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Abstract. Let B(H) denote the C* -algebra of all bounded linear operators on a complex sepa-
rable Hilbert space H , and let |||-||| be a unitarily invariant norm on some ideal J of B(H). In
this paper, we shall show that: for f, g be two continuous non-negative real-valued functions
defined on the non-negative half-line [0,co[ satisfying f(¢)g(¢) =1, for all # > 0, and for two
positive operators P,Q in B(H), the following inequality holds:

VX €3, [|If(P)Xe(0)+g(PXF(Q)Il > 2|||Prxoz ]].

1. Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a complex

separable Hilbert space H, and let |||-||| be a unitarily invariant norm on some ideal J
of $B(H). We consider a unital C*- algebra <7 .
Note that a unitarily invariant norm on some ideal J of B(H) is a norm |||-||| on

J satisfying the two conditions:
(i). |[[AXBI||| < ||A||||BI|||X]||, for all A, B € B(H), and forall X €7,

(@). /|X]|| = ||1X]|, for every operator X of norm one in B(H).

When dimH < oo, then J =B(H), and when dimH = o and J = B(H) (resp.
J is the ideal of all compact operators in B(H)), then [||-||| is the operator norm ||-||
on B(H).

In 1951, Heinz [8] proved that for every two positive operators P and Q in B(H),
and for every A € [0, 1], the following double operator inequality holds:

VX € B(H), |PX+X0Q| > HP’LXQ“MPI—’LXQ*H >2HP%XQ% @)

With 4 € { 0,1, %} , the above double inequality reduces to a single inequality:

VX e B(H), |IPX+x0| >2[pixot. (B)
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It is easy to see that inequality (B) (see [2, 11]) can be expressed as follows: for
every A, B € B(H), the following inequality holds:

VX € B(H), ||A*AX +XBB*|| >2||AXB||. ©)

The original proof of inequality (A) by Heinz [8] is based on complex analysis
theory and is somewhat complicated. Seeking a more elementary approach, McIntosh
[9] established inequality (B) and deduced inequality (A) from it, employing ingenious
techniques. To prove inequality (B), McIntosh required the following: if A, B€ B(H),
and AB is self-adjoint, then [|AB|| < |[ReBA|, where ReT = 5 (T +T*), for T €
B(H) (see [7]).

Independently of the previous work of Heinz and Mclntosh, and in the general
situation of an abstract unital C*-algebra, we presented [10] a model of inequality gen-
erated by a numerical function that encompasses the second inequality in (A):

For f, g be two continuous non-negative real-valued functions defined on the
non-negative half-line [0, o[ satisfying f(z)g(z) =1, forall > 0, and for two positive
elements P, Q in o7, the following inequality holds:

VX ed, |f(P)Xg(Q)+g(PIXF(Q)>2||Pixol|. (D)

We proved (D) using the definition and elementary properties of a unitary C*-
algebra and without using Hilbert space geometry. By choosing in (D), f(t) = t*,
g(t) =t""* 1 >0 (where A € [0,1]), we recover the second inequality in (A): for
every two positive elements P and Q in <7, and for every A € [0,1], the following
inequality holds:

VX € o, HP*XQI—’L +PAx 0 H >2 HP%XQ% . (E)

This model of inequality (D) includes then, the second inequality of the Heinz
double inequality without referring to the McIntosh approach. Note that this second
inequality (E) of (A) encompasses the arithmetic-geometric mean inequality (B) with
A= % This approach does not use an auxiliary inequality to show (B), as McIntosh
did.

Note that the three above inequalities (A), (B), and (C) was extend to unitarily
invariant norms and each of them follows from the other. In 1992, Kittaneh [5] proved
the arithmetic-geometric mean inequality (C) with unitarily invariant norm: for every
A, B € B(H), the following inequality holds:

VX €3, |||A*AX +XBB'||| > 2]||AXB]||. (F)

A second version of (F) is given by: for every two positive operators P and Q in
B(H), the following inequality holds:

VX ed, |||PX+Xx0| >2’HP%XQ%

‘ . (G)

As with the operator norm and Mclntoch techniques, Heinz’s inequality can be
deduced from (G) for unitarily invariant norms. In his unpublished paper [9], and for
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P, Q are two positive operators in B(H), and X € J, Mclntosh consider the map
@:[0,1] =R, A — @(A)=|||P?XQ""* +P"*X0*||| (with T = B(H), but the
general situation is the same). From (G), McIntosh deduced the following inequality:

l+u><<p(k)+<p(u).

