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CONVERGENCE AND DECOMPOSITION FOR TENSOR
PRODUCTS OF HILBERT SPACE OPERATORS

C. S. KUBRUSLY AND P. C. M. VIEIRA

(communicated by B. Magajna)

Abstract. It is shown that convergence of sequences of Hilbert space operators is preserved
by tensor product and the converse holds in case of convergence to zero under the semigroup
assumption. In particular, unlike ordinary product of operators, weak convergence is preserved
by tensor product. It is also shown that a tensor product of operators is a unilateral shift if and
only if it coincides with a tensor product of a unilateral shift and an isometry. These results lead
to a decomposition of a tensor product of contractions into an orthogonal direct sum of tensor
products of class %o, strongly stable tensor products, unilateral shift tensor products, and a
unitary tensor product.

1. Introduction

Let o# and % be nonzero complex Hilbert spaces. We shall consider the
concept of tensor product space in terms of the single tensor product of vectors as a
conjugate bilinear functional on the Cartesian product of 57 and 2 . (See e.g., [4],
[10] and [11] — for an abstract approach see e.g., [1] and [14].) The single tensor prod-
uct of x € # and y € # is a conjugate bilinear functional x ® y:#¢ x # — C
defined by (x®1y) (u,v) = (x;u) (y;v) for every (u,v) € # x . The col-
lection of all (finite) sums of single tensors x; ® y; with x; € J# and y; € %,
denoted by 7 ® ¢, is a complex linear space equipped with an inner product
(s ):(H )X (H @A) — C defined, for arbitrary zg\]:lx,- ®y; and
Zjnile@)q in A ® X, by

N M N M
<in ®Yis Y W ®Zj> = {xswy) (visg)
i1 j=1

i=1 j=1

(the same notation for the inner products on 5, % and ¢ ® ). By an operator
we mean a bounded linear transformation of a normed space into itself. Let Z[.7],
BH| and B|A @ ] be the normed algebras of all operators on ¢, % and
S @ . The tensor product on ¢ @ % of two operators T in Z[.7] and S in
B[] is the operator T @ S:.5 @ H — H @ K& defined by
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N N N
(T®S)Zx,- Ry = ZTx,- ® Sy; forevery Zx,- Ry € H QN

i=1 i=1 i=1
which lies in Z[# ® #]. The completion of the inner product space S @ ¢,
denoted by .7 ® ¢ , is the tensor product space of .7 and .# . The extension of
T ® S over the Hilbert space .7 & % , denoted by T ® S, is the tensor product of
T and S on the tensor product space, which lies in B[ & H ]. For an expository
paper containing the essential properties of tensor products needed here, the reader is
referred to [6].

It is exhibited in Theorem 4 a decomposition of a tensor product contraction 7 & §
into an orthogonal direct sum of tensor products of class %, strongly stable tensor
products, unilateral shift tensor products, and a unitary tensor product. This is done
after showing in Theorem 1 that weak, strong and uniform convergences are preserved
by tensor product. The case of convergence to zero is considered in Theorem 2, and the
converse is investigated in Theorem 3 under the semigroup assumption (i.e., for power
sequences). The above mentioned decomposition is also based on Lemma 1, which
ensures that a tensor product is a unilateral shift if and only if it coincides with a tensor
product of a unilateral shift and an isometry.

2. Convergence

A sequence {T,} of operators in Z[’] converges uniformly, or strongly, or
weakly to an operator T in B[] if | T, — T|| — 0, or ||(T, — T)x|| — O for every
xin S ,or (T,x;y) — 0 forevery x and y in S (equivalently, { T,x;x) — 0O for
every x in the complex Hilbert space .57 ), and these will be denoted by T,, —— T, or
T, —> T,or T, = T, respectively. It is bounded if sup, ||T,| < co. Clearly,

T, T = T,—>T = T,~>T = sup|T,| <cc.

THEOREM 1. Let {T,} be a sequence of operators in B[] and let {S,} be a
sequence of operators in B|K¥]. Let T and S be operators in B|7| and in B|K].

(@) If T, Tand S, -~ S, then T,28,">T®S.
(b) If T, Tand S, S, then T,®S,—~T®&S.
(¢) If T, Tand S, 2~ S, then T,28,2>T®S.
Proof. Recall that 7, ® S, —-T®S =T, (S, —S8)+ (T, —T) ® S for each

n, which still holds if ® is replaced with ® (see e.g., [6, Propositions 2(b;,bs)
4(by,bs)]).

