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Abstract. We introduce the block numerical range W"(.Z’) of an operator function £ with
respect to a decomposition H = H; @ ... ® H, of the underlying Hilbert space. Our main results
include the spectral inclusion property and estimates of the norm of the resolvent for analytic ..
They generalise, and improve, the corresponding results for the numerical range (which is the
case n = 1) since the block numerical range is contained in, and may be much smaller than, the
usual numerical range. We show that refinements of the decomposition entail inclusions between
the corresponding block numerical ranges and that the block numerical range of the operator
matrix function £ contains those of its principal subminors. For the special case of operator
polynomials, we investigate the boundedness of W" (%) and we prove a Perron-Frobenius type
result for the block numerical radius of monic operator polynomials with coefficients that are
positive in Hilbert lattice sense.

1. Introduction

The numerical range of a linear operator is a useful tool to localise the spectrum
and, for nonselfadjoint operators, to keep control of the resolvent norm. There are
various generalisations of the concept of numerical range, on the one hand the nu-
merical range of analytic operator functions (see e.g. [18]) and on the other hand the
block numerical range of operators that admit a matrix representation (see e.g. [31]).
Both generalisations share the spectral inclusion property and resolvent estimates with
the classical numerical range, but not the convexity and even connectivity. However,
although convexity may appear to be an advantage, it is rather an obstacle for tight
spectral enclosures and finer resolvent estimates.

Non-linear operator functions appear in a wide range of applications such as vi-
brating systems, signal processing, quantum mechanics, fluid dynamics, and many
more; the most common non-linearities are polynomial (especially quadratic, see [30])
and rational. Striking evidence of the importance of corresponding spectral problems
has been given in the recent paper [1] (see also the corresponding MATLAB toolbox).

In this paper we introduce an analytic tool to study the spectral properties of op-
erator functions, the so-called block numerical range. This new notion includes both
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generalisations mentioned above as special cases and provides even tighter spectral en-
closures and resolvent estimates. If .2 = (L; j)?j: | 1 Q — L(H) is an analytic operator
function on a domain © C C whose values are bounded linear operators in a Hilbert
space H = H; @ ... ® H,, then the block numerical range is defined as

WL) = Wiio.om (L) =, gy o1 O (Lot on)

%xl,...,xn)(z) = ((Lij(z)xjvxi))zj':p 7€ Q.

In the special case .£(z) = o/ —z, z € C, the block numerical range of the operator
function .Z coincides with the block numerical range of the operator .«# which was
introduced in [15], and further studied in [11], for the case n =2 and in [33] for n > 2;
the case n =1 is the classical numerical range.

The first crucial property of the block numerical range is that, while being con-
tained in the classical numerical range, it still exhibits the spectral inclusion property.
More precisely, we always have 0,(.Z) C W"(Z) C W(Z), and

o(L) C Wi(Z) Cc W(D) (1.1)

provided that

IseNg 3z0€Q: 0 & {(det.Zy, 1)) ¥ (20) : xi € Hy, |[xil| = 1} (1.2)

This theorem improves an earlier result in [32] for the quadratic numerical range, i.e.
the case n = 2; there it was assumed that 0 ¢ W2(.Z(z0)) for some zo € Q which
corresponds to the special case s =0 in (1.2).

The second key property of the block numerical range is that it provides an esti-
mate for the norm of the resolvent. Since W"(.Z) C W(.Z), this estimate applies in
more points of the complex plane and gives tighter bounds. More precisely, if C C Q
is a bounded connected component of W"(.%), then there is a ¥ > 0 such that

7@l < gap e €U\ (13)
where V¢ is the number of zeros of det.i’”(xh_._’xn) in C counted with multiplicities
(which is independent of (x1,...,X,), |[xil| = 1) and U C Q is a bounded domain such
that U D C separates C from W”(£)\ C. As a consequence of the estimate (1.3), we
obtain that the length of a Jordan chain of an eigenvalue on the boundary of C cannot
exceed vc.

Since the block numerical range may be considerably smaller than the numerical
range, the above results may provide tighter spectral enclosures and resolvent esimtates;
in fact, it may even happen that the block numerical range is bounded, while the numeri-
cal range is unbounded. More generally, if a decomposition H = H| &...® H,, is further
refined to a decomposition H = H, &...® H,, with m >n and H; = H,, @...@I:Ii,'iﬂq ,
then

W"(ZL)CcW"(Z) (more precisely, W2

H\®...0H,, (g) C Wfll@-.-@Hn ("%))
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Other interesting features of the block numerical range include various inclusions of
(other block) numerical ranges and, for operator polynomials, criteria for boundedness
and a Perron-Frobenius type result for the block numerical radius.

This paper is organised as follows. In Section 2 we introduce the block numerical
range and present some of its basic properties. In Section 3 we derive various inclu-
sions between the block numerical ranges of . and other (block) numerical ranges;
we prove that a refinement of the decomposition of H entails inclusion between the
respective block numerical ranges (Proposition 3.1) and that, under certain dimension
restrictions, W"(£) contains the block numerical ranges of the principal subminors of
Z and, in particular, the numerical ranges W(L;) of the diagonal elements L;; of .¥
(Proposition 3.3). In Section 4 we prove the spectral inclusion (1.1) using tools from
complex analysis such as the theorems of Hurwitz and Montel (Theorem 4.1). In Sec-
tion 5 we establish the estimate (1.3) for the norm of the resolvent .#(z)~! in points
z€ Q\W"(Z) in terms of the distance of z to a bounded component of W"(.Z) (The-
orem 5.1). In Section 6 we consider the special case of operator polynomials and find
criteria when the block numerical range is bounded (Theorem 6.4). In Section 7 we
prove a Perron-Frobenius type result for monic operator polynomials &2 of the form
P(z) = r— A1 — ... —Az—Aj on a Hilbert lattice H with positive coefficients
A; in lattice sense; it shows that the block numerical radius w"(&?) of & is contained
in the closure of the block numerical range (Theorem 7.3) and the vector x € H at
which it is attained may be chosen to be positive in lattice sense.

Part of our results were obtained in the PhD thesis [36] of the third author, M. Wa-
genhofer. The illustrating plots of block numerical ranges for the six examples, which
include a quadratic 8 x 8 matrix polynomial of a gyroscopic system with 8 degrees of
freedom, were produced with a C++-code due to M. Wagenhofer (see [35]).

2. Definition and preliminaries

Throughout this paper, H denotes a complex Hilbert space with scalar product
(+,-), L(H) is the set of bounded linear operators on H, Q C C is a domain, and
% :Q — L(H) is an operator function which is assumed to be analytic in the main
results. The resolvent set, spectrum, and point spectrum of £ are defined as (see [18,
§ 11.2])

p(&L) :={z€Q:.Z(z) is bijective},
(L) =Q\p(2),
0,(Z) = {z€Q:.Z(z) is not injective };

the operator function .#~! is defined as
L7 p(L) = LH), L7 )= (L)

note that, if % is analytic, then so is .Z ~1 The numerical range of £ is the set (see
[18, § 26.3])

W(ZL):={Ae€Q:3xeH,x#0,(ZL(A)x,x) =0}.
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In the following, a decomposition of the Hilbert space H as an orthogonal direct
sum of closed subspaces Hy,...,H, of H is given,

H=H &...®H,. 2.1)

If H is given as a product of H = H X...x H,, of Hilbert spaces Hy,...,H,, then H;
will be tacitly identified with the subspace {0} x...x {0} xH;x {0} x...x{0} in (2.1).

With respect to the decomposition (2.1) of H, we can write .Z as an operator
matrix function

Z(2) = (Lij ()" (2.2)

i,j=1
with operator functions

L,‘jIQ—>L(Hj,Hi), i,j:l,...,n,

the values of which are bounded linear operators from H; to H;; note that if .# is
analytic, then so are L;;.

The following definition generalises various earlier notions: the numerical and the
quadratic numerical range of an analytic operator function (see [18, § 26.3] and [32])
as well as the quadratic numerical range and block numerical range of a linear operator
(see [11] and [33]).

DEFINITION 2.1. Let .Z() = (L;j(-))};_; : € — L(H) be an operator function.
For x = (x1,...,x,) € H X...xH, define the n x n-matrix function .%; : Q — M, (C) by

L) = L@ = (L) )|y €L,
and denote the product of the unit spheres of H;, i = 1,...,n, by
L= A{(x1,.. o x0) i € Hy||xi|| = 1,i=1,...,n}.

Then the block numerical range of £ is defined as the union of all eigenvalues of the
matrix functions %, x € ",

xesn

Clearly, the block numerical range depends on the decomposition (2.1) of H since
so does the matrix representation (2.2) of .%Z; if necessary, we specify this dependence
by writing Wy o, oy, (£) instead of W"(£). For n =3, the block numerical range
is also called cubic numerical range.

