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PRODUCTS OF RADIAL DERIVATIVE AND WEIGHTED
COMPOSITION OPERATORS FROM WEIGHTED
BERGMAN-ORLICZ SPACES TO WEIGHTED-TYPE SPACES

ZHI-JIE JIANG AND XIAO-FENG WANG

(Communicated by G. Misra)

Abstract. Let H(B") be the space of all holomorphic functions on the unit ball B" of C", ¢
a holomorphic self-map of B”, u € H(B"), and R the radial derivative operator on H(B"). Two
operators on H(B") are defined by RW,, ¢ f(2)=R(u(z) f(¢(z))) and W, R f(z)=u(z)Rf(¢(2)),
which are called the products of radial derivative operators and weighted composition opera-
tors. In this paper, the boundedness and compactness of the operators RW,, , and W, oR from
weighted Bergman-Orlicz spaces to a class of weighted-type spaces are characterized.

1. Introduction

Let D= {z€ C:|z] < 1} be the unit disk of the complex plane C and B" = {z €
C": |z] < 1} the unit ball of the complex vector space C". Let H(D) be the space of
all analytic functions on D, H(B") the space of all holomorphic functions on B" and
S(B") the class of all holomorphic self-maps of B".
Let ¢ € S(B") and u € H(B"). The weighted composition operator W, ¢, is de-
fined on H(B") by
Wiof () = u(2)f(9(2)).

When u(z) =1 on B", the operator W, is reduced to the composition operator, usu-
ally denoted by Cy, while if ¢(z) = z, the operator W, , is reduced to the multiplication
operator, usually denoted by M,,. It is clear that the weighted composition operator is
the product of composition operator and multiplication operator. Weighted composition
operators between various spaces of holomorphic functions on different domains have
been studied by numerous authors (see, e.g., [4, 6, 8,9, 11, 12, 16, 21, 23, 24, 25, 30,
31, 38, 39, 43] and the references therein).
Let D be the differentiation operator on H(ID) defined by

Df(z) = f'(2).

The products of differentiation and composition operators DCyp and CyD have been
studied, for example, in [2, 7, 10, 13, 14, 17, 27, 32, 34], while some generalizations of
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these product-type operators have been studied, for example, in [15, 29, 35, 36, 37, 40].
Recently, in [22] Sharma has studied the following six operators:

MyCyD,MyDC¢y,CpM,D,CypDM,, DM,Cy,DCM,. (1)

The operators in (1) have been also studied by Stevi¢, Sharma and Bhat in a unified
manner in [41] and [42]. Quite recently, the products of differentiation and weighted
composition operators DW,, o, and W, oD have also been studied in [5]. A natural prob-
lem is to consider the products of radial derivative and weighted composition operators
on some subspaces of H(B"). Let R be the radial derivative operator on H(B"), that
is

_y .9
W0 = 325

The products of radial derivative and weighted composition operators on some sub-
spaces of H(B") are defined as follows

RWepf(2) = R(u(z)f(¢(2))

and
Wi oRf(2) = u(2)Rf(9(z)).

This paper is devoted to studying the operators RW,, , and W, R from weighted
Bergman-Orlicz spaces to a class of weighted-type spaces. Weighted composition oper-
ators and the integral-type operators defined and studied in [26, 28, 33], from weighted
Bergman-Orlicz spaces to a class of weighted-type spaces have been studied in [18].
Here it must be mentioned that Stevi¢ in [35] introduced a more general operator R/ 0>
called the weighted iterated radial composition operator. Clearly, for m = 1 the opera-
tor Ry o becomes the operator W..,oR . This paper can be regarded as a continuation of
the investigation of concrete operators between these spaces.

Let dv be the Lebesgue measure on the unit ball B”, do the normalized surface
measure on S" = dB" (the boundary of B"). Let z = (z1,...,2,) and w= (wy,...,wy)
be points in C", (z,w) = z;W} + - - - +2,W, and |z|*> = (z,z). For a > —1, by dvy we
denote the normalized Lebesgue measure cq(1 — |z|?)*dV(z) (constant cg is chosen
such that vy (B") = 1).