3 3 (*)

VA,u €[0,1], (p(

Since ¢ is continuous and satisfies (), then @ is convex. On the other hand, ¢

is symmetric about the vertical axis A = % (by an easy check). Therefore, ¢ is non-
increasing on [0, 3] and non-decreasing on [1, 1]. Hence, ¢ (0) = ¢(1) > ¢ (1) >
Q (%), for all A € [0,1]. From this ingenious technique of McIntosh, we have: for
every two positive operators P and Q in B(H), and for every A € [0, 1], the following

double operator inequality holds:

vXed, |[|PX+x0|l|= )H}J’U{QH1 4P x o m >2 ‘ ‘ )P%XQ%

‘. (H)

This last inequality is exactly the Heinz inequality for the unitarily invariant norm,
and it is deduced from the arithmetic-geometric mean inequality (G). On the other
hand, from the inequality (F), we deduce the two following inequalities:

For every two self-adjoint elements R, S in B(H), we have:

vX e, ||[S*X+XR*||| = 2]/|RXS]||. ()
For every two invertible self-adjoint elements R, S in 2B(H), we have:
vx ed, ||[SXR'+ST'XR||| =2|/X]]]. )

Independently of the previous inequalities, in 2005, Cano et all. [3] proved that:
for every k € (—2,2] , and for every two invertible positive operators P, Q in B(H),
the following inequality holds:

vX€d, |||PXQ'+P X0 +kX||| = (k+2)]1X]]]. (K)

Before in 1999, Zhan [12] proved (K), with matrices.

Note that, the six last inequalities (F)—(K) are classical and remarkable inequal-
ities in operator theory, and that the three inequalities (H), (I), and (J) are deduced
from the arithmetic-mean inequality (G) (or (F)).

In this paper, and in this general framework of unitarily invariant norm, we shall
prove that:

(I). The model (D), (and then the inequality (E)) remains true:

For f, g be two continuous non-negative real-valued functions defined on the
non-negative half-line [0, o[ satisfying f(z)g(z) =1, forall > 0, and for two positive
operators P,Q in B(H), the following inequality holds:

X €3, [lIf(P)Xe(Q)+e(PX Q) >2|||Pix0}

) . (L)
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By choosing in (L), f(t) =%, g(t) =t'"*, 1 >0 (where A € [0, 1]), we have: for
every two positive operators P and Q in B(H), and for every A € [0, 1], the following
double inequality holds:

VX €7, )HP*XQI—’L + P XM ‘ H >0 H PIXQ?

) . M)

Precisely, we shall show that the eight inequalities (F)— (M), and two other known
remarkable inequalities are mutually equivalent.

(II). For every two invertible positive elements P and Q in B(H), and for every
A € R\ [0,1], the following double inequality holds:

VX €7, H’MXQI—’L +PHXQ’L’H > [||PX +X0l|| = 2H‘P%XQ%

‘. (N)

(II). The condition A € [0, 1] is necessary and sufficient for the first inequality
in (H) to hold for all invertible positive elements P and Q in <, thereby delineating
the precise scope of the inequality’s applicability.

This last inequality may be regarded as a dual inequality of Heinz inequality (H).
On the other hand, from this last inequality (N) and the inequality (H), this gives us
that the second inequality in (H) remains true for every A € R, and where P,Q must
be invertible.

Throughout this paper, we employ the following definition and notations.

DEFINITION 1. If f, g are two continuous non-negative real-valued functions
defined on the non-negative half-line [0,eo[, we say that g is a conjugate of f, if
f(t)g(t) =1, forallt >0 .

Note that every continuous function f : [0,eo[— [0,eo[ has at most one continuous
conjugate function g : [0,eo[— [0, co].