The following properties of the block numerical range are easy to check.

REMARK 2.2.

i) For an n x n matrix function . : Q — L(C") (where H = C"),

Wi(Z) = 0p(L) = o(2).
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ii) If we set H; := H;\ {0} and H* :== H{ @ ... ® H,;, then
W L) = | o(£)

xeH*

since, for x = (x1,...,2:,) € H" and X= (xi,...,%,) € 7" with x; := HX—IH
Xi

iii) For n =1, the block numerical range is the usual numerical range, i.e.

iv) For a linear operator function ¢ : C — L(H), Z(z) == &/ —z, z € C, with
&/ € L(H), the block numerical range of . and of .« coincide, i.e.

W) =W"().
v) With the identification iii), the block numerical range can also be written as

W(L)={z€Q:0eW"(ZL(2)}. (2.3)

PROPOSITION 2.3. If £ : Q — L(H) is an operator function, Q* := {z € C:
7€ Q}, and
L Q- L(H), £ ():=2@"
is its adjoint operator function, then,

WL =WHL) :={AecC: AecW' (L)}

In particular, if £ is self-adjoint, i.e. Q* =Q and £* =L, then W' (L) is symmet-
ric with respect to the real axis.

Proof. Let z € Q. By [33, Rem. 2.3] we have W"(.Z(2)") =W"(Z(7))". Hence,
by (2.3),

2eEWN L)<= 0eW' (L (2) <= 0eW'(ZL7Q)") <=0 W"(ZL(2)"
= 0eW(Z(R) —=zeW(¥) <—=zeW'(¥). O

3. Inclusions between block numerical ranges and classical numerical ranges

In this section we show that the block numerical ranges become smaller if the
decomposition is refined; in particular, the block numerical range of an operator func-
tion is always contained in the numerical range. Moreover, we show that the numerical
ranges of all principal submatrices, in particular, of all diagonal entries L;; are contained
in the block numerical range if certain dimension conditions hold.

Both results are straightforward generalisations of respective theorems [33, Thm.
3.5, Thm. 3.1] for the operator case.
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PROPOSITION 3.1. Let £: Q — L(H) be an operator function and let

H=Hl& --oH"® - ®H, & OH"
————— —— ——
=H, =H,

be a refinement of the decomposition H = H @ --- ® H,. Then, with m := Y}, m;,
Wm

n
Hl ool ©-oHl®--0H;" C Wao--oH,>

or, briefly,
wWh(L) CcW'(ZL). 3.1

Proof. Let A € W"(.Z). Then 0 € W"(Z(X)) C W"(.Z(A)) by [33, Thm. 3.5],
andthus A e W'(.Z). O

EXAMPLE 3.2. Consider the quadratic 6 x 6 matrix polynomial

100000 100000 101000
011000 0 00010 010000
_lootoo00] 2 0 00000 101000
2(@)=1000100|ZF]| 0 00000 [Zt|o00101]
000110 0-1000 0 000010
000001 0 0000-1 000101
zeC,

with respect to the refined decompositions C® = C? x C* = C? x C? x C?. Proposition
3.1 yields that Wé2x.tc2 () C Wi 2(2) C W(2); the corresponding block nu-
merical ranges are displayed in Figure 1. Note that in this case, only the cubic numerical
range is considerably smaller than the numerical range.

Figure 1: W(2), Wéxcz(gz), W&XCZXCZ(,@) and eigenvalues of the quadratic 6 X 6 ma-
trix polynomial & in Ex. 3.2.

The following results show that, if all H; are infinite dimensional, then the block
numerical ranges of all principal submatrix operator functions of . are contained in
W"(Z) and, in particular, W(L;) C W"(.£). If some of the components are finite
dimensional, these inclusions only hold under some restrictions on their dimensions.
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PROPOSITION 3.3. Let £ = (Ljj)} ;_, : & — L(H) be an operator function,
leN, I:={iy,...,ij} C{l,...,n}, and let

.,% = (Li_/ik)lj,kzl Q- L(Hil D... @Hil)
be the operator function arising from £ by selecting the rows and columns iy,..., I.

If there exists an enumeration of {1y,...,i,_,} :={1,....n}\{i1,...,ii} such that
dimH; >n—j, j=1,...,n—1, then
J

W) cW'(ZL); (32)
in particular, the inclusion (3.2) holds if dimHij_ =oo, j=1,...,n—1.

Proof. The claim follows from [33, Thm. 3.1] in a straightforward way if we use
the characterization (2.3) of the block numerical range. [J

COROLLARY 3.4. Let £ = (L;j)};_, : Q — L(H) be an operator function and
i€ {l,...,n}. |If there exists an enumeration of {i|,...,i,_} = {1,...,i—1,
i+1,...,n} withdimH; >n—j, j=1,...,n—1, then
J

W(L,‘,') - W"(.iﬂ); (3.3)

in particular, if dimH;>n, j=1,...,n, then W(L;) CW"(ZL) forall i=1,...,n.

REMARK 3.5. If dimHj=c0, j=1,...,n, then
wll() cw" (&) forall 1c{l,....n};
in particular, W(L;) C W"(.Z) forall i=1,...,n.

In the special case n = 2 of the quadratic numerical range, the dimension condi-
tions in Proposition 3.3 and Corollary 3.4 reduce to dimH, > 1 for W(L;;) C W"(.¥)
and dimH,; > 1 for W(Lpy) C W"(&) (see [32, Proposition 4.1].

If one H; has finite dimension, there is another criterion for the inclusion in (3.3).

PROPOSITION 3.6. Let £ = (L)} ;_, : Q — L(H) be an operator function and
i€{l,...,n} such that dimH; < e and dimH; < dimH; forall j € {1,...,n}, j#i.
Then

W(Lii) C Wn(g)

Proof. Without loss of generality, we may assume that i = 1. Let A € W(L;;). By
the assumption on the dimensions, there exist x; € H;, xi,'H =1, with L;j(A)x; =0,
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j=2,...,n. Since A € W(Ly;), there exists x; € Hy, ||xi|| = 1, such that
(LH(?L)xl,xl) =0. Then x = (xl,...,x,,) e,

0 0

LA = (Lzl(l:)xl,xz)...(LG(l:)xn,xz) |

(Lnl (A«.)Xl,xn) T (Lnn(zf')xnyxn)

and thus 0 € W"(.Z (1)) or, equivalently, A e W"(.¥). O

REMARK 3.7. If dimH; < e for some i € {1,...,n} and dimH; > n— 1, then
the dimension condition in Corollary 3.4 is weaker than the one in Proposition 3.6; if
dimH; = 1, then the dimension condition in Proposition 3.6 is weaker than the one in
Corollary 3.4; if 1 < dimH; < n— 1, the conditions are not comparable.

We remark that, unlike the operator case (comp. [33, Cor. 3.3]), one cannot con-
clude, for any n > 2, that the numerical ranges W (L;;) of the diagonal operator func-
tions L;; are contained in a connected component of W”(.¥’). The reason for this is that
the numerical range of an operator function is not connected in general; the simplest
example is a strongly damped quadratic operator polynomial whose numerical range
consists of two disjoint real intervals (see [10] and [18, § 31] for higher order so-called
hyperbolic operator polynomials).

4. Spectral inclusion

In this section we prove the spectral inclusion property of the block numerical
range of an analytic operator function. It generalises all earlier spectral inclusion results
for the numerical range and the block numerical range of bounded linear operators
(see [4, Thm. 1.2-1], [33, Thm. 2.5]) as well as those for the numerical range and the
quadratical numerical range of analytic operator functions (see [18, Thm. 26.6], [32,
Thm. 3.5]).

Like the case of the numerical range (n = 1) and quadratic numerical range (n =2)
of an operator function ., spectral inclusion holds only if an additional condition is
satisfied: there exists a 7o € Q such that 0 ¢ W"(.#(z9)) for n = 1,2. Note that this
condition is automatically satisfied if .%(z) = &/ — z with a bounded linear operator
o .

In the following spectral inclusion theorem for the block numerical range (n € N)
this condition is weakened. Unlike the results in the previous section, the claim cannot
easily be deduced from the operator case; the crucial step is to prove the equivalence
(4.2) below.

THEOREM 4.1. Let £ :Q — L(H) be an operator function. Then

6, (L) CW(L).
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If, additionally, £ is analytic and

dseNy dzpeQ: Og{(det.,?ﬂ()(s)(Z())I)C€§ﬂ"}7 “4.1)

then

o(Z)Ccw ().
Figure 1 illustrates the inclusion of the eigenvalues for the quadratic matrix poly-

nomial & in Example 3.2; due to Proposition 3.1 higher order block numerical ranges
may yield tighter and tighter spectral inclusions (see also Figures 2—6 below).