We now present some facts from [18]. The function @ # 0 is called a growth
function, if it is a continuous and nondecreasing function from the interval [0, ) onto
itself. Clearly, these conditions, among others, imply that ®(0) = 0.

The function @ is of positive upper type g > 1, if there exists C > 0 such that
D(st) < Ctid(s) for every s >0 and 7 > 1. We denote by ¢ the set of growth
functions @ of positive upper type g (for some g > 1), such that the function ¢ —
®(r)/t is non-decreasing on (0,0). The function @ is of positive lower type p >0, if
there exists C > 0 such that ®(sr) < CrP®(s) forevery s >0 and 0 <7< 1. By £,
we denote the set of growth functions @ of positive lower type p (forsome 0 < p <1),
such that the function 7 — @(z) /¢ is non-increasing on (0,).
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Let @ be a growth function. The weighted Bergman-Orlicz space AL (B") consists
of all f € H(B") such that

7z = [, @UF@Dava(z) <o
On A®(B") is defined the following quasi-norm

11285 inf{?L>O: Bn@(‘f;—z)')dva(z)gl}.

If ® € 49 or ® € £,, then the quasi-norm on AL (B") is finite and call the Luxembourg
norm.

The classical weighted Bergman space A%, (B"), p >0, a > —1, corresponds to
®(¢) =1P and consists of all f € H(B") such that

1y = [ 1 @IPavalc) <

We say that a function o : (0,1] — (0,0) belongs to class Q;, if ® is nonin-
creasing, 1/ is of some positive lower type and the function 7@ is increasing. For
example, the function w(r) = 1/t*, 0 < a < 1, belongs to class Q;. We say that a
function @ : (0,1] — (0,°0) belongs to class €, if w € £,, and satisfies the condition:

/Il$ds§@ 0<r<1).

Let @ be a positive function defined on (0,1]. An f € H(B") is said to be in
H (B, if
f(2)]
Mo = 350 (=) <
It is easy to see that Hg(IB") is a Banach space with the norm || - || =g . The space
Hg (B") with @ € Q; is not quite often used in the literature. It seems to first appear in
[3] as far as we know.

An f € H(B") belongs to Ay, (B"),if Rf € HZ, (B"), that is

w/t

(1—2)[%f(2)]
ba g = sup —— 1 g
MolB) = D TR0 )

Ap(B") is a Banach space under the norm

£l Ag(@ry = 1£(0)] + by (mr)-

For the relations between H;; (B") and A, (B"), we have that, if ® € Q;, then H;; (B") =
Ap(B");if o € Q,, then H;(B") embeds continuously into A, (B").

Let X and Y be topological vector spaces whose topologies are given by transla-
tion invariant metrics dy and dy, respectively. Let L : X — Y be a linear operator. The
operator L: X — Y is bounded if there exists a positive constant K such that

dY(Lf7O> < KdX(f7O)
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forall f € X. The operator L: X — Y is compact if it maps bounded sets into relatively
compact sets.

Throughout this paper, positive constant C may differ from one occurrence to the
other. The notation a < b means that a < Cb for some positive constant C.

2. Preliminary results

We first have the following compactness criteria. Since the proof is similar to that
of Proposition 3.11 in [1], it is omitted.

LEMMA 2.1. Let oo > —1, ® a positive function defined on (0,1], and ® €
UL, Let o € S(B"), uc HB") and T € {RW, ¢, W, oR}. Then the bounded
operator T : A2(B") — Hg(B") is compact if and only if for every bounded sequence
{fi} in Ag’(lB%") such that f; — O uniformly on any compact subset of B" as j — oo, it
follows that

}E}; T il gy ey = O-

We need the following estimate. See Lemma 2.16 in [19] for a complete proof.

LEMMA 2.2. Let o> —1 and ® € U9UL,. Then there exists a positive constant
C independent of f € A2(B") and z € B" such that

1
171 < o™ (s i

We also need the following estimate for derivative of functions in weighted Berg-
man-Orlicz spaces. See Lemma 4.8 in [20] for a complete proof.