(a) If |T, — T|| — O (sothat {T,} is bounded) and ||S, — S|| — O, then
1T & Sy = T & S| < sup | Tl 1Sy = SII + S| 1T — 71,

and hence ||T, & S, — T ® S| — 0. Thatis, T, ® S, “> T ® S.
(b) Take an arbitrary 25\1:1 X ®@y; in S ® J and observe that
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N
(T @s-Tos)Y wey
i=1

< sup||T, IIZHXIHZH yz||+HS||Z||y1HZII Ty = T)xif.

If S,—S and T,—> T, then H(T @8, —T@8) YN x @y — 0, and so
T,®S, > T®S. Moreover, {T, ® S,} is bounded (because sup, |7, & S,|| <
sup,, || Tx|| sup, ||Sa|| < 0o). As it is well-known, if a sequence of operators converges
strongly in a normed space, and if its extension is bounded in the completion, then
convergence holds in the completion of the space. Thus 7, ® S, =~ T ® S.

(c) Similarly, and applying the Schwarz inequality,

‘<(T,, —-T®S) i ®y,,2x,®y,>
i=1 =1
N

N N N
< SHPIIT\ ZZ il ||xj||ZZ| ((Sn = S)yisyp) |

L j=1

+ HSIIZZ Iyall 511D~ D~ (T = Dz .

i=1 j=1 i=1 j=1

Thus [((T, ® S, — T®S)Zl i@y SN v @yi) | — 0, whenever S, - S and
T, T,andso T, ® S, T®S. The same argument applies for weak conver-
gencesothat T, ® S, ~> T ® S. O

REMARK 1. The result in Theorem 1(c) does not mirror the ordinary product
counterpart. Indeed, T, —~ T and S, - S do not imply T,S, — TS (in fact, even
T, — T and S, — S donotimply 7,S, —— TS). Sample: if V is a unilateral shift,
put T =S, = V" sothat T, — O, S, = O, but T,S, = I forevery n.

THEOREM 2. Let {T,} and {S,} be sequences of operatorsin B[] and B|HX],
respectively. If one of them converges to zero uniformly (strongly, weakly) and the
other is bounded, then {T, ® S.} converges to zero uniformly ( strongly, weakly ).

Proof. Tf ||T,|| — 0 and sup, ||S,|| < co (or vice versa), then ||T;, ® S, | — 0
because || T, @ Su|| = [T @ Sull = || Tull |ISa]| for every n > 1, which proves the
claimed result for uniform convergence. For strong and weak convergences take an
arbitrary vector va_l X; ®y; in 2 ® 2 . Note that

| @) Zx@y, sup||S||ZHTnszZ||yzu
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If {T,} converges strongly to zero and if {S,} is bounded (or vice versa), then
H (T, ® Sy) Zf\;l X ® yiH — 0. Applying the same argument in the proof of Theorem
1(b) we get T, @ S, —— O. Similarly,

N N
‘ <(T,, RS> %Dy x® yi>
i=1 i=1

If {T,} converges weakly to zero and if {S,} is bounded (or vice versa), then
(T, @8,) XN xi @y s S0, x®y; ) — 0. Again, applying the same argument in
the proof of Theorem 1(c), it follows that T), ® S, = O. a

< sup [[ S| (T ) |0 il Il
n i=1 j=1 i=1 j=1

REMARK 2. A tensor product sequence {7, ® S, } may converge in every topology
and both sequences {7,} and {S,} may not converge in any topology (actually, both
sequences may not even be bounded). For instance, put T, = nl if n is odd and
T,=0 if n is even, and S, =0 if n is odd and S, =nl if n is even, so that
T @ Sall = | Tulll|S4]| = 0. However, in general, we always have

inf |7, | sup S]] < sup (|Z,[[S,]) = sup |7, & 5, (+)

(if we declare that O - co = 0). Theorem 3 below shows that, unlike the above example,
convergence to zero of power sequences (or, equivalently, of sequences having the
semigroup property) is transferred from the tensor product to one of the factors. First
we consider the following auxiliary result.

PROPOSITION 1. If the power sequence {T" ® S"} is bounded, then so is one of
the power sequences {T"} or {S"}.

Proof. Since (T ® S)* = T" ® §" for every n > 0, the above statement says that
if T® S is power bounded, then so is one of T or S. Indeed, suppose T @ S is power
bounded so that inf, || 7"|| sup, ||S"|| < oo by (x). If one of T or S, say T, is not
power bounded, then inf,, ||7"|| > 1 (since inf, || T"|| < 1 implies ||7"]] — 0; cf. (a)
in the proof of Theorem 3 below). Hence sup,, ||S”|| < inf, ||T"|| sup, ||S”|| and so S is
power bounded. Similarly, if S is not power bounded, then 7" must be.