Proof of Theorem 4.1. Let Ay € 0,(.Z),i.e. 0 € 6,(Z(A0)). Then the spectral
inclusion [33, Thm. 2.5] for the block numerical range of operators yields 6, (. (Ag)) C
W"(Z£(A)), thus, Ay € W"(Z).

Now suppose that . is analytic and A9 € 6(¥), i.e. 0 € 6(Z(Ay)). Then, again
by [33, Thm. 2.5], it follows that o (.Z(A0)) C W"(Z(A9)). The main part of the proof
consists in showing that, if (4.1) holds, then the equivalence

0EWI(Z()) <+ AeWi(2D) 4.2)

prevails for A € Q (see Lemma 4.5 below). This proves Ao € W*(.¥), asrequired. [
The proof of the equivalence (4.2) is divided into several lemmas.
LEMMA 4.2. For a subset .# C M,(C) define

o(4):= | o(A).

Aell

If M is bounded with respect to the norm topology, then & (]) =o(A).

Proof. “>” The set .# C M, (C) is compact being a closed and bounded set in a

finite dimensional space. By [6, Cor. 4.2.2] the set o (.#) is compact as well and hence

o(M)=0(M)Do(MH).
“C” For a metric space (X,d) we equip the set of all compact subsets
A (X):={K C X : K compact,K # 0}
with the Hausdorff metric dy : J# (X) x J (X) — [0,00), defined as

dy(K1,Kp) := max{ max dist(x1,K3), maI? dist()ch('l)}7
X €K

x1€Ky

where dist(x,K) := min{d(x,y) : y € K} for K € 2#(X) and x € X. Moreover, by [0,
Cor. 4.2.2], the mapping

o : (K (My(C)),dn) — (#(C),du), K~ o(K),
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is continuous.

Now let Ay € 6(#), A € 6(A) with A€ .#, and € > 0. Since o is con-
tinuous, there exists a 0 > 0 such that dy(c(M),0(A)) < € for M € M,(C) with
du({M},{A}) < &; observe that dy({M},{A}) = d(M,A) where d denotes the met-
ric on M, (C) induced by the norm on M, (C). Since A € .# , there exists a B € .4
such that d(A,B) < 6 and thus dy(0(A),0(B)) < €. In particular, there is a A € ¢(B)
such that |4 — Ay < &. As 0(B) C 6(#), we have Bg(Ag) No(A) # 0. Because €
was arbitrary, this implies that Ap € o(.Z). O

LEMMA 4.3. For o/ € L(H) define the block determinant set
D'(&f) = {detoty : x € S}, 4.3)
Then, for z € C,

zeWN) <+ 0eD' (o —2z);

in particular,

0ewWro) < 0eD'(A).

REMARK 4.4. It is an open problem whether even the equivalence z € dW" ()
<= 0€9D"(«/—7) holds.

Proof. “=="1f z € W"(/), there exist sequences (x;)ren C 7" and (zx)ren C
C such that det(.<#,, —z) =0, k€ N, and zx — z, k — o. Since

(y—z) = (g —2) =225 —0, k—eoo
and since det(+) is uniformly continuous on compact subsets of M,(C), we conclude
|det( e, —z)| = |det( e, —z) —det(h, —z)| =0, k — oo,

Therefore, 0 € D*(«/ —z).
“<«=" Consider the mapping

X3yn—>Mn(C)7 ng{x-

As ||| <[|</]| forall x € " by [33, Rem. 2.3], the image .# := y (/") is bounded
and hence o (#) = o(.#) by Lemma4.2. For z € C\ W"(</) define

Ay : M —C, A,(B):=det(B—z).

If A,(B) =0, then z € 6(B) C 6(4) = o(4)=W"(/), in contradiction to the
assumption z € C\ W" (/). As A, is continuous and .# is compact, this leads to

0 < min |A.(B)| = inf |det(B—z)| = inf |det( —z
;rel%\ :(B)| = inf |det(B—z)|= inf |det( —2)|

forall ze C\W"(«). Thus, 0 ¢ D"(o/ —z). O
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LEMMA 4.5. Let £ : Q — L(H) be a continuous operator function and z € Q.
Then

ZeEWHNYZ) = 0eW(Z(z)).
If, in addition, £ is analytic and (4.1) is fulfilled, then

EWHYZ) — 0eW'(ZL([2). (4.4)

Proof. “==" Assume that z € W*(.£)NQ. Then there exist sequences (zx)xen C
Q and (xg)reny C " such that det.Z, (z) =0, k € N, and zx — z, k — o=. By [33,
Rem. 2.3] we have ||<Z| < ||| forevery o € L(H), x € ™. Thus

[0 (@) = Lo, Q)| = [[(£L (@) = L)) || < NL(@) =L @) =0, k— e,

as .¢ is continuous at z. Since det(-) is uniformly continuous on compact subsets of
M, (C), we obtain

|det(.§,’}k (z))| = |det(.§,’}k (z)) — det(Z, (zk))’ — 0, k— oo,

This means that 0 € D"(.Z(z)) and hence 0 € W"(.Z(z)) by Lemma 4.3.

“«=" Suppose that (4.1) is satisfied. Let z € Q be such that 0 € W"(.Z(z)) and
thus 0 € D"(Z(z)) by Lemma 4.3. Then there exists a sequence (xg)reny C " such
that

]CILI& det.Z, (z) =0.
The sequence (@ )ren of analytic functions defined by
o Q—C, (L) :=detZ (1),
is uniformly bounded on compact subsets of Q. Hence, by Montel’s Theorem (see
[17, Thm. 1.17.17 (p. 4151)]) we may assume that (¢} )ren converges uniformly to an

analytic function ¢ : Q — C on every compact subset of Q. By assumption,

0(z) = ]}E?cdet"%fk (z) =0.

To show that ¢ # 0, assume that @ = 0. Then, for every s € Ny and A € Q, using that
@) is the pointwise limit of the sequence ((p,ES))keN, we conclude that

0= ((A) = lim @ (1) = ]}Er;(deti’;k)“) (1),

k—so0

which yields that 0 € {(det%,)®) (1) : x € %"}, a contradiction to assumption (4.1).
Hence ¢ # 0. As a consequence of Hurwitz’s Theorem (see [17, Thm. I1.2.5 (p. 49;)]),
there exists a sequence (z;)ren C Q such that z; — z,k — oo, and @(zx) = 0 for all
k € N. This implies that 0 € W"(.Z(z;)) forall k € N, i.e. zx € W"(£) and therefore
zewr(¥). O
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COROLLARY 4.6. If H is finite dimensional and £ : Q — L(H) is continuous,
then W" (L) is closed in Q.

Proof. If ze W'(Z)NQ, then 0 € W*(.Z(z)) by the first part of Lemma 4.5.
Since H is finite dimensional, the set W"(.£(z)) is compact, see [33, Rem. 2.3]. Thus,
Wn(ZL(z)) =W"(Z(z)) and hence 0 € W"(.Z(z)) which means z € W"(.Z). O

The following example illustrates the spectral inclusion in Theorem 4.1 for a ma-
trix function which is not an operator polynomial and for which it seems to be hardly
possible to obtain analytic information about the eigenvalues.

EXAMPLE 4.7. (0(Z)=0,(Z)CW"(Z)) The spectrum of the 4 x 4 matrix
function G: C — L(C*) given by

2—z i 1 —sing

i 2—z 3+i 1

1 3+i-2—z i ’
341 1 i —2-z

G(z) = z€C,

consists only of eigenvalues A € 6,(G), given as the zeros of the characteristic deter-
minant detG(A) = 0, where

detG(z) = z* — (16 4+-61)2% + (6 — 181)z+68 +24i+sin(z) (1 +1)((2—i)2> + (1 +i)z—30).

Figure 2 illustrates that the cubic numerical range of G with respectto C* = C x C x C?
gives a tighter inclusion of the eigenvalues than the quadratic numerical range with
respect to C* = C? x C2.

Figure 2: W(Z:ZX «(G), Wé wcxc2(G) and eigenvalues of the matrix function G in Ex. 4.7 in
the rectangle [—7,7] x [—10, 10].

The following example shows that condition (4.1) is necessary for the inclusion of
the spectrum in the closure of the block numerical range of an operator function.
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EXAMPLE 4.8. Let f: Q — C be analytic, f #0,«/ € L(H), and
Z:Q—LH), ZL(z):=f().
Then, if No(f) denotes the set of zeros of f in Q, it is not difficult to see that

- Q’ 060(427); n _ Q, OEW"(JZ{)a
o= M. 0gotey "=\ Nan, 0w

If we choose < such that

0€ (/) and 0 € Wi(eZ)\ W"(7), 4.5)

then
Q=0(2) ¢ W'(L) = Nalf).

