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STABILITY OF QUADRATIC PROJECTION METHODS

LYONELL BOULTON AND MICHAEL STRAUSS

(communicated by Leiba Rodman)

Abstract. We discuss stability properties of the method studied recently in [7] and [2], for
computing eigenvalues in gaps of the essential spectrum of self-adjoint operators.

1. Introduction

1.1. Spectral Pollution in the Galerkin method

Let A be a self-adjoint operator acting on an infinite dimensional Hilbert space H ,
with a dense domain Dom(A). The spectrum of A, Spec(A), may be expressed as the
union of the discrete spectrum consisting of all isolated eigenvalues of finite multiplicity,
Specg.(4), and the essential spectrum, where Spec,(A) := Spec(A)\Specy(4). In
most standard situations the essential spectrum can be found analytically, but points in
Specg.(A) are usually estimated by numerical procedures.

The estimation of Specg;.(A) is often performed through subspaces £ C Dom(A)
and corresponding truncations of A. Standard numerical techniques, such as the finite
element method, aim at solving Galerkin approximate problems posed in weak form:

(P) find 0 A ue L and A €R such that
(Au,v) = A{u,v) YWweLl

where L is finite dimensional.

Backed by the Rayleigh-Ritz variational principle, when applicable, the Galerkin
method represents a powerful tool in the analysis of spectral properties of linear oper-
ators. However, the Galerkin method is not foolproof, in general, the solutions of (P)
might fail to provide reliable information about the location of Spec(A) (see [3], [4],
(71, 18], [9))

The drawbacks in the Galerkin method are due in part to the so called spectral
pollution phenomenon which we now describe. Let £, C Dom(A) be a sequence of
subspaces approaching H, as n — oo (e.g. satisfying (3) below with p = 0, 1 only).
Suppose we found 0 # u, € £, and A, € R solutions of (P) with £ = L, , satisfying
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Av — w and ||u,||~'u, — w € Dom(A) in the weak topology. By the approximating
property of £, , we may obtain

(Aw —uw,v) =0 Vv € Dom(4),

which appears to suggest that u is in Spec(A). Unfortunately, the latter conclusion
is not ensured in general. Without further information about the structure of A (e.g.
compactness properties), w might be 0 € Dom(A), so convergent solutions of the
approximate problem might produce “polluted” sequences A, — U ¢ Spec(A).

The emergence of spurious eigenvalues in gaps of Spec, (A) represents a serious
difficulty in applications such as elasticity theory and solid state physics (see [3] and
[9]), as there is no universal recipe to detect or prevent them for a given operator A and

sequence of approximate subspaces L, .

1.2. Pollution-free strategies and quadratic methods

Spectral pollution is a consequence of the fact that in (P) we are truncating simul-
taneously both u and v. Indeed, let IT be the orthogonal projection onto £ and

SO 1 (€ e V)Y
Fr(x) = O?Iglenﬁ i .

Then A € R satisfies (P) if, and only if, #(A) = 0. That s to say, there exists i € £
such that (A —A)a L L. As ||(A — A)dl|/||4| is not guaranteed to be small, we have
no indication whether A is close to Spec(A) or not.

This argument suggests that the correct quantity to look at is
= A

F =
£l = B T

[[(x = Auf

i = ||(x — A)~Y| 7! = dist [x, Spec(A
ue];gmw Tl [(x—A)""l ist [x, Spec(A)],

Fr(x) >
Fr(x) canbe close to 0 only when x is close to a point in the spectrum of A.
In [8], Davies and Plum considered a pollution-free strategy for finding Spec(A)
based on computing the profile of F,(x) for x € R. If £ C Dom(A?),

(T(x — A)?v,v)

Fr(x)* = min = MG — AP T L1711

0£veL [Iv]|? 1)
T — A)?|
= min ————— =: Gz (x).
opver V]| £(®)

Therefore estimating F(x) reduces to computing eigenvalues of self-adjoint matrices
depending on the parameter x € R.