Let {n},>o denote the self indexing of the set of all nonnegative integers Ny
equipped with the natural order. We say that a subsequence {ng}i>o of {n}n>o is
of bounded increments if sukaO(nkH —ng) < oo, and that a Hilbert space operator
T is power incremented if either the power sequence {T"} converges weakly to zero
or there exists a subsequence of bounded increments {m}i>0 of {n},>o such that
limsup, [{ T"%x;y) | > 0 whenever ( T"x;y) # 0 for some pair of vectors x and y.

THEOREM 3. Let T be an operatorin B[] andlet S be an operatorin B|K].
Consider the power sequences {T"} and {S"}. If {T"® S"} converges to zero
uniformly or strongly, then so does one of the sequences {T"} or {S"}. If {T"® §"}
converges to zero weakly, and one of T or S is power incremented, then one of the
sequences {T"} or {S"} converges to zero weakly.
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Proof. First recall that (T ® S)" = T" ® S" for each nonnegative integer 7.

Part 1: Uniform Convergence.
(a) If inf, |7"|| < 1, then ||T"|| — O.

Indeed, if inf, ||T"|| < 1, then there is a positive integer ny such that ||7™| < 1. Thus
(with r(T) denoting the spectral radius of any operator T in B[.7]),
r(m =rT") < IT"I<1 = rT)<1 <= |T"|—0.

Now suppose ||7” & S"|| — 0 and recall that ||T" & S"|| = ||T7"||||S"|| for every n.
(b) If inf, |7"|| > 0, then [|S"|| — 0.

In fact, inf, || 7"|| > O if and only if liminf, || 7"|| > O (reason: ||T"!|| < ||T|||IT"]).
Since ||T"]|||S"|| — 0, it then follows that if liminf, || 7"|| > O, then ||S"|| — 0. From
(a) and (b) we get the claimed result for uniform convergence.

Part 2 : Strong Convergence. If the sequence {T" ® S"} converges strongly, then
itis bounded (i.e., T ® S is power bounded, since (T ® S)" = T" & S"), and s0 is one
of {T"} and {S"} (i.e.,oneof T or S is power bounded) by Proposition 1. Thus, with
no loss of generality, suppose T is power bounded: sup, ||7"|| < cc.

(c) If liminf, ||T"x|| = 0 forevery x € 5, then ||T"x|| — O forevery x € .

Indeed, take any x € 2. If liminf, ||7"x|| = O, then there exists a subsequence
{IIT"x||} of {||T"x||} such that limy ||T"x|| — 0. Since sup, ||T"]| < oo, and since
T = T"T" forevery m > 0 and n > 0, this ensures that || 7"x|| — 0. Actually,

1T x| < (17" [ |7 x]| < sup [T*[[[T"x]  whenever n > ny.
Now suppose {T" ® S"} converges strongly to zero. Since for each integer n > 0
(T ® §)"x @ ull = [|T"x ® S"ul| = [|T"||[|S"u]

forevery x € 5 and u € ¢, it follows that || 7"x||||S"u|| — O for every x € ¢ and
u € J# , which ensures the next assertion.

(d) If liminf, ||T7"x|| > 0 for some x € %, then ||S"u|| — 0 forevery u € J¢ .

From (c) and (d) we get the claimed result for strong convergence.

Part 3 : Weak Convergence. Take an arbitrary x in J¢ .

(e)  If there exists a subsequence of bounded increments {ny }x>o of {n},>o

such that [{ T"x;y)| — O forevery y in 42, then [(T"x;x)| — 0.
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Indeed, take any x € 5. Let {ni},>0 be a subsequence of {n},>o, of bounded
increments, such that

[{(T"%x;y)| — 0 as k — oo forevery y € 7.
Since T™" = T"T" forevery m > 0 and n > 0, it follows that, for each j > 0,
(T Vx;x) | = |[(T"%x;T9x)| — 0 as k — oo.

However, If {a,}n>0 is a sequence of nonnegative numbers, and if there exists a sub-
sequence of bounded increments {n}r>0 of {n},>o such that o, j — 0 as k — oo
forevery j > 0, then o, — 0 as n — oo. Thus

[(T'x;x)| — 0 as n — oco.

Now suppose {T" ® S"} converges weakly to zero and that one of T or S, say T (with
no loss of generality), is power incremented. Since, for each integer n > 0,

(T &S x@uiyev)|=(T"® Sx@u;y@v)|=[(T"%:) [[(S"u;v) |

forevery x,y € S and u,v € %, it follows that |[( T"x;y) ||(S"u;v) | — O for every
x,y in S and u,v in JZ .