In fact, condition (4.1) is not satisfied for . since

Vs € NgVzo € Q 0€ {f0)(z9)dete : x € .S},

the latter holds because 0 € W"(«7), i.e. 0 € {detes, : x € S"}.
For example, we can choose o7 := Id —L where L is the left shift on ¢*(N),

L:2(N) — 2(N),  (%)nen — (s 1)nen-

It is well-known that 6,(L)={z€ C:|z| <1}, o(L)=0,(L), and W(L)={z € C:

lz] < 1} (see [5, Problem 82] and [4, Chapt. 1, Ex. 2]). Since 1 € o(L) and, for an
arbitrary decomposition of ¢2(N), 1 ¢ W (L) D W"(L), we conclude

Oeo()={1-A:2e€0(L)},
0¢gW'(/)={1—-A:AeW" (L)}, 0€o(&)CW(H).
Thus, (4.5) is satisfied.

5. Resolvent estimates

In this section we establish upper bounds for the norm of the resolvent .Z(1)~!
of an operator function in terms of the distance of A to the block numerical range
of . This result generalises corresponding estimates for the operator case (see [33,
Thm. 4.2]) as well as for operator functions in terms of the numerical range (see [19,
Thm. 1]) and the quadratic numerical range (see [32, Thm. 5.2]).

Due to the inclusions W"(.Z) C W2(.Z) C W(.Z) for n > 2, the block numerical
range provides tighter bounds and bounds even in points A € W(.£) \ W*(.Z) and
A e W2(L)\W"(Z), respectively.

THEOREM 5.1. Let £ : Q — L(H) be an analytic operator function such that
(4.1) holds. Let C C W"(.%£) be a bounded connected component of W"(.ZL) with

ccQ, EﬁW”(f)\Cz(D. (5.1
Then
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i) the number of zeros ve(det ;) of det%, in C (counted with multiplicities) is
finite and independent of x € .S/,

vo:i=Vve(det%y), xe. s

i) if U C Q is a bounded domain such that
Ccu, Unwr(ZL)\C=0,

then there exists a constant y > 0 such that

-1 Y AWal
|2 (z)Hgm, zeU\C. (5.2)

For the proof we need the following proposition. Here, and in the following, we
use the suggestive notation inf|D"(Z(z))| = inf{|A]|: A € D"(Z(z))}.

PROPOSITION 5.2. Let £ :Q — L(H) be an operator function. If 0 & D"(Z(z))
for some z € C, then £ (z) is invertible and

l2@""

< ') < inf[D" ()]

(5.3)

Proof. If 0¢D"(.Z(z)), then 0¢W"(Z(z)) by Lemma4.3, and thus 0¢ 6 (% (z))
by the spectral inclusion [33, Thm. 2.5],i.e. .Z(z) is (boundedly) invertible and .%(z) =
Z(z)y is invertible for all x € .. Moreover, it follows from [7, Chapter I, (4.12)] and
[33, Rem. 2.3] that

@I _ 1@

1407 < G zar < mpzor

xe s (5.4)

By [33, Lemma 4.1], if o/ € L(H) is (boundedly) invertible with <7 invertible and
|/ 7| < y for all x € .7, then also ||« || < y. Thus the estimate (5.3) follows
from (5.4). U

Proof of Theorem 5.1. The proof follows the ideas of the proof of [19, Thm. 1].

Assumption (5.1) implies, by [18, Lemma 28.5], that there exist domains U C Q
as in (i) and V C Q such that I" := 9V consists of finitely many piecewise smooth
Jordan curves not intersecting each other and

Tcv, VWi (Z)\C#0.

i) For a continuous function f on I" with f(r) # 0, r € T, the index indr f of
f on T is defined as the change of the argument of f(¢) when ¢ varies on T'; if f
is holomorphic in the interior of I', then indr f is equal to the number of zeros of f
inside I" by the argument principle (see [18, § 25.1]).
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Since ve(det.Z,) = vy (detZ;) = indr(det.%), x € H*, the claim in i) now fol-
lows immediately from the connectedness of H* = (H; \ {0}) @ --- & (H, \ {0}) and
from the continuity of the index function indr.

ii) Let x € " and denote by A;(x),...,Ay.(x) € C the zeros of det.Z; in C
counted with multiplicities. Then the functions g, : Q — C, x € %", defined by

B det. % (2)
8:la) = (= A(x) (2= Ay (x))”

z€ Q\{Ai(x),..., Ay (0)},

are analytic and do not have any zeros in V. Moreover, we have
|det Z(2)| = |gx(2)] [z= M (0)] -+ - [z=Ave (x)| > [gx(2) | dist(z,C)G, z€ Q. (5.5)
Assume that we have shown that condition (4.1) implies that
inf{|g:(z)| :x€ S",z€U}=:d > 0. (5.6)
Then, by (5.5),
inf|D"(Z(z))| = ddist(z,C)*¢ >0, ze€U\C. (5.7)
Setting 7:=d~'max{|.Z2(z)|"" : z € U}, we obtain from (5.3)

2@ _ @I _ v

1 <
127N < Gz < aame o < ae.oe

7€ U\C,

as required. To prove (5.6), suppose to the contrary that there are sequences (zx)xeny C
U and (xg)gen C " such that gy, (zx) — 0, k — oo as U is compact, we may assume
that zz — z9 € U C V, k — oo. The inequality (5.5) implies that

det %, M
lgx(2)] < det %0l o _
dist(z,C)vc ~ dist(T',C)"

=:N, zel =9V, xe s,

where M := sup {|det.%,(z)| 1 x € ",z €'} < eo. Since g is analytic in V, the maxi-
mum modulus principle (see [17, Thm. 1.17.5]) yields that |g(z)]| <N, x € ", z€ V.
Thus, by Montel’s Theorem (see [17, Thm. 1.17.7]), we may assume that (g, )ren
converges uniformly on compact subsets of V to an analytic function g:V — C.
From gy, (zx) — 0,k — o, and the uniform convergence of the sequence (g, )ren in a
neighbourhood of z it readily follows that g(zo) = 0. In order to see that g # 0, we
note that for z € V'\ C we have z ¢ W"(¢). Due to assumption (4.1), we can apply
(4.4) in Lemma 4.5 which yields that 0 ¢ W"(.#(z)). By Lemma 4.3 this implies that
0 ¢ D"(Z(z)). Hence, in particular, inf{|gy, (z)| : k € N} > 0 for every z € V'\ C and
thus g # 0. According to Hurwitz’s Theorem there is a sequence (U )reny C U such
that ty — zo, k — oo, and gy, (Ux) =0, k € N. This is a contradiction to g, (z) # 0,
zeU,keN. O

Resolvent estimates provide upper bounds for the lengths of Jordan chains in
boundary points of the numerical range or block numerical range. Recall that for
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Ao € 0,(ZL) a vector xo € H\ {0} such that -Z(A9)xo = 0 is called an eigenvector
of £ in Ay and xg, X1, ..., X1 € H\ {0} are called a Jordan chain of £ in Ay of
length m if

Since the numerical and block numerical range of an operator function is not con-
vex, in general, an additional property of the boundary point is required.

COROLLARY 5.3. Let £ : Q — L(H) be analytic such that (4.1) holds, let C C
W"(£) be a bounded connected component of W" (L) fulfilling (5.1), and let v¢ be
as in Theorem 5.1. Let Ay € dC be an eigenvalue of £ with the exterior cone property,
i.e. there exists a closed cone K with vertex Ay and positive aperture and an r > 0 such
that

KNB,(A)NW = {Ao}.
Then the lengths of all Jordan chains of £ in Ay are at most V¢ .

Proof. The proof is identical to that of [19, Thm. 2] and hence omitted. [J

6. Operator polynomials

In this section we consider a special class of operator functions, namely operator
polynomials &7 . We establish a sufficient condition for the spectral inclusion, improve
the resolvent estimates, and prove criteria for the block numerical range W"(£) to
be bounded or unbounded. Finally, we show that W"(.%?) is contained in some block
numerical range of the linear companion pencil associated with &7

An operator polynomial & of degree d € N is of the form

P:C—LH), P(z)=Alz4ald=1z4=1 1 4 Allz 4 A0 6.1)
with Al e L(H), 1=0,...,d,and A4l £ 0; if A} =1dy, then 2 is called monic.