The approach developed in [8] relies heavily on being able to find accurately a
matrix representation for I1(x — A)? | £ in terms of an orthonormal basis of £. This
is a drawback, for instance, if £ is given by the finite element method, where an
orthonormalisation of the basis will be numerically expensive.
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An alternative pollution-free method which is independent of the matrix represen-
tation of I1(x — A)? | £ is also available and it may be obtained by considering the
zeros of the function G, (z) for z € C. Typically G.(z) and F%(z) only coincide
at z € R. The (2dim L) zeros of the polynomial det (TI(z — A)* | £) are the zeros
of G, (z) and, on the other hand, F,(z) # O unless z is an eigenvalue of A, with
corresponding eigenvector u € £, a very unlikely situation. It is remarkable, however,
that the non-real zeros of G.(z) also provide reliable information about the location of
Spec(A).

This alternative procedure has been recently discussed in [7], [1] and [2], and it can
be traced back to [4] and [10]. A central role is played by the problem

Q) find £ €C such that Ju € £ with
(Au,Av) —28(Au,v) + & (u,v) =0, Wve L.

It is readily seen that G~ ({) = 0 if, and only if, { is a solution of (Q). The philosophy
of the method is to regard (Q), in place of (P), as an approximate spectral problem for
operator A.

The following universal non-pollution result justifies favouring (Q) over (P) (see
[7, Theorem 2.6] or Theorem 3 below): if { is a solution of (Q), then

dist[Re &, Spec(A)] < |Im . (2)

That is to say, { can be close to R, only when it is also close to the spectrum of A.

Problem (Q) gives rise to a matrix spectral problem quadratic in the spectral
parameter. This added complication balances out with the reliability of the method
expressed in the above result.

Now, will a solution of (Q) ever be close to R ? As for the Galerkin method, in gen-
eral, additional conditions on a sequence of subspaces £, are required for convergence.
A precise statement reads as follows, see [2] or Theorem 5 below. Let A € Specy,.(A)
and I, be the orthogonal projection onto £, C Dom(A?). If

Vp =0,1,2,

PIT.y — AP
L A" T2t = APul| =0, Yu € Dom(A) : Au = Au, (3)

then there exists §, € C satisfying (Q) with { = , and £ = L,,, suchthat |{,—A| —
0. The above hypothesis is fulfilled immediately, for instance, if A is bounded and
IT,v — v forall ve H.

The combination of these two results appears to provide a general pollution-free
procedure for finding discrete eigenvalues of self-adjoint operators. Although this might
seem too optimistic at the present moment, one of the advantages of this method lies
in the fact that it is applicable without any special restriction upon the structure of
Spec(A). Moreover, the requirements on L, are analogous to those needed in the
Galerkin method.
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1.3. Stability of Quadratic Projection Methods

On the downside, here we are confronted with a more difficult problem to solve. In
general, the finite-dimensional eigenvalue problem associated to (Q) is non-Hermitian.
Accuracy, as well as stability of the method becomes a delicate matter. The main goal
of the present note is to discuss how non-pollution and convergence of the method are
affected, when the coefficients of problem (Q) are known only approximately.

In Section 2. we will show that the non-pollution property remains stable in a sense
which will be specified below. In Section 3. we will discuss stability of approximation.
Note that a consistent formulation of (Q) only requires £, C Dom(A), see Remark 4.
Under a suitable hypothesis on the subspaces £, , our Theorem 5 extends the analogous
result of [2] by allowing £, N [Dom(A) \ Dom(A?)] # (). In the final section we report
on various numerical experiments performed on a simple example.

2. Pollution-free Stability

We devote this section to showing that, given error bounds in the computation
of the coefficients of problem (Q), it is possible to control errors in the pollution-free
estimation of Spec(A) by the quadratic method described in Section 1.2.