(f)  If for every subsequence of bounded increments {ny x>0 of {n},>o there

exists y in ¢ such that [( T"%x;y) | /> 0, then |[(S"u;u)| — O forevery u in 7 .

Indeed, if the hypothesis in (f) holds, then it holds, in particular, for the whole se-
quence {n},>o so that |[(T"x;y)| /4 0 for some y in J#. Hence there exists a
subsequence of {ny}x>o of {n},>0 such that liminfy |( T"%x;y)| > 0. If T is power
incremented, then we may assume that {ng};>o is of bounded increments. Since
[{T"x;y) ||{S"u;v) | — 0, it follows that |(T"x;y) ||{(S"™u;v)| — 0, and therefore
[(S"u;v)| — 0 forevery u,v in J# . Thus take an arbitrary u in 2% . Since {n}r>o0
is a subsequence of bounded increments of {n},>o such that |(S"u;v)| — O forevery
v in £, it follows by (e) that

[(S"usu)| — 0 as n — oo.

From (e) and (f) we get the claimed result for weak convergence. O

An operator T is uniformly, strongly or weakly stable if the power sequence {7}
converges uniformly, strongly or weakly to zero. Preservation of uniform stability can
be viewed as a consequence of the spectrum formula (T & S) = o(T) - 6(S) for a pair
operators [2]. Preservation of strong stability as in [3, Theorem 1] and [7, Proposition
1] is a particular case of Theorems 2 and 3. It still remains open whether weak stability
in Theorem 3 holds without the power increment assumption.
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3. Decompositions

Let T* € P[] denote the adjoint of T € ZB[.#]. A contraction is an operator
T such that ||T|| < 1. If T is a contraction, then the sequence {7T*"T"} converges
strongly. Let Ay € B[] be the strong limit of {7*"T"} . The following basic prop-
erties of Ay will be required in the sequel (see [5, Chapter 3]): O < Ar <1 (ie.,
Ar is a nonnegative contraction) and ||Az|| = 1 if Ay # O. Moreover, if Ay = A7~
then A7 is a projection, (i.e., Ay = A%). Furthermore, a contraction T is strongly
stable if and only if A7 = O. According to [13] a €. -contraction (or a contraction of
class %.) is a strongly stable contraction (i.e., a contraction T with A7 = O), and a
%00 -contraction (or a contraction of class % ) is a strongly stable contraction whose
adjoint also is strongly stable (i.e., a contraction T with Ay = A« = O).

COROLLARY 1. If T and S are Hilbert space contractions, then
(a) AT@S:AT ® Ag.

If both At and Ag are nonzero, then

(b) AT @ s = A(T @ 5)* lmplles AT = AT* and AS = As*7
(c) Args=A 5, implies Ar=A7 and Ag=Aj

Proof. (a) Since T ® S is a contraction in Z[# & %] whenever T and S are
contractions in Z[.#’] and P[], it follows that the sequence {(T ® §)*(T ® S)"}

A

converges strongly to a nonnegative contraction A, 5 ¢ in % [ ® ). Since

T™"T" =5 Ar, S 2 Ag,
and

(T @ S)*n(T @) S)n _ (T*n @ S*n)(Tn @) Sn) _ T*nTn @) S*”S”,
it follows by Theorem 1 that
(T ®S)™(T ®S)" = Ar ® As,

and so A = A7 ® Ag by uniqueness of the strong limit.

T®S
(b) Since (T ® S)* = T* & S* is a contraction, the sequence {(T ® S)"(T & S)*"}
converges strongly to A(T B = A g g = At ® Ag« by (a). If Args= A(T B
then Ay ® Ag = A+ ® Ag= by (a). If both A7 and Ag are nonzero, then Ay = Az«
and As = o~ 'Ag« for some nonzero scalar o [12, Proposition 2.1], and ||A7| =
|Ar=|| = 1. Thus || = 1. Since Ay > O, it follows that o« >0, and so o = 1.
Thus AT = AT* and AS = As* .

(c) IfA 5 = A2T§S, then Ar ® As = (Ar ® As)? = A} ® A2 by (a), which

implies that A; = 0A% and Ag = o~ 'A% for some nonzero scalar a [12, Proposition
2.1], whenever both A7 and Ag are nonzero. In this case, ||Ar|| = ||As|| =1 so that
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|AZ|| < 1, ||A3]| < 1, and hence o = 1 because Ay and Ag are nonnegative. Thus

Ay = A2 and Ay = A2, g
REMARK 3. Consider the assertions in Corollary 1. According to assertion (a)
A, 5 ¢ = O if and only if either Ay = O or Ag = O. The converse to assertions (b)

and (c) hold trivially by (a) — since (Ar ® As)? = A3 ® A%. The implications in (b)
and (c) do not hold if one of Ay or Ay is zero.