6.1. Spectral inclusion

For operator polynomials there is a simple sufficient condition in terms of the
leading coefficient for assumption (4.1) in the spectral inclusion Theorem 4.1. This
condition is easy to check but far from being necessary; below we show that it implies
that the block numerical range is bounded (see Theorem 6.4 1)).

THEOREM 6.1. Let &2 :C — L(H) be an operator polynomial of degree d. Then
0,(Z) CW"(2).

If, in addition, 0 ¢ W"(Ald]), then

o(P) Cc WD) 6.2)

in particular, (6.2) always holds if & is monic.
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For the proof of Theorem 6.1, we use the following lemmas; the proof of the first
one is immediate.

LEMMA 6.2. If &2 :C — L(H) is an operator polynomial of degree d, then for
z€Cand x€ Hy X --- X Hy

nd
det 2, (z) = 3 87 = detal? 2 + 2 5” 7+ detAl? (6.3)
=0
where
&= Y det(Aly; )Ly, 1=0,....nd. (6.4)
st

LEMMA 6.3. If & :C — L(H) is an operator polynomial of degree d and if

0¢ W"( ), then 0 ¢ W(P(z)) for large values of |z|. In particular, & satisfies
(4.1) and hence, for z € C,

ZEWHDP) <= 0eW'(L2(2)). (6.5)
Proof. By the assumption 0¢W" (A d]) and Lemma 4.3 it follows that O§ZD”( dly,

i.e. 0 := infyc on detA,[(d ’ > 0. Let m:=nd and define C := sup{&l xS,
1=0,...,m—1} with 5,£” as in (6.4). Then, for arbitrary x € .7,

m—1
|det 2,(z)| = |detAl"'z +25l]l Sle"—C Y o — oo, |z = oo,
=0

independently of x € " and hence inf,¢c o |det &2,(z)| > O for large values of |z|. The
latter means that 0 ¢ D"(Z(z)), which is equivalent to 0 ¢ W"(Z(z)) by Lemma 4.3,
and it implies that condition (4.1) holds (with s = 0). Now the equivalence in (6.5) is
immediate from Lemma 4.5. [

Proof of Theorem 6.1. By Lemma 6.3, the additional assumption on &2 guar-
antees that & satisfies the condition (4.1) in the spectral inclusion Theorem 4.1 for
analytic operator functions. Therefore the latter implies both claims. [

6.2. Boundedness and connected components of W"(%?)

The boundedness of W” (&) is closely related to the position of the point 0 with
respect to (the closure of) the block numerical range W" (A [d]) of the leading coefficient
of &. In the finite dimensional case it was proved in [13, Thm. 2.3] that the numerical
range W () is bounded if and only if 0 ¢ W (Al4) (= w (Ald))).

The following theorem shows that, in infinite dimensions, not only for the numer-
ical range but also for the block numerical range, we only have

0 ¢ Wr(Ald)) = W"(2) is bounded.
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The converse, which was conjectured for n = 1 in [13, Rem. after Ex. 3, p. 1260],
is not true in general; this can be seen e.g. from Example 4.8 where £(z) = p(z)«/
with &7 =Id—L and L the left shift on ¢?(N) and a polynomial p. Here the (block)
numerical range of the constant coefficient also plays a role.

THEOREM 6.4. Let & : C — L(H) be an operator polynomial of degree d.

i) If 0 ¢ Wn(Aldl), then W"(2) is bounded.

ii) If there exists x € /" with detAd #0 and if 0 € W'(Al4), then W*(2) is
unbounded.

iil) If there exists x € /" with detAd #0 and if 0 € Wr(Ald) but 0 ¢ Wn(AD]),
then W"( ) is unbounded.

For the proof we use the following lemma.

LEMMA 6.5. Let pi(z) = a,[{m]zm—i— e —|—a,[<1]z+a,[{0},z € C, be complex polynomials
of degree m, i.e. a,[{m] #0, k€N, such that ag] —dll, k—oeo, 1=0,...,m. Ifa[m] =0
and a¥ + 0 for some s € {0,...,m — 1}, then there exists a sequence (A)reny C C
such that |Ax| — oo, and pr(A) =0, k € N.

Proof. Let pi(z) = @) (z— tar) -+ (2 — Ham)» p(2) == a2+ ... +alz+dlo).
Suppose the claim is false. Then there exists a constant C > 0 such that |uy| < C,
keN,1=0,...,m; thus

[m]

P@)] = lim |pe(@)| < lim [a}"| (el +-C)" =0, zeC,

i.e. p =0, a contradiction to the assumption that als! #0 forsome s. [

Proof of Theorem 6.4. i) By Lemma 6.3 we have 0 € W*(Z(z)) and thus, by
Lemma 4.5, z ¢ W"(Z?) for large values of |z|, which shows that W"(2?) is bounded.
ii) Let m := nd and

N:={xe s detAld) = 0}.

Then 0 # N # " by the assumptions. Let xo € N C N and (xg)reny C "\ N

be a sequence converging to xo. For the sequences (5)£i])k oy Of the corresponding
coefficients of the polynomials det 2, (see (6.3), (6.4)) we have

[ ]

lim sl =sll 1=0,..m
Now consider two cases: If 5)%] =0 forall I =0,...,m, then

det 2, (z) = ]}E‘I;det P (2) = klg‘l;lo D S,g,]zl =0, zeC,
1=0
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that is, z € W"(2?) for every z € C, and thus W"(%?) = C is unbounded. If, on the
other hand, there is an s € {0,...,m — 1} such that SX(S)] # 0, then Lemma 6.5 applies

to the sequence of polynomials (det Py)| : note that 5 = detAl) =0 and 51" 0,
as xy € N, k € N. It yields a sequence (kk)keN C C such that |Ax] — o, k — oo, and
detZ, (M) =0, k € N. In particular, A, € W"(#), k € N, and hence W" () is
unbounded.

iii) We may assume that 0 € W"(A d]) \ W (Al ; otherwise the claim already
[d]

follows from ii). Then there exists a sequence (xz)reny C < such that detdy,’ — 0,

k — oo, and detA # 0, k € N. By passing to appropriate subsequences, we may
assume that the sequences (&g}) eN defined as in the proof of ii), converge to numbers
8.1=0,...,m. Then 8" =0, and 8% + 0 according to the assumption 0 & W (Al%))
(which is equivalent to 0 & D"(Al%)) by Lemma 4.3). In particular, Lemma 6.5 again
applies to the sequence of polynomials (det @xk) ren s thus, the claim follows in the
same way as in the second case in the proof of ii). [J

The following examples illustrate various phenomena that may occur for the block
numerical range of operator polynomials. The first example shows that, unlike the
numerical range, the block numerical range of a non-constant operator polynomial may
be empty.

EXAMPLE 6.6. (W?(#) = 0) For a non-constant operator polynomial & the
numerical range W (Z?) is never empty. This is no longer true for the block numer-
ical range. An example is the linear operator polynomial

P(z):= (8(1))2—#((1)(1)):((1)97 z€C,

in C> = C x C. Then det 2, (z) = 1 # 0 for every x € .#" and thus W?(%) = 0.

The second example shows that the block numerical range may be bounded and
non-empty, even though the numerical range is unbounded.

EXAMPLE 6.7. (W () unbounded, but W*( ) bounded and W*(2) # 0) Itis
not difficult to see that W () = C if there exists a common non-zero isotropic vector
xeH,ie. (Al¥x x)=... = (A%, x) = 0. For the quadratic polynomial

_(10\ 5 (10 01\ _(Z+z1
p=(30)24 (1) (01) = (1Y), zec
= (0,1)" is a common isotropic vector for all coefficient matrices and therefore
w(Z)=C.
On the other hand, with respect to the decomposition C?> = C x C, we have
W2(2) = {0} since det Z,(z) = —z =0 if and only if z = 0; note that 0 € W>(A[?)
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here. This example shows that a block-analogue of the existence of an isotropic vector
cannot be as simple as the existence of some non-zero x € ." with

detAl = ... = getal” — 0.

EXAMPLE 6.8. (W"(Z?) bounded) For the operator polynomial & in Example
3.2, it is easy to see that W(A®) = {1 € C: |1 —1]| < 1/2}, thus 0 ¢ W(AP) >
W”(A[2]) for all n € N. Hence it follows from (3.1) and Theorem 6.4 i) that all block
numerical ranges W"(£?) of &2 are bounded. The usual, quadratic and cubic numeri-
cal range of & for the two decompositions C® = C*x C? = C?x C? x C? are illustrated
in Figure 1.

The last example illustrates Theorem 6.4 ii); at the same time, it shows that, in gen-
eral, it is difficult to obtain any analytical information about the shape of the numerical
and block numerical range even in the case of operator polynomials.