Let us begin by fixing some notation. Below £, is an n-dimensional subspace
of Dom(A) with basis {ei,...,e,}. This basis will always be normalised, ||¢;|| = 1
forall j = 1,...,n. When sufficiently clear from the context, we will suppress the
sub-index and write £ = L,,.

Forany u € £, u =uje; + - - - + uye,, from which we define the following norm
on L,

1
lullo == (> + -+ + [ua] ) *.
Since L is a finite dimensional space, there exists 8 > 0, such that

lull = (u,) 2 > Bllullo Vue L. 4)
If {e,...,e,} is an orthonormal basis, then ||-|| = ||-|[o. However when the basis
is far from being orthonormal,  will be small. We will occasionally write u =
(uyy...,uy) € C".
Let matrices Ay, A; and A, in C"™*" be given entrywise by

[Aolik = (Aej, Aer),  [Aili = (A¢j ), [Aalie = (¢ en) - (5)

Define the matrix polynomial M(z) € C"*" as
M(z) :=Ag — 2zA, + ZA,, zeC. (6)

Then ¢ € C is a solution of (Q) if, and only if, det[M({)] = 0.

The stability results we establish below give a positive answer to the following
question. Suppose we are only able to estimate the matrices A, by A, and the norm of
the error ||A, —A,|| < €,, p=0,1,2. Can we recover information about the spectrum
of A from the approximate problem

(Q) find {cC : det[Ay — 2¢A, + (%A, =0
with accuracy possibly depending upon &, ?
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The following preliminary result will be needed.

LEMMA 1. For z€ C and 6 >0, let
J = [Rez—|Imz| —8,Re z+ |Imz| + 4],
Q = {(x—2?:xeR\}.

Then,
inf Re v = 28|Im z| + 8. (7)
veEQ

Proof. Let z=a+ib, a,b € R, then for any v € Q we have
v=(x—a)’—b*—2b(x—a)i

for some x € R\J. Itis clear that Re v > 0 and moreover

inf Rev = inf (x —a)® —b*
VEQ x€R\J

= (|p| +8)* —»*

= 25/b| + &7

verifying (7). O

THEOREM 2. Let A be a self-adjoint operator acting on a Hilbert space H, and
L be an n-dimensional subspace of Dom(A). Let B be a singular n X n matrix. For
any z € C, let M(z) and P be asin(6)and(4). Let o, € R with o, > ||M(z) — B||c» -
If 8 > 0 is such that (8% + 28|Im z|)B? > o, then

Spec(A) N [Re z — |Im z| — §,Re z + |Im z| + J] # 0. (8)

Proof. Let 8 > 0 be as in the hypothesis and suppose the intersection (8) is empty.
Using the spectral theorem and (7), we have for all u € £

Re (W'M(z)u) = Re Z —z)ej, (A — Z)ex) weli;
Jjk=1
= Re Z — z2)ujej, (A — Z)urer) = Re ((A —2)u, (A —2)u)
Jjk=1

= /Re (A —2)%d{Esu,u) > (28|Im z| + 82)]Jul?
R

(28[1m z| + &%) |lull§ = (28Im 2| + 8%) 8% [ulZ,

where E) is the spectral measure associated to A. It then follows from the Schwarz
inequality that for any u € C"

IM(z)uller > (28[Im 2| + 8%)B2||ul]cr,

WV

so that the operator M(z) : C* — C" is invertible and

M) e < (28]im 2| +5%)8%) ' < o

Z
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In particular |M(z) 'z > ||M(z)—B||cn , from which it follows that B is not singular.
The result follows from the obtained contradiction. [

The next theorem is the main result of this section and it is an improvement on [7,
Theorem 2.6].