LEMMA 1. A tensor product T®S in B[A & H] is a unilateral shift if and
only if T®S=J®YV where J is an isometry in B[] and V is a unilateral shift in
B|A|, or T®S=V QJ where V is a unilateral shift in B[H| and J is an isometry
in BlA].

Proof. A unilateral shift is precisely an isometry whose adjoint is strongly stable
(cf. [5,Lemma 6.1]). Thus 7 ® S is a unilateral shift if and only if

T® S isanisometry and (T ® )™ - 0.
But, for any pair of nonzero operators 7" and S,
T®S is an isometry <= T®S=1J @Jz,

where, J; and J, are isometries in B[] and HB[.7] (see e.g., [8, Lemma 4(b)]),
and

@) 0 +—= J"20 o J"0

(Theorems 2 and 3). Thus 7 & S is a unilateral shift if and only if T ® S = J; ® J,
where J; and J, are isometries and one of them has a strongly stable adjoint. Equiva-
lently, J; and J, are isometries and one of them is a unilateral shift. 0

The closing result exhibits a decomposition of a tensor product of contractions for
which the strong limit A, &5 is a projection. Here @ stands for orthogonal direct sum,
and = stands for unitary equivalence.

THEOREM 4. Let T and S be contractions on 7 and ¥ and consider the tensor
product T ® S on 7 @ K .

— 2 > ~
(a) If AT@S—AT§S, then TRQS=ZBOGRVRU,
where B is a €y -contraction, G is a €. -contraction (i.e., a strongly stable contrac-
tion), V is a unilateral shift, and U is a unitary operator.

(b) If A5 =A then T®S=B&U.

(r ® 5)*?
Proof. Suppose T and S are contractions. If one of Ay or Ag is zero, then
A, 5 ¢ 1s zero, which means that T ® S is strongly stable, and so (a) holds with

T®S =B®G and (b) holds with T ® S = B. Thus suppose both Ay and Ag are
nonzero.
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@If A, 53=A2 5 then Ay = A% and Ag = A} by Corollary 1. Moreover,
Ar=A} = T=GroVroUr,
As=A} = S=Gs@VsdUs,

where Gr and Gg are €. -contractions, V7 and Vy are unilateral shifts, and Ur and
Us are unitary operators [9, Theorem 1]. Therefore (see [6, Eq. (14),(16)]),

T®S=(Gr®Gs) & (Gr @ Vs) & (Gr & Us)
EB(VT@GS) e (Vr ® Vs) & (Vré’é US)
@(UT®G5) S (UT® Vs) ® (UT(/X\> Us),

which yields the decomposition in (a) with
B = (Vr ® Gs) & (Gr ® V),
G = (Gr ® Gs) ® (Gr ® Us) ® (Ur ® Gs),
V=WVroVs)®(Vr ®Us)®(Ur®Vs) and U= Ur® Us.

Since Gy and Gs are strongly stable, it follows by Theorem 2 that both V; & Gg
and Gy ® Vg are strongly stable. Since Vg and V are unilateral shifts, their adjoint
are strongly stable, and another application of Theorem 2 ensure that (V7 ® Gs)* and
(Gr ® Vs)* are strongly stable. Thus the contractions V7 ® Gs and Gr ® Vs are of
class %00, and so is their direct sum B. Theorem 2 also ensures that all the direct
summands of G are strongly stable, and so is G itself. Lemma 1 says that all the
direct summands of V are unilateral shifts, and so V is a unilateral shift (of higher
multiplicity). Finally, U clearly is unitary once Ur and Uy are.

(b) If A, 5s= A .,then A7 = Ar« and Ag = Ag« by Corollary 1. Moreover,

(T®S)
AT:AT* — T:BTQBIJT7
Ag = Agx = S=Bs® Us,

where Br and Bs are % -contractions, and Ur and Us are unitary operators [9,
Corollary 1]. Thus, as before,

T®S = (Br ®Bs) ® (Br ® Us) ® (Ur @ Bs) @ (Ur & Us),
which yields the decomposition in (b) with
B=(Br ®Bs)® (Br ® Us) ® (Ur ® Bs) and U= Ur ® Us,
where B is a % -contraction because both By and Bg are, and U is unitary because

both Ur and Uy are. O
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