EXAMPLE 6.9. (W"(Z?) unbounded, but W"(%?) # C) For the quadratic 3 x 3
matrix polynomial

10[0 000 000 2 0[0
P(z)=|00[0|Z2+[01/0)z+|00/L] =]02z|1], zeC,
00]1 0 1[0 000 0 z|”

in C3=C%xC!, we have

, 0
detAl! = det ((’”O’“) W_B) = PP, x= (i |x)

and so detA,[?] #0 e.g. for
x=(10[1)e S ={x=(x10|x3)' € C>xC: x| |*+ 2> = 1, |x3| = 1};

moreover, detAl” =0 e.g. for x = (0 1]1) € .#? and thus 0 € W2(Al%). Hence

2 satisfies the assumptions of Theorem 6.4 ii) and so W2(#?) is unbounded; since
W2(2) C W (), so mustbe W(2).

To calculate W2(2), let x = (x;x2|x3)' € .#? be arbitrary, x = (+ w|1)" with
1 €[0,1] and |w]* =1—72. Then

P2 w 2.3 2.2
det Z,(z) :det<wz 22> =zt +(1—-1")(z"—1)), ze€C,

i.e. W2(2) consists of 0 and all zeros of the polynomials
pi(2) =122+ (1= (P -1), telo,1].

For t = 0 we obtain —1, 1 € W?(2); for t = 1, we obtain 0 € W?(%) again. For
t€(0,1)and z€C, z¢ {—1,1}, we have

3 2
t-—1
pt(Z):O — Z—:—

<0
2-1 12 ’
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and thus,
3

< 1e(—<><>,0)}.

ZZ_

W2(2)\{-1,0,1} = {z eC:

In particular, we have W?(2) NR = (—o0, —1]U[0,1]. Thus, W?(Z) is unbounded,
and hence also W (22), but W?( ) # C (see Figure 3).

3 -2 -1 o 1 -4 -3 2 -1 ]

Figure 3: W(2), Wézxc () and eigenvalues of the quadratic 3 X 3 matrix polynomial & in
Ex. 6.9 in the rectangle [—4,1.5]x[—1,1].

In fact, we can prove analytically that the imaginary part of W?(4?) is bounded,
whereas that of W(.2?) is not. To prove the former, we note that
3 2 1

z
Z2-1

€ (—0,0) = € (=00,0) <= |7[*7—7 € (—,0),
where we have multiplied numerator and denominator by z°> for the last equivalence.
Writing z=a+1b, a,b € R, the latter holds if and only if the two conditions
@ +2a°b* + ab* — a® +3ab* < 0,
—a*h -2’0 — b +3a*b - =0
hold. The second condition implies that
b=0 or & =-}((26*-3)£\o-165%);

Since @ is real, the discriminant must be non-negative, i.e. 9 — 16b2 > 0 and hence
be [—%, %] This proves that ImW?(2) € [—%, %]; note that Figure 3 suggests that
this estimate is sharp.

To see that the imaginary part of the numerical range is unbounded, we note that

(2 (2)x,x) = 21> + |x3)7) + 2(|2|* 4+ 52%3) + x3%2
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for x = (x1,x2,x3) € C3, ||x|| = 1. If we let € € (0 ,\[) and choose x| = x3 = €,

xp =V 1—2€21, it is not difficult to check that the equation (£ (z)x,x) =0 has the
solutions

I
2i(e)= 7528 - 1+eV/1-2¢2 VIm2e2 i/ (1-2624 /1262 )2+81/1-2¢% i) ew(2)
=:a(e)+b(e)it/c(e)+d(e)i

where /- denotes the principal branch of the square root. Clearly, lim,_ob(€) =

limg o £ 1 28 =oo. If we set §(€) :=z4(€) if Imy/c(e)+d(e)i>0 and {(¢) :=
z_(g) if Im\/c(s) +d(e) i< 0, we obtain that {(g) € W(Z) and limg_oIm{(g) >

limg_0b(€) = eo. This proves that InW(%?) is unbounded, as one could guess from
Figure 3.

We close this subsection by giving an upper bound for the number of connected
components of the block numerical range of an operator polynomial 2. Note that the
assumption 0 ¢ W"(A ]) below allows for unbounded components (unlike Theorem
5.11)).

PROPOSITION 6.10. Let & :C — L(H) be an operator polynomial of degree d.
If 0 ¢ W (Al4)), then W"(P) consists of at most nd connected components.

For each connected component C of W"(Z?) the number vc(det Z(+)) of zeros
of the polynomial det Z,(-) in C counting multiplicities does not depend on x € /™.

Proof. Let 0 ¢ W (Al ie. detAd # 0 forall x € %". Hence det 2,(z) =0 if
and only if

nd—1 5[1] nd—1 ]
0=z""+Y zl—z”d+25[z—px()
lodetA =0

where 5}” is defined as in (6.4). The mapping

0 1 0
B: 7" = Mu(C), Bl):=| o - 0 |
_S)EO] _~)£1] _S)End—l]

is continuous, and for every x € .7 the zeros of the polynomial p, coincide with the
eigenvalues of B(x) counting multiplicities. Therefore,

w'(2) = |J 0p(B(x)) = 0p(B(+™)).

xesn

B(S") C M,,4(C) is connected, it follows from [34, Appendix B] that 6, (B(-""))
consists of at most nd connected components and ve(det &) = ve(B(x)) for a con-
nected component C of W"(&?) does notdepend on x € .". [
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6.3. Resolvent estimates

For an operator polynomial & of degree d with 0 ¢ W"( d), Lemma 6.3 shows
that W"(2) is bounded and that there exists zo € C such that 0 ¢ W" (£ (z9)); in par-
ticular, every connected component of W"(.%?) is bounded. Thus the resolvent estimate
in Theorem 5.1 applies to each connected component C of W"(£?) for which C is a
connected component of W"(.4); note that condition (5.1) holds for such C.

The following estimate improves the resolvent bound in (5.2) for the special case
of operator polynomials.

THEOREM 6.11. Let & : C — L(H) be an operator polynomial of degree d. If
0 ¢ Wn(Ald)), then

2| |2@E)"!
U inf[Dr(Al)| - dist(z, W (22))nd

e z€C\Wn(2P),  (6.6)
where D" (Al is the block determinant set of A9} (see (4.3)) and inf‘D" (A[d])‘ =

inf{|z| : z € DAY}, More exactly, if Cy,...,C; are the connected components of
W) and vj := vc,(det Zy(")), x € S, is the number of zeros of det Zx(-) in C;,
j=1,...,s, then

Hgfl(z)n < ||=@(Z)Hn_l

= , Z€C\W"(2). 6.7
inf [ D" (AM)][-TE,_, dist(z,C;)") ze CA\W"(2) (6.7)

Proof. The proof follows the lines of the proof of [33, Thm. 4.2] in the operator
case. Note that from 0 ¢ W"(A d]) and Theorem 6.1 it follows that C\ W"(2) C p(2)

and 1nf’D”(A[d )’ >0 (the latter by Lemma 4.3). If 1/ (x), .. ,/l\[,j (x) are the zeros of
detZ; on C;, j=1,...,s, counted with multiplicities, we have

et 2,(2)| = )detA["

lm) > inf

D" (A[d])) 1 dist(z,C;)%
j=li= j=1

for x € .#" and z € C. Hence,

inf|D"(Z(z))| > inf

D"(A[d])‘ . Hdist(z,Cj)"f >0,
=1

forall z € C\ W*(Z?). Now the estimate (6.6) follows from Proposition 5.2. [

COROLLARY 6.12. If & in Theorem 6.11 is monic, then

ze C\Wn(2).

) 2" [ELG]
127 @< f_Gsmen7 < @@
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Since for an operator polynomial of degree d, the number of connected compo-
nents of W"(Z?) is always bounded by nd, we obtain the following a priori upper
bound on the lengths of Jordan chains at eigenvalues on the boundary of W"(Z?), com-
plementing Corollary 5.3.

COROLLARY 6.13. Let &2 be an operator polynomial of degree d such that

0 ¢ Wn(Aldl), let C be a connected component of W'( ) and vc = vc(det Z(+)),
xe. S,

If A € dC is an eigenvalue of &P with the exterior cone property, then the length
mg of a Jordan chain of & in Ay is bounded by my < V¢ < nd. In particular, if
W' () consists of the maximal number nd of connected components, then there are
no associated vectors at Ay.

6.4. The linear companion pencil

For an operator polynomial & of degree d > 0 the linear companion pencil €7
C — Z(H?) is defined as

1y 0 0 -ldgy 0
¢7(2) = z+ o = Wz 70,
Id]-] —Id[-[
0 Al Al Al L. gld-1]

Note that €7 = 2 if 2 is already linear (i.e. d = 1). If & is monic, then €7 is
monic as well and —7!% is called the companion operator of 2.