THEOREM 3. Let A be a self-adjoint operator acting on a Hilbert space 'H, and
L be an n-dimensional subspace of Dom(A). Define Ay, A1 and A, asin(5). Let A,
be n x n matrices, such that for €, > 0

14p — Apllcr < &, p=0,1,2.
If the matrix Ay — 2CA, + (%A, is singular for some { € C, then
Spec(A)N[Re { —8,Re { + 8] # 0 9)

for

§ = /[Im {2 + B2(|LPey + 2[LJer + o).
Proof. With the notation of Theorem 2, take B = Ay — 2{A;| + (%A, . Since
IM(E) = Bller < (IE]Pe2 +2[¢]er + &),
(9) follows from Theorem 2. [

In particular, under the hypothesis above,

dist[Re &, Spec(A)] < [Im | + B~ e (10)

with € = /|C|?&; + 2|{|er + & . If the basis {ey,...,e,} is orthonormal, then (9)
and (10) hold with B = 1. Note that the case & = & = & = 0 corresponds to [7,
Theorem 2.6], see (2).

3. Stability of Convergence in the Quadratic Method

A consistent formulation of (Q) only requires £ C Dom(A). However, the
available approximation results for the quadratic method (cf. [1] and [2]) impose the
hypothesis £ C Dom(A?). In this section we show that, if £, C Dom(A) approach
reasonably well the eigenspace associated to an eigenvalue A € Specy,.(4), then
solutions of (Q) will converge to A in the large n limit, and the process remains stable
under perturbation of the matrix coefficients of the polynomial M(z).

REMARK 4. Allowing the possibility of test spaces £ & Dom(A?) is only relevant
when A is unbounded. If A is a differential operator of order 2m and the trial
spaces are constructed using the finite element method, £ C Dom(A?) requires C*"~!
conforming elements, while £ C Dom(A) only requires C>"~! conforming elements.
The performance of the interpolation algorithm in the finite element method is usually
compromised as m increases.
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Below we highlight explicitly the dependency on n of approximate subspaces and
operators, so we denote matrices M(z) and A, , corresponding to £, , by M (z) and
Aé’l) , respectively. We also assume throughout this section that the basis {ey,...,e,}
of L, is orthonormal. In general we do not assume that £, C L,, whenever n < m.
Strictly speaking we should denote the basis functions of £, by {e;”)} . However we
suppress this notation as no confusion shall arise.

For u € Dom(A), the projection of u onto £, is then given by

n
HnM: E ﬁkek.
k=1

Since {ey,...,e,} is orthonormal, we can isometrically identify £, with C".
Our key result assumes the following hypothesis on the sequence L, :

H Vp,q =0,1, and Vu € Dom(A) : Au = Au,
) | Z;:1<ApHnU>Aq€j> ej — APy — 0, as n — oo.

Whenever £, C Dom(A?), (H) reduces to (3). Furthermore, if A is bounded and IT,
converges strongly to the identity, then (H) holds true for all A € Specg,.(4).
The following result is an improvement upon [2, Theorem 2.2].

THEOREM 5. Let A be a self-adjoint operator on a Hilbert space. Suppose that
the sequence of approximate subspaces L, C Dom(A) satisfy (H). Let A € Specy.(A)
and let d := dist[A,Spec(A) \ {A}]. Given 0 < & < d/4, there always exist
N, &, €1, €& > 0 ensuring the following. If n > N and the matrices A, € C"*" satisfy

HAlpiA[(JmH < &, p:0a172a

then
(a) we can always find { € C with det[Ag — 2CA, + (?A5] =0 and |{ — A < §,
(b) the set {u € C : det[Ay — 2uA, + u*A;] = 0} does not intersect the annulus
{weC:8<|w—-A|<d/4}.
The proof of this result will be given at the end of this section. It will be a conse-
quence of various technical lemmas, in particular, suitable extensions of [2, Lemmas 5.1
and 5.3] and various regularity properties of G.(z).

We begin with the rigorous definition of the right hand side of (1) in the case
L C Dom(A). For z € C, let

M n
M@Vl

G =
c(@) = min, e

If £ C Dom(A?), then G.(z) coincides with the right hand side of (1). Below we will
write G,(z) = Gg, (2).

