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ISOMETRIC COMPOSITION OPERATORS ON THE FOCK-SPACES

ANURADHA GUPTA AND POOJA SHARMA

(Communicated by R. Curto)

Abstract. In this paper a necessary and sufficient condition for a holomorphic self map ¢ on
CN to induce an isometric composition operator on the Fock space has been obtained. Some
necessary and sufficient conditions for a composition operator Cy to be a quasi-isometric and
m-isometric have also been explored.

1. Introduction

N
Let z=(z1,22,---,2v) and w= (w1, wa,...,wy) be pointsin CV, (z,w) = ¥ 7w
k=1

and |z] = 4/(z,z). Let B denote the open unit ball {z: |z] < 1}, S = JB the bound-
ary of the unit ball B, dm(z) = rdrd0 the Lebesgue area measure on C, dV(z) the
Lebesgue volume measure on CV, Viy =V (B), do(z) the normalized surface measure
on S and H(CV) the space of all holomorphic functions on CV (entire functions). For
p,a € (0,0), the Bergman-Fock space[22] .#4 = .ZL(CN) is the space of all entire
functions f for which

11 = (B2)" [ 1r@ire ¥ avo) <

Note that, by using polar coordinates

pOC N °°  _op 2
HIHPP— E) VN/0 /szN lem 2P do(E)dp

_(pa)N f7 Ve Frar
B 2N(N —1)! B

When 1 < p < oo, the space .7} (CN ) is a Banach space with the norm
while for p € (0,1), itis an F -space with the translation-invariant metric d 55 (f,g) =
If—g ||;5

For p =2 the space is reduced to the Fock space, which is a functional Hilbert
space with the inner product

)= (2) [, r@a@e Fave).
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Let e,(z) = 4/ %z" for a positive integer n. The sequence {e, },en forms an orthonor-

mal basis for .#2. Since each point evaluation is a bounded linear functional on .Z3,

for each w € CV there exists a unique function k,, € Z2 such that (f,k,) = f(w) for
all fe .7 ,%, The reproducing kernel functions for the Fock-space .%, ]\2, are given by

k(z) = 4M)/2,

Carswell et al. [5], Ichiro [21], Grudsky et al. [7], Stroethoff [19], Janson et al. [9]
have studied various concrete operators on Fock-spaces, one of them is a composition
operators which is defined as follows:

For a given holomorphic mapping ¢ : C¥ — CV, the composition operator Cy :
FF — Ff is given by Co(f)=fo0 fe F%. The multiplication operator M, in-
duced by an entire function # on CV is defined as M, f(z) = u(z)f(z) for an entire
function f.

Let X be a normed linear space. An operator T on X is isometric if ||Tf||x =
| f|lx for f € X, quasi-isometric if T*>72 = T*T [18] and m-isometric if

m
2 (_l)pm%pT*m—me—p _ 0’
p=0

where "%),’s are binomial coefficients [1]. Allen et al. [2-4]; Colonna [6]; Kolaski
[10-11], Laitila [12]; Li et al. [13]; Martin et al. [14-16]; Novinger et al. [17]; Zor-
boska [23] have studied isometric composition operators on various analytic function
spaces. Motivated by these we have studied isometric composition operators on the
Fock space.

2. Main results

In this section we obtain necessary and sufficient conditions for a composition
operator to be an isometry on the Fock space .75 . We also find the necessary and
sufficient condition for Cy to be a quasi-isometry and m-isometry.

Carswell et al. [5] have proved that if ¢ : CV — CV is a holomorphic mapping,
then Cy is bounded on %} if and only if ¢(z) = Az+ B, where A is an n x n matrix
with ||A]| <1 and B is an n x 1 vector satisfying the condition that (A&, B) =0 when-
ever |AE| = |&| forsome & in CV. Also, Carswell et al. [5] have proved the following
theorem which is instrumental in obtaining the necessary and sufficient condition for
Cy to be an isometry.

THEOREM 2.1. ([5, Theorem 4]) Suppose ¢(z) = Az+ B, where either ||A]| < 1
and B is arbitrary, or ||A|| =1 and (AE,B) =0 whenever |AE| = |E|. Then on 77
we have

1
1Coll =exp  3wol - awol+ 8P))

where wy is any solution to (I —A*A)wg = A*B.



ISOMETRIC COMPOSITION OPERATORS ON THE FOCK-SPACES 589

THEOREM 2.2. Let Cy be a composition operator on ﬁ,%, where ¢ satisfies the
condition of Theorem 2.1. If Cy is an isometry, then B = 0.

Before we give the proof of this theorem, we need several preliminary results that
will be instrumental in proving Theorem 2.2. First we recall the notion of the singular
value decomposition of an n X n matrix.

THEOREM 2.3. ([8]) If A is an n X n matrix of rank k, then A can be written as
A =VIW, where V,W are n x n unitary matrices, and X is a diagonal matrix (0;;)
with 611 2 022 2 +++ 2 Ot > Opg1k+1 = *-* = Opy = 0. The 0;; are the non-negative
square roots of the eigenvalues of AA*, where A* is the adjoint of A; if we require that
they can be listed in decreasing order, then X is uniquely determined from A.

For convenience we shall write o; for oj;, the ith diagonal entry of X. Note that
if JA|| < 1,then 0; <1 forall i and o; =1 for some i if [|A]|=1.

Set j=max{r: o, =1} and k = max{r: o, > 0} so that k =rankA. The singular
value decomposition will allow us to perform a normalization.

If ¢(z) =Az+B and y(z) = Zz+ B, where the singular value decomposition of
A is VEW and B’ = V*B same as given in Theorem 2.3, then we call ¥ a normalization
of ¢.