REMARK 6.14. The linear companion pencil € is a linearisation of the oper-
ator polynomial & (see e.g. [18, § 12.2 and Lemma 12.2]). In particular, the spec-
tra and point spectra of 2 and €7 coincide, i.e. 6(2) =0 (¢7) and 6,(P) =
Gp(‘ﬁy ), and for finite dimensional H we have the equivalence

det 2(z) =0 <= det¢”(z)=0, zeC. (6.8)

If & is monic, then the spectra and point spectra of &7 and of its companion operator
—o7!% coincide.

Now let Hy,...,H, be closed subspaces of H such that H=H; &---® H,. In
the next proposition we study the block numerical range of the linear companion pencil
with respect to the decomposition

H'~H & - 0H)® & H & ©H,) (6.9)

induced by the given decomposition of H . The special case of a monic polynomial and
the trivial decomposition of H = H; (i.e. n = 1) was considered in [33, Thm. 5.1].
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PROPOSITION 6.15. Let &2 : C — L(H) be an operator polynomial of degree d.
Then, with respect to the decomposition H = H, & ---® H,, of H and (6.9) of H¢,

W 2) c W (€7). (6.10)

Proof. Let x = (x1,...,X,) € .". Then x? := (X1,...,Xn,...,X1,...,%,) € .,
and it follows that

Idcn 0 0 —Idcn 0
» , 0o
€4 (2) = 2+ . » zeC
Id(cn .. —Id(cn
0 A A0 Al e

In particular, if A € W"(£?), i.e., det (1) =0 for some x € .7, it follows from (6.8)
applied to the matrix polynomial &7, that

0=det¢”*(A) =det€7 (A),
and therefore A € W™ (7). O

EXAMPLE 6.16. The cubic numerical range W3(.4) of the quadratic 6 x 6 ma-
trix polynomial

10[00[0 0 301 0)20
01000 0 0 —2/0 0/00
, |oojoo[2 0 1 0[=10/00
PR =2+ o0loolo o [*T] 0 oo ool €&
00[201—1 0 2 0(00[10
00[00[ 0 —1 0 0|0 002

with respect to the decomposition C® = C? x C? x C? and the block numerical range
WO(€?) of its linear companion pencil € with respect to the corresponding decom-
position C'? = (C? x C? x C?) x (C* x C? x C?) are shown in Figure 4 to illustrate
the inclusion (6.10).

The eigenvalues of &7 are the zeros of the characteristic determinant

1 1 -, 1 1 =,
det 2 (2) = 2z = 1)(z+2) (2= 55 V7i ) (2= 543 V71 ) (€~ 82 +172 - 13);
in particular, the smallest real eigenvalue of & is equal to —2 and the largest real
eigenvalue of 2 is the largest (and only) real zero of 7> —8z> 4 17z — 13 = 0 which is
approximately 2.46336583493925.

REMARK 6.17. Note that the leftmost real point of Wézx 22 (Z)isa C(?rner,
(67) is

. . . 6
but no eigenvalue of & and the rightmost real point of W con2 w2 sz xc2

a corner, but no eigenvalue of €7 (i.e. of 2).
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Figure 4: WészZXCZ (2) and eigenvalues of the quadratic 6 x 6 matrix polynomial & in
Ex. 6.16 and W<C62xc2xc2xc2xc2xc2 (‘5‘@) of its linear companion pencil Z8

This shows that the result that corners of the numerical range belong to the spec-
trum does not hold for the block numerical range of linear operators or operator func-
tions (see [36, Thm. 5.10] and the forthcoming paper [25]), and not even for the quadra-
tic numerical range of linear operators (see [14, Thm. 3.1]).

In analogy to the latter result, the left real corner of Wézx 22 (&) is an eigen-
value of the principal minor of the operator polynomial & which arises if we delete the
last block row and block column (i.e. the last two rows and columns), approximately
given by —2.23169667970097.

Similarly, the right real corner of Wg e ) is an eigenvalue of

2><(C2><(C2><(32><(C2><(32(
the principal minor of the companion operator ¥ which arises if we delete the third
block row and block column (i.e. the fifth and sixth row and column), approximately

given by 2.735865482.

7. Monic operator polynomials with positive coefficients

In this section we consider operator polynomials on Hilbert lattices the coefficients
of which are positive operators. The classical result of Perron and Frobenius shows
that the spectral radius of a positive matrix is always contained in its spectrum (see
[23], [3]). Infinite dimensional analogues were proved by Krein/Rutman, Bonsall, and
Schaefer in different settings (see [8], [9], [2], [27, Prop. V.4.1]). A corresponding result
for the spectral radius and spectrum of monic operator polynomials & with positive
coefficients, and even more general cases, was established by Maibaum (see [161h,

using that the corresponding companion operator is positive and has the same spectrum
as .

'We thank the reviewer for bringing this reference to our attention.
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Here we prove the analogous theorem that the numerical and block numerical ra-
dius are contained in the numerical and block numerical range, respectively, of monic
operator polynomials & on a Hilbert lattice H with positive coefficients. The numer-
ical range analogue in the finite dimensional case was proved in [22]. The numerical
and block numerical range analogue for positive operators <7 proved in [24, Prop. 2.5
(ii), Prop. 3.3 (ii)] is the special case of a monic linear operator pencil £ (z) =z— o/
of the general result below.

DEFINITION 7.1.

i) An orderd vector space (Hg, <) over R is called a vector lattice if sup{x,y} and
inf{x,y} exist for all x,y € Hg}; in this case we set |x| := sup{x,0} + sup{—x,0}
for x € Hg.

ii) If there exists an inner product (-,-) : Hg X Hr — R such that (Hg,(-,-)) is a
Hilbert space and |x| < |y| implies (x,x) < (»,y), X,y € Hg, then (Hg,(+,-),<)
is called a (real) Hilbert lattice.

iii) If H=Hp ®iHr with (a+if)(x+iy) = ox—By+i(Bx+oy) for o, € R,
X,y € Hg, is the complexification of Hg, then (H,(-,-),<) is called a complex
Hilbert lattice.

iv) The positive cone of H is defined as Hy := {x € Hg : x > 0}; for z=x+iy € H,
x,y € Hg, we define

|z] ;= sup |(cosB)x—+ (sinB)y| € Hy.
0<6<2r

v) An operator T € L(H) is called positive (T > 0)if THy C H; .
vi) Let T € L(H) and T1,T> € L(Hg) suchthat T =Ty @i7>. Then

|T|:= sup |(cosB)T}+ (sinB)D|

0<6<2n
if the supremum exists in the canonical order of L(Hp).

An extensive treatment of positive operators may be found in [27] and [20]. Note
that the above concept of a positive operator should not be mixed up with positive
(semi-)definite operators on Hilbert spaces for which the numerical range lies in (0, o)
([0,0), respectively).

DEFINITION 7.2. Let &/ € L(H) and let .Z(-) = (L;;(-))} ;_; : @ — L(H) be an
operator function. Then the block numerical radius of <7 is defined as

w'(ef) =sup{|A]: AL e W"()},
and the block numerical radius of £ is defined as

W' (L) :=sup{|A|: A e W'(L)}. (7.1)
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Note that for the special case .Z(z) = &/ —z with &/ € L(H), the two definitions
coincide and that for n = 1 the block numerical radius is the usual numerical radius
w(e/) and w(Z), respectively.

In order to comply with classical Perron-Frobenius theory where &(z) = z— 7,
we follow the same sign convention for higher order polynomials (unlike Section 0,
comp. (6.1)).

THEOREM 7.3. Let H=H, @ ... ® H, be a Hilbert lattice such that Hy,...,H,
are closed lattice ideals in H. Let & : C — L(H) be a monic operator polynomial of
degree d € N of the form

D)= —Aldlgd=t Al Al e,
with positive operators All € L(H), i =0,...,d — 1. Then the following hold.
i) If Ww'(2) >0, then w'(¥) e WH(2P).
ii) If 0<w"(2) e W"(), then there exists x€.5", x>0, with 0€ 6 (P, (W"(2))).

For the proof of Theorem 7.3 we use two lemmas; the first one applies to arbitrary
operator polynomials, without positivity assumptions on the coefficients.