Clearly G.(&) = 0 if, and only if, detM({) = 0; so the solutions of problem
(Q) are completely characterised as the zeros of G.(z). It is readily seen that:

Gr(z) = |I[[M(2)]71|~! = least singular value of M(z). (11)
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Infact G.(z)~! isacontinuous subharmonic function in the region {z € C : det M(z) #
0}, with singularities at the zeros of det[M(z)] (see e.g. [4] or [2, Lemma 4.1]). This
property will play a central role below.

The statement of Theorem 5 will be obtained as a consequence of the fact that
G(z) is small if, and only if, for small enough & >0, z= ¢ is a solution of an
approximate problem ( Q ). The following notion, which has recently become standard,
will simplify considerably most of our arguments. Let

AF (&0, €1,8) :={z € C : Gr(z) — (80 + 2&1]z] + &]z]*) < 0}.

This set is called the structured pseudospectrum of the matrix polynomial M(z), see
5]

The proof of the following fundamental property of the pseudospectrum is a direct
consequence of (11) and [5, Lemma 2.1]. It clearly suggests how to verify the validity
of (a) and (b) of Theorem 5.

LEMMA 6. The complex number { € A*(gy,€1,&) if, and only if, det/Ay —
28A; + C*A5) = 0 for some A, € C™" satisfying ||A, — Ayl < &, p=0,1,2.

Furthermore, cf. [6, Theorem 2.3],

LEMMA 7. Let Q be a connected component of A*(g, €, &), such that

detM(u) = 0 for some u € Q. If ||A, — A,|| < &, there always exist { € Q
such that det[Ay — 2CA; + §*A;] = 0.

We now establish two key relations between the large n limit of G,(z) and
dist[z, Spec(A)]? in a neighbourhood of the discrete spectrum of A .

LEMMA 8. Let A € Specy A. If the sequence of approximate subspaces
L, C Dom(A) satisfy (H), then

lim G,(1) = 0.
Proof. Let u € Dom(A)\{0} be such that Au = Au. Consider the vector
u= ({er,u),...,{eyu)). We have

n

MO Al = S M) (e )

D (Aei, A(u,e)) ) — 24 (Aei, (u, ) e)) + A (ei, (u, ) )

=1
(Ae;, ATLu) —2A{ Ae;, TTu) + A% (e;, Tu),

so that

> (ATLu, Aej) — 22 (T, Aej) + A*(Tlu, e;) |
j=1

1) (A )u

| Z(AHnu,Aej> ej — 2A(TLu,Aej) e; + A*(TLu, ¢)) ;|-
=1
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The right hand side converges to zero by virtue of (H). Also |[ul|cn — |ju]| # O as
n — oo . Now, fix € > 0. Then, for all n large enough,

Gn(k) < HM(H)(A)“H(C" < .

lullcn
As G,(z) is non-negative and € is arbitrary the lemma follows. [

In general it is possible to construct examples where lim,,_,, G,(z) = 0 for certain
z ¢ R, [1]. However, this is not possible for z in the vicinity of discrete eigenvalues of
A.

LEMMAY. Let A € Specy,.(A) andlet d > 0 be asin Theorem 5. Assume that the
sequence of approximate subspaces L, C Dom(A) satisfy (H). Forall 0 < § < d/4,
there exist a constant 0 < s < 1 such that

liminf G,(z) > s6*  forall & <|z—A| <d/4. (12)

Proof. 1f £, C Dom(A?), the result has been established in [2, Lemma 5.3]. We
treat the more general case by considering approximate subspace £, C Dom(A?) with
orthonormal bases sufficiently close to £, in the sense specified by (i)-(iii) below.

As a first step, we recall the following standard result. For any v € Dom(A), there

exists a sequence v, € Dom(Az) such that v, — v and Av, — Av. That is to say,
Dom(A?) is a core (in the operator sense) for A.