We denote by:

(i). C4, the class of all continuous function f : [0,ee[— [0, e[ having a continuous
conjugate function g : [0,eo[— [0, 0],

(ii). if f € C4, we denote by f, the conjugate of f.

Note that the map f : [0,00[— [0,00[, 1 — f(z) =1*, t > 0 (whereA € [0,1]) be-
longs to the class C, , and its conjugate is f: [0,00[— [0, 00], ¢ —fl)=t""*r>0.

2. Norm inequalities equivalent to Heinz inequality

In this section and by elementary calculations, we shall show that the eight in-
equalities (F')—(M), and two other remarkable inequalities are mutually equivalent.
We introduce the following notations needed for this section:

(i). Z(BH))= {(p eBH) :p()=1= H(pH},the set of all states on B(H),

(iiif). o (A), the spectrum of an element A € B(H),

(). V(A)={¢p(A): o € Z(B(H))}, the algebraic numerical range of an ele-
ment A € B(H).

We need the following lemma.
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LEMMA 1. Let A, BEB(H), X €73, and (An),~1, (Bn),>| be two sequences in
B(H) such that A, — A and B, — B with respect to the uniform topology on B(H).
Then, |||AuXB, — AXB]|| — 0.

Proof. Let n > 1. We have

|||AnXB, —AXB||| = |||A,XB, —AXB, +AXB, — AXB|||,
< An = A[ X[ IBn]l + [1|AX ][ |Bn — BI| -

Since [|A, —A| — 0, ||B, —B|| — 0, and (||B,]|),, is bounded, then
14 = AIIXTIIBall + [[JAX[ || Bn — BI| = 0.

Hence, |||A,XB, —AXB|||—0. O

PROPOSITION 1. Each of the following inequalities holds and follows from the
other one inequalities:

For every f € C., and for every two positive operators P, Q in B(H), the fol-
lowing inequality holds:

e, ||[rexs+rpxso)||>2|||Pxel

‘. (1)

For every A € (0,1], and for every two positive operators P, Q in B(H), the
following inequality holds:

VX €7, )HP*XQI—’L + P x 0 ‘ H >2 ‘ ) )P%XQ%

) . )

For every two positive operators P, Q in B(H), the following inequality holds:

VX €7, \|\PX+XQ\|\>2’HP%XQ% ‘ 3)
For every A, B € <7, the following inequality holds:
VX €3, |[|A*AX +XBB*||| >2|||AXB]]|. 4)

For every A € [0,1] and for every two positive operators P, Q in B(H), the
following inequality holds:

vX e, |IPX+X0ll> |||Pxo! 4 P Ex ot || )
For every two self-adjoint operators R, S in B(H ), the following inequality holds:
VX ed, |||S*X+XR?||| > 2|||RXS|]]. (6)

For every two invertible self-adjoint operators R, S in B (H), the following in-
equality holds:
vxed, |||[SxR'+S5T'XR||| = 2|/x]|]. (7)
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For every k € (=2,2], and for every two invertible positive operators P, Q in
B(H), the following inequality holds:

VX €3, |||PXO'+P X0 +kX||| = (k+2)]1X]]]. (8)

For every two invertible positive operators P, Q in *B(H), the following inequality
holds:

vx e, |[|Pxo '+pP'XQ|=2|/x]|l. )

For every A € [0,1], and for every two positive operators P, Q in B(H), the
following double inequality holds:

ixo!

vXed, [lIpx+x0ll>|||Ptxo

|. (10)

Proof. (1) = (2): Inequality (2) follows immediately from (1) by choosing
f(t)=1*,1>0 (where A €[0,1]).

(2) = (3): Inequality (3) is obtained from (2) by setting A = 1.

(3) = (4): Assume (3) holds. Let A, B€ B(H), X € J, and let P (resp. Q) the
modulus of A (resp. B*). Then, we have:

[1A*AX +XBB[|| = |||P°X + X Q%[
> 2|||PX Q|| using (3),
> 2|||AXBY|||, using the polar decomposition of A and B*.

This proves (4).