LEMMA 7.4. Let H be a Hilbert space, let & : C — L(H) be a monic operator
polynomial of degree d € N, and define the operator function 2 by

D(z) = A AL AP ze )\ {0} (7.2)

Then, for every A € C\ {0},
AEWHDP) = ALeW'(2(1)), (7.3)
AEWHDP) = AW (2(h)). (7.4)

Proof. Let A € C\ {0}. The relation 2(A) = A9 1(A1dy —2(1)) implies that
WH(Z2(1) =W"(Aldg—2(4)) = (=1)"W"(2(4)-A1dx) = (=1)"(W"(2(1))-2)
and hence, by applying Lemma 4.5,

WD) = 0 € WD) = 0 WHBAN=A) > A € WH(D(A)),
and analogously without closures. [

The next lemma shows that the block numerical radius of an operator function 2
of the form (7.2) with positive coefficients defines a monotonically decreasing function
on the positive real axis having a fixed point.

LEMMA 7.5. Under the assumptions of Theorem 7.3, the function
qn:(o’oo)—>[0’oo), IHWH(Q(I))a

is continuous and monotonically decreasing. If w" () >0, then q,(W"(2?))=w" ().
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Proof. The proof is similar to the proof of [26, Prop. 2.1] of the analogous asser-
tion for the spectral radius. Let 0 < A < p. Then, as all the coefficients Al of 2 are
positive, 2(z) is an operator polynomial of degree < d — 1 in % and hence z771.2(z)
is an operator polynomial, it follows that

0<2(1) <2(1), 0<A'20) <p''2(u).

Hence

Adfl ‘udfl

0 <FQW S 2(1) < 200) < g 2(0).

Since the block numerical range is homogeneous and the block numerical radius is
monotonically increasing (see [24, Prop. 3.3 (v)]), this implies that

1d-1 ‘udfl
0< Z7ran(A) < an(k) < a(A) < T an(u),

which proves both the continuity and monotonicity of g, .

If w"(Z2) > 0, then there exists 0 # A € W"(#). Hence A € 2(A) by (7.3) and
thus w,(2(1)) > 0. Since | 2(1)| < 2(|A|), the monotonicity of the block numerical
radius ([24, Prop. 3.3]) implies that 0 < w,(2(1)) < wy(2(|A|)), and so g, Z 0.
Thus, since ¢, is monotonically decreasing, g, has a fixed point 7y € (0,00).

Using [24, Prop. 3.3 (ii)] we conclude that

fo = gn(to) = wn(L2(10)) € W (L2(19))-

By Lemma 7.4 this implies 7y € W"(<?), and thus o < w"(Z?). Since g, is monoton-
ically decreasing by Lemma 7.5, we obtain

an(W'(2)) < anlto) = to < W'(Z). (7.5)

By the definition of w"(Z?) in (7.1), there exists £ € C, |&] = 1, with Ew"(P) €
Wn(Z). Again by Lemma 7.4 this yields Ew" (7)) € WH(2(Ew(Z?))), and thus

[EWH (2| S wa(2(Ew(2)))- (7.6)

Since |2(Ew'(Z))| < 2(w" (7)), the monotonicity of the block numerical radius
yields

wn(2(EW'(2))) < wa(2(W'(2))). (7.7)
Then, using (7.6), (7.7), and (7.5), we find that

EW(2) =w(Z) Swn(2(W'(2))) = an(W'(2)) <o <W'(Z),  (7.8)
and hence 1o =w"(2?). 0O
Proof of Theorem 7.3. 1) If w"(Z?) > 0, then Lemma 7.5 yields that

W' (P) = wa(2(W'(2)))-



930 A.RADL, C. TRETTER AND M. WAGENHOFER

As 2W"(Z)) = 0 we know that w"(Z7) € W(2(w"(Z?))) by [24, Prop. 3.3]. The
assertion then follows from Lemma 7.4.

i) If w'(2) e W(Z), then w' () e W 2(W'(P))). As 2W" (<)) >0 and
W' (P) =w,(L(W'(Z))) by Lemma 7.5, there exists x € ", x > 0, with w"(Z) €
o(2(w"(2))x) by [24, Prop. 3.3 (iv)]. Using that Z(1) = A1 (A1dyg —2(1)) as
in the proof of Lemma 7.4, we see that 0 € o (Z(w"(2)),). O

EXAMPLE 7.6. The cubic 4 x 4 matrix polynomial

1111 1111 0100
1111 1111 0010
_ 3 ) B
Z@=z~ 11119 {11119 |ooo1]| #€C
1111 1111 1000

satisfies the positivity assumptions in Theorem 7.3. The eigenvalues of & are the zeros
of the polynomial

det(P(z)) =22 — 42" =420 — 428 477 —4° 4t 42 —4z—1, ze€C, (1.9

of degree 12. It is not difficult to check that —1 and +1i are zeros of det(P(-)); then
the first and last term in (7.9) cancel and the middle terms cancel pairwise. Since the
eigenvalues belong to all block numerical ranges W" (%), we have w"(Z) > 1 >0
for n =1,2,3,4. Hence Theorem 7.3 yields that w"(Z) € W*(&) = W"(Z) for
n=1,2,3,4.

05
05

-0.5
-0.5

Figure 5: W (2), Wéx 2 () and eigenvalues of the cubic 4 x 4 matrix polynomial & in
Ex. 7.6.

In fact, all 12 zeros of det(P(-)) can be found explicitly e.g. using Maple; they are
all different, i.e. all eigenvalues of &2 are simple. The eigenvalue Amax with largest
modulus is real and given by

56 L4
3(1196 + 124/177)1/3 3

Amax = W' (P) = é(1196+ 12V177)!3 + (7.10)
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Figure 5, which shows the numerical and cubic numerical range together with the eigen-
values of &, suggests that the numerical radius w'(Z?) € W(Z) and the block nu-
merical radius w?(22) € W?(2) coincide with the eigenvalue Amax ~ 4.864536513 of
largest modulus of &7, and thus with the spectral radius of &.

8. An application to gyroscopic systems

Gyroscopic systems are non-proportionally damped systems which are known to
exhibit instabilities that are not well understood (see e.g. [30, Section 2.2] and refer-
ences therein). Separating time in the corresponding equations of motion, one arrives
at an eigenvalue problem for a quadratic operator polynomial

2(u):=wWM+uG+K, peC,

where M, G, and K are certain linear (differential) operators representing mass, gyro-
scopic terms, and stiffness; after a discretised finite element analysis, the corresponding
mass, gyroscopic and stiffness matrix are of the form

_(M; O (0 -G, (K1 O
= () o= ) e (0e)
As an example, we consider an eight degrees of freedom approximation to a mechanical
system considered in [12, Ex. 7] where M, G, and K are 8 x 8 matrices with

020 00 040 00
00800 016 0 0
Mi=110 0020 9=159 06 0040l
0 0 03 0 0 0 %

—2800 —1200 0 —1200
—1200 —15600 —1200 0O

0 —1200 —2800 1200
—1200 O 1200 561.48

K| =

This example arises in the study of elastically supported rotors (see [2 1, Section 2.3.3.6]
and also [29]) if one chooses e.g.

k k
kozkuzsoos—f, kh:kw:IZOOS—;g, mo=my=0.2ke, mp=0.8ke,
c=d=15cm, N=666kgcs—‘f, K:llS.Sng—T,
Q=150Hz, C=6.25kgem?, A=25kgcm?.

In [12, Ex. 7 and Fig. 7] it was stated that the eigenvalues of the associated operator
polynomial #(1) = 2(—iA), A € C, are all real and distinct, and a sketch of the
numerical range W (4?) was given. It was conjectured that W (?) consists of the real
segment [—300,300] on which the eigenvalues lie and an elliptical region symmetric
to the origin and to the real axis.
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210

200

210

200

4 4
W(C1><(C3><(C3><C1 ("@) WCZXCZXCZXC(IZ("@)
. o - -
6 6
WC1><(C2><C2><C1><C1><(C1<3) WCZXCIXCIXCIXCIXCZ("@)

Figure 6: Numerical range and various block numerical ranges of the quadratic 8 x 8 matrix
polynomial 2 for the gyroscopic system in Sect. 8.

We computed a series of numerical and block numerical ranges for the original
matrix polynomial 2 (related to those of &7 by a rotation of 90°). The block nu-
merical ranges exhibit more interesting structures than the numerical range. Some of
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them develop holes, others split into three connected components thus separating the
eigenvalues into three groups (see Figure 0).

REMARK 8.1. Note that each of the five block numerical ranges of 2 in Figure 6
has two real corners that are no eigenvalues of 2. This is another example that the
corner result for the numerical range of linear operators fails for block numerical ranges
(see Remark 6.17 on Example 6.16).

These two points, given by +147.668334804856 precisely, are eigenvalues of
certain principal minors of 2, namely of the principal minor consisting of the first three
rows and columns for W(gl 22 xCl xClxCl (2) and of the principal minor consisting
of the last four rows and columns for all other block numerical ranges.
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