Let
- Pe. A9
¢, = max {l’j,kzlﬂﬁu)fq:o,l{HA ej,Aler) |}}.
Then it is always possible to find a set {&y,...,&,} C Dom(A?) such that
(i) {éi1,...,&,} is orthonormal,

(i) [l —&ll <cle™,
(iil) [(APej,ATer) — (APE;,A%¢,) | < e ",
for jk=1,...,n and p,q = 0,1. We may find &; by applying the Gram-Schmidt
orthogonalisation procedure to vectors of Dom(A?) sufficiently close to the e;j.
Let £, := Span {éy,...,&,} C Dom(A?). In this proof, the symbol ~ on top of
matrices and operators denotes that they are constructed using £ = L, . Note that (iii)
ensures the existence of complex numbers w/! such that [w/!| < 1 and

<Apéj,Aqék> = <Ap€j,Aq€k> + wf,fe‘".

Property (iii) yields

727 (@) =M@l = 1247 — AP+ (A7 — A
< 2/2l|(Ag;, é) — (Aej ex) | + (A&, Al) — (Aej, Aey) |
< (2lzl+ De™,
Thus,

1970(z) = MO (@) | < (2] + Dne (13)
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Let u € Dom(A) be such that Au = Au. We next show that (ii) and the fact that
(H) holds for £, , ensures that (H) also holds for £, . Indeed,

1Y (AT, A%8) & — AP ul|
k=1

<Y (APTLu, A%8) & — (APTLu, Aley) ex|
k=1

+] Z(A’T[,,u,Aqek> ex — AP |
k=1

<Y (APTLu, A%8) & — (APTLu, A%8) e
k=1

Y (AT, A%8) e — (APTLu, Afey) e
k=1

n
+H Z(ApHnu,Aqek> e — A’p+quH =T +T,+Ts.
k=1

Since L, satisfies condition (H), T3 — 0. We must show that the first two terms also
converge to zero. Consider the first term,

n

T o= || (u,8) (A8, A%,) (& — )|
jk=1
n
< ull D 1A%, A%, [lé — el
Jk=1
n
= ull Y 1((APe;, A%er) +whie™)] |k — exl|
jk=1
n n
< ullne™> e — el + llull > [(A%e;, A%er) [[|éc — el|-

k=1 Jjk=1

Using (ii) it is clear that 71 — 0. For the second term we have,

Ty =[|Y (u,&) (A&, A%) ex — (u,e;) (A’ej, Aer) ex|
k=1

= |IY _(u, (Are;, A%8) & — (Arej, Adey) e;) ex|
k=1

< ull > 1(APE;, A%80) & — (APej, Aler) ef|
jk=1
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n
= [lull D NI((A%e;, Ater) +whie )& — (APe;, Aley) ef|
jk=1

n
< Jull?e™ + [[ull D [(APej, Atex) |[1& — |-
jk=1

Again, using (ii) it is clear that T, — 0. This ensures that £, also satisfies (H) so (12)
is valid for G,(z).
The proof of (12) follows. Fix € > 0. Let v, € C" such that ||v,|| =1 and
14" 2)vall < Gu(z) + .
Then, by virtue of (13),
< M @i
< B () = M @l + 1M (2)va|
< (2lz] + )ne ™ + Gu(z) + €.