LEMMA 2.3. Let oo > —1 and ® € 49U L,,. Then there exist two positive con-
stants C, = C(o,n) and D, = D(o,n) independent of f € A(B") and z € B" such
that

Cn — Dn ux
V(@) < 7= |Z‘2q> 1(( p |2)n+1+a>Hf”zl4‘D B

REMARK 2.1. By the proofs of Lemma 2.16 in [19] and Lemma 4.8 in [20], we
can choose the constant C := max{1,D,} instead of 1 and D, in Lemmas 2.2 and 2.3.

LEMMA 2.4. Let o > —1 and ® € YU L,. Then for every t >0 and w € B",
the following function is in AS (B")

fur®) =07 (i) (T ;>>2("H+a)+t7

where C is an arbitrary positive constant. Moreover,

sup ||fwt||A<1> By ~ SL
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Proof. Let
1 —[w|? \ 2t 1+a)+
gw(z) = (m) .
We first have

[ 0 @avec) = [ (07! (s len(@) Javels) = 1+,

where c
_ -1
= /{ZE]B”i\gw(z)Kl}q)(q) <(1 - |w|2)"+1+a> ’gW(Z)DdV“(Z)

and
C

_ —1
J= {zeE":lgW(z)\>l}q)(q) ((1 _ ‘w‘2)n+l+a> |gW(Z)|>dva(Z)~

Let us start by considering the case where @ € 419. Since ®(r)/r is non-decreasing
on (0,), we have
O(rigu(2)) _ @)
rlgw(@] T r
forany z € {z€B": |gw(z)| < 1}, which shows

C
_ —1
= {z€B":|gw(z)[<1} q)<q) ((1 _ |w|2)n+1+a> }gw(z) DdVa(Z)

_ 2\n+1+o+r
cof obD)
B |1 — <Z7w>|2(n+1+06)+t

dvy(2)
S,

where we use Theorem 1.12 in [45]. Using that @ is of positive upper type g and
g > 1, we obtain

c
—1
{zeB":|gw<z)\>1}q)<q) ((1 - \WP)’””“) |gW(Z>|>dV“(Z)

c
< oo (— — ()7
N/{zeB":|gw<z>\>1} ( ((1—\W\2)”“+“>>|g @) dva(a)

_ C / (1— |W|2)2q(n+1+oc+%)
< (1— |w|2)n+l+a B[] — <Z,W>‘2q(n+l+a+%)
<1

J=

dve(z)

We now consider the case where ® € £,. Using that ® is of lower type p and
Theorem 1.12 in [45], we have

) c
1:/{26371:‘“&)'@}@(@ 1(—(1 — |w|2)n+1+a>’gW(Z)Dd\/a(Z)
C
< o f @ v
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—|wl? \ Rn+140)+
o) /n<1 |l )[( o t]pdva(z)

Py S AT (o)
<1
We consider the second integral. Using the fact that ®~!(r)/r is non-decreasing
on (0,e), we obtain
o (r) _ @ (rlgw(z)])
roT rlgw(@)l
forany z € {z € B": |gw(z)| > 1}, which shows

8w (@)@~ (1) < @7 (rlgu(2)])

forany z € {z€B": [gw(z)| > 1}. Hence, we have

{zeB™:| gy (2)|>1} q)< - (W) }gw(z) |>dVa(z)

_ 1 / < 1—|w? >2(n+1+a)+rdv @
5 (l _ |w|2)n+1+0£ n ‘1 _ <Z7W>| o\
<1

J=

This finishes the proof of the lemma. [l

3. Boundedness and compactness of RW, , : AT (B") — Hg; (B")

Let ¢ = (¢@1,...,0,) € S(B"). By (Re¢y,...,Re,) we denote R, and by V[ the
gradient of function f'. We assume that holomorphic self-map ¢ satisfies the following
condition:

Thereisa 6 € (0,1) such that

%0(2)| < 5/(R0(2), 0(2)] @

on K={zeB":|p(z)| > 6}.