(4) = (3): This implication is trivial.

(3) = (5): This implication is mentioned in the introduction.

(5) = (3): This implication is trivial (set A = 1 in (5)).

(4) = (6): This implication is trivial.

(6) = (7): This implication is trivial.

(7) = (8): Assume (7) holds. Let k € (—2,2] , and let P, Q be two invertible

positive operators in B(H). We prove (8) in two steps.
Step 1. Prove (8) with k = 2. We have:
1 1 1 1 1 1
Pt (PiXQ 7t +PiXQY) 0

PXO '+ P 'x0+2x]|| = 1
iPxo 0+2x]] +P72 (PixQ i+ Pixgh) 0f

)

2 ) ) ‘P%XQ—% +Pix0?

> , using (7),
> 41/|X]||, using again (7).

This proves (8) with k = 2.
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Step 2. General situation. We have:

||[[PXQ~'+P X0 +kX||| = |||PXQ '+ P 'X0+2X + (k—2)X]||,
> [||Px0™" + PIX 0+ 2X [+ (k= 2)[[IX]]].
= 4[[IX|I[+ (k=2)[[|X]l], using Step 1,
= (k+2)[[[x][l-

This proves the inequality (8).

(8) = (9): This implication is trivial.

(9) = (1): Assume that (9) holds. Let f € C;, and P, Q be two positive opera-
tors in B(H).

Since A+ ¢l, h(A+€l) are invertible positive, for every € > 0, and h(A+€l)
converges to /1 (A) in norm when € — 0 (where A € {P,Q}, h € {f, f}) and using
the above lemma, it suffices to prove (1) assumlng that P and Q are invertible.

Assume that P, Q are invertible. Since f(P )f(P) P and f(Q)f(Q) 0, then

F(P)=Pf(P)™ = f(P)"'P and f(Q) = Qf(Q)~" = £(Q)'Q. If we replace in (9).

P and Q by the two invertible positive elements f (P)P‘%7 f (Q)Q‘% , respectively, we
obtain

vxed, |||AP)PixQir@) ! + £(P) T PExE£(O)]|| > 21X

So, for every X € J , it follows that:

)Hf(P)XJN‘( )+ f(P)XF(Q )H—| P)X0F(0) + f(P)'PXF(0)]]|.

This proves (1).

Consequently, the nine inequalities (1)—(9) are mutually equivalent.
Equivalence between the ten inequalities (1)—(10) follows immediately.
It is known that the inequality (4) holds, see [5]. O

e

REMARK 1. (1). The above proposition asserts that the model of inequality (1)
remains true in the general situation of a unitarily invariant norm.

(2). In this remark, we present an elementary proof of each of the ten remarkable
inequalities (1)—(10) in the particular case when J = B(H) and |[||-]|| is the operator
norm on ‘B(H).

It suffices to prove that inequality (9) is valid. Let X € B(H), and let two
invertible positive operators P, Q in B(H). Put A = PXQ!, B= P 'XQ. Since
o (0X*X0 ') = 0 (X*X) and |[X||* € 0 (X*X), then, | X|]* € o (Q~'X*XQ). From
the fact that, 0 (0~ 'X*XQ) C V (0~'X*XQ), it follows that IX|*ev (07'X*XQ).
Hence, there exists a state @ € & (B(H)) such that:

0 (07'X"X0) = ||X|]. (A)
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On the other hand, since (A — B)" (A — B) is positive, (A — B)* (A —B) = (A*A+ B*B) —
2Re (A*B), and ¢ € & (*B(H)), so it follows that

@ (A"A+B*B) >2Re @ (A*B). (A)
So, we obtain::

|PxQ ' + P 'x0|° = [A+B|P,
= [|(A+B)" (A+B),
> [0 ((A+B) (A+B))], since o] =1,
= @(A"A+B*B)+2Re@ (A*B), since ¢ € Z (B(H)),
> 4Re @ (A*B), using (A),
=4Req (07 'X*X0),
= 4||X||*, using (A).

This proves (9). This gives us an elementary proof of the model of inequality
(1) and the nine known remarkable inequalities (2)—(10), including the famous Heinz
inequality (10).