G.(2)

As this happens for all € > 0, the fact that G,(z) satisfies (12) implies that also G, (z)
satisfies this inequality. [

Proof of Theorem 5. Let 0 < s < 1 be as in Lemma 9 and d be as in the
hypothesis of the theorem. By virtue of Lemmas 8 and 9, there exists N > 0 such that,
G,(A) < 587 and

Gu(z) > $6%  whenever § < |z — Al < d/4, (14)

for all n > N. The subharmonicity of G,(z)~! ensures that the only local minima of
G,(z) are those points where the function vanishes. Thus, for all n > N, there always
exists §, € C satisfying

|6 — Al <O and G, (&) =0. (15)
Let &, €1, & > 0 be small enough such that
& + 2¢&1|z] + &z* < 582, |z — Al < d/4.
Suppose that n > N. Then, by (14),
Gu(z) — (&0 + 2¢1|z] + &]z*) > 0
forall § < |z—A| < d/4,s0 A% (g9, €1,8) N {6 < |z—A| < d/4} = 0. This, along

with Lemma 6, ensures (b). On the other hand, by virtue of (15), A% (g, €,&) N
{lz—A| < &} # 0. Thus Lemma 7 yield (a). O
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4. Case Study

Finite rank perturbations of multiplication operators have been considered previ-
ously in connection with spectral pollution (see [8], [7] and [2]) due to their simple
structure. In this final section we report on various numerical experiments we have
performed on a model operator of this type.

Let ex(x) = (27)"2¢* and

() = 0 for —m<x<O,
ax) = 1 for0<x<m.

In this section we assume that

H = L*|-n, 7,
Lony1 = span{e_,(x),...,e,(x)} and
Ad(x) = a(x)9(x) + (9, o) eo(x), peH.

Clearly A is bounded and self-adjoint in H. Moreover, the spectrum of A is found
explicitly. Since A is a rank one perturbation of the multiplication operator by the
symbol a, Weyl’s Theorem ensures that Spec,(A) = Range(a) = {0,1}. On the
other hand, the isolated eigenvalues of finite multiplicity of A are the solutions of
((A —a)"lep,ep) =1, [4]. A straightforward calculation reveals the two solutions
A% =14 /2/2, which comprise the discrete spectrum of A. The eigenvalue A~ is
inside the gap (0, 1) of the essential spectrum.

As the symbol a(x) is discontinuous, the Fourier basis {e;} is not a good choice
for approximating A~ using the Galerkin method. Indeed, the solutions of (P) pollute
the whole interval [0, 1] as the dimension of £, increases. Let us test the quadratic
method described in the preceding sections in this very simple model.

Since A is bounded and IT,1¢ — ¢ forall ¢ € H, condition (H) of Section 3.
is satisfied. Thus, by virtue of Theorem 5, both discrete eigenvalues are approached by
solutions of (Q) as n — oo, free from spectral pollution according to Theorem 3.

All the calculation described in this section were carried out using the computer
package MATLAB. Fully functional m-codes are available at the web page [11].

We compute the exact solutions of (Q), by finding the £ € C such that det M?*+1)({)
= 0. The matrix coefficients A,‘f”” may be found explicitly using (5). They are sparse
and Hermitian with entries either purely real or purely imaginary. The errors in solving
(Q) are negligible for n of reasonable size (< 1000 ).

In order to test the results established in the previous sections, we force large
errors in the matrix entries, and compute the corresponding “perturbed” solution of the

problem ( Q). For simplicity, we fix & = & = & = €.

Let ¢
Aol = Al + 5= o’ (16)
where ocj(,f) are random variables sampled from the unit disk {|z| < 1} with additional

constraints specified below. Then
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2

2n+1 |2n+1 € )
~ 2
[(Ap — Ap)ul[” = Z Zzn—_HO‘jk U
j=1 k=1
2n+1 2n+1
< Gt 2Z|uk| > lol'F
Jjk=1
2n+1 2n+1 2n+1
SR SUAD WEED oIy
Jjk=1 k=1

so ||[A, — A,|| < &. Moreover this bound is sharp. Indeed, the matrix 7 such that
[T]jk = ﬁ forall 1 <j k< 2n+ 1, satisfies

ITI* = IT*T|| = €| T||-

We consider two types of restrictions on the random variable ocj(,f) . On the one
hand, Theorem 3 covers the general situation of moving all entries of A, along randomly
chosen directions in the complex plane. Thus, we perform unstructured perturbations
by allowing all Ocj(,f) # 0. On the other hand, however, in order to reproduce the effect
made by rounding errors in the estimation of the entries, we perform non-zero-Hermitian
perturbations by imposing the condition:

) _ 0_ if [Ap]x =0,
Qi = p) :
#0 if [A]x # 0.