It is easily seen that if » = 1, all the holomorphic self-maps of D satisfy this
condition. While if n > 1, we can also find some holomorphic self-maps ¢ to satisfy
this condition. For example, if R@(z) = ¢(z), then ¢ satisfies the condition. For such
holomorphic self-maps, one can see, for example, ¢(z) = (z1,22/2,-..,2:/1).

Now, we characterize the boundedness of RW,, o : AS (B") — Hg; (B").

THEOREM 3.1. Let o0 > —1, ¢ € S(B") satisfying condition (2), u€ H(B"), ® €
UIUL,, and o be a positive function defined on (0,1]. Then the following statements
are equivalent:

(i) The operator RW,, o : AD(B") — Hg;(B") is bounded.

(ii) The functions u and @ satisfy the following conditions

o }‘ﬁu(z)} C
M= swp o s (T prree) < ©)
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and

_ [u(2)|| R (2)] | c _
M= zSeIBB' o(l1—z)(1—=e(2)») ((1_|¢)(Z)|2)n+1+a) < o0 4)

where C is the positive constant in Remark 2.1.
Proof. (i) = (ii). Suppose that ( /) holds. First for each h € H(B"), we have

I(h(e(2) < 8(p,
82, ; 82,( 2

from which it follows that

R(h(9(2)) = (Vh(9(z)), Ro(z))- (5)

In Lemma 2.4, let t = 0, C the constant in Remark 2.1, and replace w with @(w).
Then we obtain the function f,,(z) := fy(w),0(z). From some calculations, it follows
that

-~ C
fulo(w) =0~ = WWM) ©)
and
Uw iy ! C 1—[p(w)[* \2n+150) — @;(w)
52 @ = o (T rorErs) (T o0 (o)’
(7
where ¢q, =2(n+ a+1). From (7), we have
9w otw)) = o -1 ¢ 9;(w)
32, 00 =cen®™ (poropere) oo ©®
From (8), we obtain
W) = e ! ¢ o(w)
Vhl90) = e ([T pgppee) T g ®
Hence, from (5) and (9) we deduce that
e c |Sop(w), o(w)|
Rl 0)] = car®™ (pgrppere) T fppp (19

From (6), (10) and the boundedness of RW,,, : AS(B") — H;;(B"), we have

_ C | Ru(w)|

> (o) o0 =)
o c ()] Fep), p()]
o (T Te) o1 = )1 = o)



308 ZHI-JIE JIANG AND XIAO-FENG WANG

1
= oy RO (00| -
_
o(l—|w|)
_ ;|
o(l—|w|)

: SR (o)

o (1 — |wl

S

[9Ru0) o (9)) + ()R o (0 (0))

RWo g fuo(W)| < [ RWatp firll 15 ) < ClRWop - (1D

From (11), we obtain the following inequality

_1 C |9?u(w)’
B e Frwy
C (W)l (S (w), o(w))]
o) o= =l 12

< C[RWy g +can® ! (

On the other hand, from Lemma 2.4 it follows that the function
gw(2) = o), 1(2) = fow) 0(2)

is in AZ(B") and [gw"s ) < C- From some calculations, we similarly obtain
o

C Ro(w), p(w
[R(guw(p(w))] = q’_l((l - ‘(p(w)|2)”+l+a> : lq)—(<l)>($§|2)>|

13)

and g,,(¢(w)) = 0. From this, (13) and the boundedness of RW, o : A® (B") — Hg; (B"),
it follows that

o <<11— T a1

= o 40K (w0 (w))]

= m [FRu(w)gu (@(w) + u(w)R(g((1)))

= m | RW,pgw(w)|

<[V |y (14)

which shows

sup d~! ¢ u(2)||(Re(2), (Z)Tzl

QLI | R W | o - (15
30 (o) w0 - 0 o) < | WMot 19

Hence, from (12) and (15), it follows that

— sup M@ g c _
= i (T eappe) <
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For 6 and K in (2), from (15) we have

u u(@)||Re ()| - C
e e A e o)

L IR0, 00)] o c
< E?EJIE 60(1 — |Z|)(1 — ‘(p(z)‘z)q) 1((1 — ‘(p(z)‘2)n+l+a>

1
< g ||%Wu7¢gw’|H$(E")

<l
< oo,

309

(16)

Take functions f(z) =1 and f(z) = z;, respectively. From the boundedness of RW,, ¢

AR(B") — H3(B"). we get

[Ru(z)|
e o(1— 2]
and
ZSEUBg mmj(Z)%M(Z) + ”(Z)ST‘PJ(Z)} < ee.