LEMMA 2.4. ([5, Lemma 1]) Suppose that ¢(z) = Az+ B with ||A|| <1 and
(AE,B) = 0 whenever |AE| = |E| and suppose y(z) = Zz+ B’ is a normalization of
¢. Then the first j coordinates of B are 0.

COROLLARY 2.5. ([5, Corollary 1]) The operator Cy is bounded on 9’1\2, if and
only if Cy is bounded on 9’1\2, Moreover, the norm of Cy is equal to the norm of Cy,.

Now we shall prove Theorem 2.2.

Proof. By Theorem 2.1

1
1Coll =50 (5 wol? ol + 155

where wy is any solution to (I —A*A)wy = A*B.
Since Cy is an isometry, we have HC¢||%% = 1 which implies that

1
exp (g (bof? ~wal? + 8 ) = 1.

Thus, |wo|?> — |[Awg|?> +|B|*> = 0. Let y(z) = Zz+ B’ be a normalization of ¢, where
T and B’ are as given in Lemma 2.4. Then X = diag{o;} with 6y =---=0;=1 and
Oj+1,+,0n < land B'=(0,...,0,0%,,,0)5....,b;)". As provedin [S, Theorem 4]
2 2 2 &bl
WP~ o = Y e

m=j+1 m
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where w is any solution to (I — Z*X)w = X*B.
By Corollary 2.5, ||Cy|| = ||Cy/||, and so

n b/ 2
0= wol w82 = 3 Ll
m=j+1 m

Since o;, < 1, therefore, |b,| =0 forall m= j+1,...,n. Therefore, from Lemma 2.4
it follows that
B'=(0,0,...,0, }+17...,b£,)t =(0,...,0) -
Thus, V*B =0, where V is an n X n unitary matrix. Hence, B=0. [
The following lemma due to Carswell et al. [5] gives the representation of the

adjoint of a composition operator in terms of a multiplication operator.

LEMMA 2.6. ([5, Lemma 2]) If ¢(z) = Az+ B, where A is an n X n matrix with
|All < 1 and B is an n x 1 vector. If (AS,B) =0 whenever |AS| = |E|, then Cy =

My, Cr, where ©(z) = A"z and My, is the multiplication operator with symbol kg.

Lemma 2.6 is instrumental with all the hypothesis in all the following results.

THEOREM 2.7. Let Cy be a composition operator on ﬁ}% Then Cy is an isom-
etry if and only if My,Cyor = 1.

Proof. Cy is anisometry on .7 if and only if ICo 1l 77 = £l 77 forall fe FE

which is equivalent to C;;Cd, = 1. By Lemma 2.6, we have (M,C;)Cy = 1. Hence,
MiyCoor =1. O

We now provide an alternative proof of Theorem 2.2 using the multiplication op-
erator.

Proof. If Cy is an isometry, then by Theorem 2.7 we have M;,Cyor = I or
(M, Coor)f = f for all f € .F%. Thus, forall f € .%3 and for all z€ CV, we
have M, (z)f(¢(7(z))) = f(z) which implies that

k(2)f(AA*z+B) = f(2),
since ky(z) = e")/2 we have
CEI2f(AA*Z+ B) = £(2). (1)
Let f = ko be the point evaluation at 0 on ﬁ,%, Then
f(z) =ko(z) = ¥ =1 forall z € CV.
From (1), we have
B2 f(AA* 4+ B) = f(z) forall fe.Z andforall zeCV.

In particular, taking f = ko, we get forall z e CV, ¢©8)/2 =1 and hence, (z,B) =0.
Therefore, B=0. [
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COROLLARY 2.8. If a composition operator Cy is an isometry on ﬁ,%, then

0(z) = Az such that AA* = 1.

Proof. Since Cy is an isometry we have that M;,Cyor =1 and B =0. Now
Cpor =1 implies that f(¢poT) = f forall f€.Fg or f(¢(7(z)) = f(z) forall fe€
F% and z € CV. Since 7(z) = A*z and ¢(z) = Az+ B with B =0, it follows that
F(AA*(2)) = f(z) forall f € .#2 and z € CN or AA*z = z for all z € CV. Hence
AA*=1. O

The following results give necessary and sufficient conditions for a composition

operator to be a quasi-isometry and m-isometry.

THEOREM 2.9. A composition operator Cy on Fock-space ﬁf, is quasi-isometry
if and only if MiyorCp2op2 = Cpor-

Proof. A composition operator Cy is a quasi-isometry on Z}% if and only if
C;7C5 = C;Cy which can be re-written as Cg (C5Cy)Co = CCy -
By Lemma 2.6, we obtain
Cy[(MysCr)Cy)Cop = (M Cr)C -
Since C;0Cy = Cyor, we have
Cy (MiyCoor)Co = MiyCoor
which is equivalent to C;; (MkBCq,zOT) = M}, Cpor . Again by using Lemma 2.6, we have
(MkBC‘r)(MkBCq)Zor) = M;,Cpor.
Hence,
MkB (CTMkB)C(pZoT = MkBCq)oT-
Since C;My, = My,.:Cr, therefore,
MkBMkBorCTC¢Zor = M;,Cyor oOF MkBMkBOTC¢2012 = M;,Coor.
Hence, Mi,;01Cy2072 = Cpor- O

The following theorem can be obtained on the similar lines of the proof of Theo-
rem 2.9.

THEOREM 2.10. A composition operator on Fock space ﬁ}% is an m-isometry if
and only if

m

Z (_ l)pmcgp(MkBMkBof b 'MkBOTmfp—ICq)mprmfp) - O,
p=0

where "€, ’s are binomial coefficients.
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