In Figure 1. we depict the exact solutions of (Q) for n = 50. According to (2),
the points which are in the vicinity of the real axis are necessarily close to the spectrum.

0.6t 1
0.4r X X ]

02r * . 1

0 0.5 1 1.5

Figure 1. Exact solutions to (Q) for n = 50.
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Figure 2., on the other hand, depicts the solutions of (Q) corresponding to 100
different random perturbations. Each of the graphs were constructed by prescribing a
different constraint on the random variables. Here n = 50 and € = 10~'. From the
perturbed solutions one can identify Spec(A) less accurately but, once again, without
pollution by virtue of Theorem 3. The correction § of Theorem 3, will depend on §
and €, but notably not on n. Furthermore, Theorem 5 ensures that the clouds observed
in Figure 2. will cluster near to each of the exact solutions of (Q) as € — 0.

0.6 1

0.4} . . ]

0.6} 1

02r °* ¢ i

0 0.5 1 1.5

Figure 2. Top: solutions to (Q) for 100 unstructured random perturbations. Bottom: solutions
to (Q) for 100 non-zero-Hermitian random perturbations. Here € = 1071,
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Figures 3.-4. show the outcome of running Monte Carlo simulations in this model.
We fix again € = 10~!. These pictures have been constructed in the following manner.
For each fixed n, we have found {, the closest point to the eigenvalue A~ such
that det M>"+1) () = 0. Then we have performed 20 constrained perturbations and
averaged the solutions of (Q) which are closest to ¢ . We know that solutions of
the approximate problems close to {~ always exist, as a consequence of Theorem 5.
Denote these averages by "~ and {,~ for the unstructured and non-zero-Hermitian
cases respectively. In Figure 3. we depict [Im &, |, [Im & | and |[Im ;| for
n=>5:10:100. Similarly in Figure 4. we depict [A~ —Re {, |, A~ —Re §,"" | and
A —Re &

—a— Unperturded
| - 2 - Unstructured
_1 - ----Non-zero-Hermitian

10

10 10

Figure 3. Error predicted by Theorem 3 in the approximation of A~ . Here we depict |Im {~

Im & | and [Im &y~ | for n =75 : 10 : 100. We average the two

perturbed solutions of (Q) over a sample of 20 problems with € = 107", The scaling is
log-log and the horizontal axis shows 2n + 1.

(unperturbed),

Figure 3. provides clear numerical evidence that the convergence of the quadratic
method applied to this simple model is not lost even when the perturbations are large in
modulus. Figures 4. suggests that structured perturbations are considerably superior to
the unstructured ones, in the test A~ —Re {|.

By combining Figure 3. and Theorem 3, we immediately predict a rate of con-
vergence of A~ —Re { | = o(n™") for r = 1/2. It is remarkable, however, that
Figure 4. strongly suggests an actual exponent of r ~ 1 for this rate of convergence.
An explanation of this phenomenon is linked to the fact that A~ is an isolated point of
the spectrum, see [10, Section 2]. We will be reporting on this issue elsewhere.
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B —=— Unperturded
RN 7 - # - Unstructured
h --o--Non-zero-Hermitian
2
10 1 ]
-3
10 ‘
10' 10°

Figure 4. Actual error in the approximation of A~ using the real part of solutions of (Q) and

(Q). Here we depict |A~ — Re {~| (unperturbed), |~ — Re " | and A~ —Re {7 |

for n =15 :10:100. We average the two perturbed solutions of (Q) over a sample of 20
problems with € = 107", The scaling is log-log and the horizontal axis shows 2n + 1.
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