From (17), (18) and the boundedness of @;(z), we have
Ro:
wup HOIF0,0)] _
cepr O(1—z])

Since
R < [Ro1 (@) + R () [+ -+ [Reu(2)],
by (19) we have

()[R () 1 c

ek 01— )1 @@ (u - |<p<z>|2>n+l+a>
u(2)[Ro(2)|

S S0 (- )

LB )% ()

SCas LS L0 )

< oo,

where
1

C
_ -1
Co6 = 7 52@ ((1 _ 52)n+1+a>'
Consequently, from (16) and (20) we get

B w@Re2)|
Mo = S o= 1)~ o@D (<1—|<p<z>|2>n+l+a

c
)<=

a7)

(18)

19)

(20)
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(ii) = (i). Suppose that (3) and (4) hold. Then for every f € A2(B"), from
Lemma 2.2, Lemma 2.3 and Remark 2.1 we have

|RWoo f || s (ry = sup

1
sup gy | Ru@(0(@) +u@R(F(0())]

Ru@IF0R)] . u@IRF(9E))]
SHP T e(-) SR e-p)
@I mEI(VAeE).Fe@))|
T T ED
Ru)| c "
<csw om i (Trrps) e

u@) IRV ()]

T o)
Ru@)| g1 C .
<csp o ® (o) e
@R (€ -
Cy, @ o
+ Zseu]}agl o(1-]z))(1-]e(2)|?) ((1_|(P(Z)|2)n+l+a>||fHA (B")

= (CM1 + Cab2)|IF 165

which shows that the operator RW,, o : AS(B") — H;(B") is bounded. [

From the fact H;, (B") — A,(B") when o € Q,, and Theorem 3.1, we can obtain
the following result.

PROPOSITION 3.2. Let o> —1, ¢ € S(B") satisfying condition (2), u € H(B"),
O cUTUL,, and ® € ). If u and ¢ satisfy the following conditions:

Ru(z)] o C
zseu]Bg o(1—|z]) 1<(l—|q)(z)|2)n+l+a> <o

and

L @R c )
= T D= le@P TTe@PF) <=

where C is the positive constant in Remark 2.1, then the operator RW,, ¢ A2(B") —
Hg, (B") is bounded.

Next we prove the following compactness criteria.

THEOREM 3.3. Let a > —1, ¢ € S(B") satisfying condition (2), u € H(B"),
D ecU1UL,, and o a positive function defined on (0, 1]. Then the following statements
are equivalent:

(i) The operator RW,, o : AR (B") — Hg;(B") is compact.
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(ii) The functions u and @ are such that Ru € H;,(B"), for each j € {1,2,...,n}

u(2)|| %, (2)]

Li=swe == == 1)
- [Ru@)| -1 C B
|q>(1;ﬂﬂ—>1 o(1—|z]) <(1 — |(P(Z)|2)n+1+a> =0, (22)

and

i u(@)[|Re(2)] . C -
Iwgzﬂll o(1—z[)(1—[e(2)[?) <(1 - |(p(z)|2)n+1+a> =0,

(23)
where C is the positive constant in Remark 2.1.