(3). Note that the complete proof of the implication (B) = (C) given by McIn-
tosh with J = B(H) is not in any journal, but it is presented in [6, Theorem 1].

(4). The inequality (7) with S=R, J=‘B(H), and with operator norm has been
proved by Corach, Porta and Recht [4] independently of the proofs given by Heinz and
Mclntosh, using the spectral theorem and Schur’s theorem.

(5). Cano et all. [3] proved (8) using a technical result about unitarily invari-
ant norms to obtain a reduction to the matricial case. In this case, they used a result
of Bhatia-Parathasarathy [1]. From the above proposition, the inequality (8) follows
immediately from the inequality (4) employing a simple computation.

(6). (i). When k €]0,2], the inequality (8) is not true for every invertible self-
adjoint elements P, Q in B(H).

It suffice to take J =B (H) (where dimH >2), P=0Q0 = 101 _012 X = [8 )él ]
with respect to a some direct orthogonal sum of H: H = H; ® H», where I; is the iden-
tity operator on H;, for j=1,2, and X; is a bounded linear operator of norm 1 from H,
into H; . Then, P is invertible self-adjoint and it is easy to see that PXP~! +P~1XP +
2X =0 and [|X|| = ||X;|| = 1. Then, if k €]0,2], we have |PXP~!+ P~ IXP+kX|| =
2—k) < (k+2)=(k+2)|1X]-

(ii). When k €] —2,0], the inequality (8) remains true when P and Q are invert-
ible self-adjoint. Indeed, in this case, for X € J, we have:

||[PX0~" + P! X0 +kX||| = |||PXO"+PT'X Q||| +kl|X]]],
211X+ & 11X using (7),

= (k+2)[lIX]]]-

VoWV
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Since P* is well-defined and it is an invertible positive operator in B(H) , for
every real number A and when P is an invertible positive operator in B(H), it is
natural to ask whether Heinz inequality (10) remains valid for some A € R\ [0,1] and
for all invertible positive operators P,Q in B(H).

In the following proposition, we present the answer to this problem.

PROPOSITION 2. The following properties hold:
(i). Let A € R\ [0, 1], and two invertible positive operators P, Q in B(H). Then,
the following double inequality holds:

vxed, |[||[Pixoit 4 PAxgt|| > flpx + xo) > 2| Pixe

’. (11)

(ii). Let A € R, and two invertible positive operators P, Q in B(H). Then, the
following inequality holds:

VX €7, )HP*XQI—’L + P XM ‘ H >0 H PIXQ?

). (12)

(iii). The condition A € [0,1] is necessary and sufficient to have the first inequality
in (10) holds, for every two invertible positive operators P, Q in B(H).

Proof. (i). Let X € o/ and consider the continuous function:
0:R—R, A H’P*XQH +P1—*XQ’L’H .

Note that McIntosh [9] proved that the map ¢ on [0, 1] is convex, but it remains convex
on R. By an easy check, ¢ is symmetric about the vertical axis A = % This gives us

that the map ¢ is non-increasing on (—eo, 1] and it is non-decreasing on [§,es[. So, it
follows that if A € R\ [0,1],we have:
1 1o 1
0220 0= o) =|IPx+x0l|> 0 ( 3) =2||[Pixe!| |

This proves (11).

(ii) . This follows immediately from (10) and (11).

(iii) . Since the condition A € [0, 1] is sufficient, it remains to prove that is neces-
sary.

By absurdity, assume that the first inequality in (10) holds, for some A € R\ [0,1]
and for every two invertible positive operators P, Q in B(H). From (10) and (11),
and for every two invertible positive operators P, Q in B(H), it follows that:

VX €7,

HP’LXQH +P1—’LXQ*H’ —||IPX + X0l

We may choose P =21, Q =1, and X a non-zero element in J. From this last
equality, it follows that 24 +2!'~* = 3. Hence, (2* — 1) (2!~* — 1) = 0. This proves
that A =0 or A = 1. This contradicts A € R\ [0,1]. This proves (iii). O
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