/ (B 4
poicp)l < 2= 0m,8)* ([T0- -0l Vikar) . G2

Proof. From (17) and (31) we conclude

(-1)(B) — -V () 1B
p(0:0,8) /By 1y — 2 (ﬁg_‘(’; (a)/aBy(t)dt. (33)

Assumptions of Theorem 5 are satisfied for 2 = By, and g = d)(”) , so together with (33)
we calculate

(9:0,B)]

‘ﬁ a/ By0)o™ (1)t - ﬁ— /BY i 5= a/f‘l’(m(’)d’

1

(/aﬁ (t—a)B _t)[¢("+l)(f)}2dt> : . (34)

1 1
T(By,By)|?
\/—| 7By | \/m
Therefore from (34) we get (32). U
Application of the Theorem 6 yields the following result, again concerning the

upper bound for the remainder p defined by (31).

THEOREM 8. Letn €N, n>4, By be as in (26) and ¢ : [0, B] — R be such that

0™ is monotonic non-decreasing. If By is absolutely continuous with B}, € L= ([, B]),
then the remainder p(¢;o.,3) given by (31) is bounded by

p(¢s0,B)]

B—a) (90(B)+6 (e)
( . >—{¢<"-2><ﬁ>—¢<"—2><a>} SNER)

< 1Byl
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Proof. Assumptions of Theorem 6 are satisfied for 7= B, and g = 0™ | so, taking
into account (33), we have

'ﬂia/ﬁBY(I)‘p(n)(Z)dl—%/aﬁBy(t)dt-ﬁ%a/jq)(n)

2 HB Hm/ (B—1)¢" D (r)dr. (36)

Simple calculation yields

[ = a)B -0

’ B
= [ = (e B0 ()ar
= (B—a) [0 V(B)+4" V(@)| =2 [0V (B) ~ 9 D(ar)| .

Finally, inserting the last expression in (36) and taking into account (33) we get (35). [
The last theorem gives Ostrowski-type bound for the generalized Hardy’s inequal-
ity. About Ostrowski-type inequalities can be found i.e. in [2] and [10].

THEOREM 9. Letne N, n>4, DGy and By be as in (18) and (26), respectively.
Let 1 < p,q <o, %—!—}1 =1and ¢ : o, B] — R be such that ||$")||, < co. Then

/ O(F()V()din (v / O (Acf () u(x)d s (x / DGy(f.2)

m (Z—O!) S+2 n—m—4 | r (Z_a)zn+s+1(_ )r—s(ﬁ_a)r—s
8 [20 Bl O+ X [20 st DIr—s)! ]
<o) arl < o] |18y,

The constant on the right hand side is sharp when 1 < p < oo and the best possible
when p=1.

REFERENCES

[1] R.P. AGARWAL AND P. J. Y. WONG, Error Inequalities in Polynomial Interpolation and their Appli-
cations, Kluwer Academic Publishers, Dordrecht, 1993.

[2] A. AGLIC ALJINOVIC, J. PECARIC, AND A. VUKELIC, On some Ostrowski type inequalities via
Montgomery identity and Taylor’s formula II, Tamkang Jour. Math. 36 (4) (2005), 279-301.

[3] P. CERONE, S. S. DRAGOMIR, Some new Ostrowski-type bounds for the Cebysev functional and
applications, J. Math. Inequal. 8 (1) (2014), 159-170.

[4]1 P.J. DAVIS, Interpolation and Approximation, Blaisdell, Boston, 1961.

[5] V. L. GONTSCHAROFF, Theory of Interpolation and Approximation of Functions, Gostekhizdat,
Moscow, 1954.



976

[6]
[7]
[8]
[9]

[10]

[11]
[12]
[13]
[14]

[15]

D. PokAz

G. H. HARDY, Notes on some points in the integral calculus LX: An inequality between integrals (60),
Messenger of Math. 54 (1925), 150-156.

S. KAUSER, L. NIKOLOVA, L. E. PERSSON AND A. WEDESTIG, Hardy-Type Inequalities via Con-
vexity, Math. Inequal. Appl., 8 (2005), 403-417.

K. KRULI¢ HIMMELREICH, J. PECARIC, D. POKAZ, Inequalities of Hardy and Jensen, Element,
Zagreb, 2013.

K. KRULIC HIMMELREICH, J. PECARIC, D. POKAZ, M. PRALJAK, Generalizations of Hardy-Type
Inequalities by Montgomery Identity and New Green Functions, Axioms 2023, 12, 434, 1-13.

K. KRULIC HIMMELREICH, J. PECARIC, D. POKAZ, D. AND M. PRALJAK, Generalizations of
Hardy Type Inequalities by Abel-Gontscharoff’s Interpolating Polynomial, Mathematics 2021, 9, 1724,
https://doi.org/10.3390/math9151724.

A. KUFNER, L. MALIGRANDA, AND L.-E. PERSSON, The Hardy Inequality. About its History and
Some Related Results, Vydavatelsky Servis Publishing House, Pilsen, 2007.

A. KUFNER, L. MALIGRANDA, AND L.-E. PERSSON, The prehistory of the Hardy inequality, Amer.
Math. Monthly 113 (2006), no. 8, 715-732.

J. E. PECARIC, F. PROSCHAN, AND Y. L. TONG, Convex functions, Partial Orderings and Statistical
Applications, Academic Press, San Diego, 1992.

J. M. WHITTAKER, Interpolation Function Theory, Cambridge Univ. Press, Cambridge, England
(1935).

D. V. WIDDER, The Laplace Transform, Princeton Univ. Press, New Jersey (1941).

(Received September 4, 2023) Dora Pokaz

University of Zagreb

Faculty of Civil Engineering

Fra Andrije Kacic¢a MioSica 26, 10000 Zagreb, Croatia
e-mail: dora.pokaz@grad.unizg.hr

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com


https://doi.org/10.3390/math9151724