Proof. (i) = (ii). Suppose that (i) holds. Then RW,,, : AD(B") — Hg(B") is
bounded. For any f € A2(B"), it follows that

[RWaio f 15 5y = sup ———<[Ru(2) f(9(2) +u(@)R(f(9(2)))| <. (24)
zerr O(1—12])
Taking f(z) =1 and f(z) = z; in (24), we obtain that Ru € H;, (B") and (21).
Next consider a sequence {¢@(z;)} in B” such that |@(z;)| — 1 as j — eo. If such
sequence does not exist, then (22) and (23) obviously hold. Using this sequence, we
define the functions f;(z) = fy(;;)0(z). Then the sequence {;} is uniformly bounded

in Ag’(lﬁ%”) and uniformly converges to zero on any compact subset of B" as j — oo.
Since f; is defined by replacing ¢(w) by ¢(z;) in f,, in the proof of Theorem 3.1,
from (12) we have

|Ru(z,)| 71( C )
o(1—zl) (1 —[@(z))[?)rri+e
o G Re()), 9(z)] 4( C )
“o(1—z)(1—]e()P) (1= lo(z)) )ttt
< || RWao fill 1z (1) (25)

We also define the function
8i(2) = fo().1(2) = fo(z).0(2)

for each j € N. The sequence {g;} is uniformly bounded in A®(B") and uniformly
converges to zero on any compact subset of B" as j — oo. From (15), we have

u(z)[(R(z), @)
o(1—|z;) (1= e(z)P)

C
((1 _ |(P(Zj)‘2)n+l+a> S ’|9{W“7‘ng||H$(IB")' (26)
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From (25) and (26), it follows that

[Ru(z))| % 9
ol —zl) (1= lo(z)P)retre

) < URWa )+ Car IR W 5 )

From the compactness of RW,, : AS(B") — Hg;(B"), it follows that (22) holds.
Since |@(z;)| — 1 as j — oo, there exists a J € N such that |¢(z;)| > & for j >J,
thatis, ¢(z;) € K for j > J. Similar to (16), we can obtain

|u(z)) || Re(z))]
o(1—[z;)(1—|o(z))[?)
This implies that (23) holds.
(ii) = (i). We first check that W, : AS(B") — H;;(B") is bounded. For this,
we observe that (22) and (23) imply that for every € > 0, there is an 1) € (0,1) such
that

1
< EH‘.KWu,ngHHg;’(E")'

Ru()| - ¢
o(1—1z) l<(l—|q)(z)|2)n+l+a> <ée (27)

and

u(@)|[Re(2)] I ¢
o(1=z)(1=le(2)]?) Ql—hﬂdPy+““><8’

(28)

forany z€ Ky ={z€B": |p(z)| > n}.
Write
_ ), c
I(z) = a)(l—|z|) 1((1_‘(p(z)‘2)n+l+a>

and

_ _ u@Re(2)] - c
M= o(1=1z))(1-le(2)]?) <(1 —|p(z)[2)rt1+e )

Then from (21), (27) and (28) we have

My =supl(z)= sup I(z)+ sup(z)

2€B" 2€B"\Ky €Ky
<R S
<19l 9™ (e ¢

and

M, =supJ(z)= sup J(z)+ supJ(z)
zEB” z€B"\Ky €Ky

L C
D D 2 Sy G
j; J (1 _ n2)n+l+0¢
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From Theorem 3.1, it follows that W, : AS(B") — Hg;(B") is bounded.

To prove that RW,, o : AT (B") — Hg; (B") is compact, by Lemma 2.1 we just need
to prove that, if {f;} is a sequence in AS(B") such that 1 fill @@ <M and {f;}
uniformly converges to zero on any compact subset of B” as j — oo, then

Him [|RWe o £l 15m) = O-

For any € > 0 and the associated 1 in (27) and (28), by using again Ru € H;;(B"),
(27), (28), Lemmas 2.2, 2.3 and Remark 2.1, we have

[ RWoiofill 1z ()
1

= sup o R i(0(2)

= sup s [Ru(2) () + (IR (0(2)|

= sup o ) (0(6) + () (V1 (0(2). Ko )|

E‘?m'? Z“ (o ”*5;%1 (’ 'Z|))<ij<<p<z>>,m>\
< sup al?m Z}| |fi(o(2)] + :g@%}vﬁ(wzm
gze%‘i{} al?iu_ Z|| |fi(o >|+fe“£,%|ff("’(z”|

oo e e+ s E v ot
SIRuliger) e @]+ M s o ()
*,;L e |V +GM sup wu'fio’i?‘-‘iéil»a N =reass)
< N|Ru s ) {lezl‘lf)n |fi(z |+j=21L {Zszl‘lf)n |V£i(z)| + (C+ Ca)Me. (29)

It is easy to see that, if {f;} uniformly converges to zero on any compact subset of
B", then {g—?} also does as j — oo for each i =1,2,...,n. This shows that {|Vf;|}

uniformly converges to zero on any compact subset of B" as j — oo. Since {z € B" :
|zl <n} is compact subset of B", by letting j — oo in (29) we have

tim [|RWe . fjll158) = 0.

This shows that RW,, o : AS(B") — H(B") is compact. [
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4. Boundedness and compactness of W, ,% : AT (B") — Hg; (B")

THEOREM 4.1. Let a« > —1, ¢ € S(B"), uc HB"), @ U UL,, and o a
positive function defined on (0,1]. Then the following statements are equivalent:

(i) The operator Wy, ¢R : A2 (B") — Hi;(B") is bounded.

(ii) The functions u and @ satisfy the following condition

u(2) I i
M= S -een (- feppe) < 60

where C is the positive constant in Remark 2.1.

Proof. (i) = (ii). Suppose that (i) holds. Then there exists a positive constant C
such that for every f € A2(B"),

W o RS ) < ClLANRS -
Considering the function f,,(z) = fy(w).0(2), we have

lo(w)P?

_ C
R0 = oot (T forperea)

From this and the boundedness of W, R : AZ(B") — Hg;(B"), we obtain

1

(i =)o T )] =

W}u w)R f (@(w ))}

u(w)ll@(w)|? 1 C
S W -TomP” (T Tommpre)
< WaoRfowll s my < C||Wap R

=Co,n

which shows

u@)lleE)? o c _
I:= 56111551 o(l1—z))(1—=e(2)*) ((1_‘(p(z)‘2)n+l+a> < oo,

Then for a fixed 6 € (0,1), we have

() y c I
(0] < = < oo, 31
i s U= —Te@P) (o) <z <= 6D

Also taking the function f(z) =z;, we have

|u(z)|]@;(2)]
Wi oRf |l gy = sup —2——20
Wi o RS 11z () E]BEI o(1-|z|)

From this and the boundedness of ¢;, we get

u(z)|
Ji=sup —————~
e O(1—1z])

< oo

(32)
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Hence,
|u(z)] 1 c
sup D <dgJ < oo, (33)
(zloz)<sy @1 — [z (1 —[(2)[?) ((1 - \(P(Z)\z)"“”‘) °
where | c
_ —1
d=1-5® ((1—52)n+1+a>'

Consequently, (31) and (33) show that M3 < oo.
(ii) = (i). Suppose that (30) holds. Since

-, @)~ 12/@)) _ §
R =| 2z < 2 Izl <
PRUCIR LIRS
for every f € A®(B"), by Lemma 2.3 we have

u(@)Rf((2))]

s D~ avre)

1
W R flp (Br) = sup ———
Wit o RS 155 () ngg w(l—lzl)}

) : ¢ )
\/_C Zseu]Bgl CU( _‘Z|)(1_|(P(Z)|2)q) 1((1_|(P(Z)|2)n+l+a>”leACD (B")

= VG | f13% g

which shows that the operator W, o R : AS(B") — H;(B") is bounded. [
The following result is proved similarly.

PROPOSITION 4.2. Let o0 > —1, o € S(B"), uc H(B"), ® € WUL,, and o €
Q. If u and @ satisfy the condition

. Ju(z)| » c )
= TR (TP <=

where C is the positive constant in Remark 2.1, then the operator W, R : A2(B") —
Hg (B") is bounded.
Now we prove the compactness criteria.
THEOREM 4.3. Let p>1, o> —1, o € S(B"), uc HB"), ®cUIUL,, and o
be a positive function defined on (0,1]. Then the following statements are equivalent:
(i) The operator Wy ¢R : A2(B") — Hg;(B") is compact.
(ii) The functions u and @ are such that u € Hg,(B") and
. ju(2)| = 9
lim o ( ) =0,
p@=1 o1 =[z)(1=leE)?) ~ N1 -lp(z)P)r+!+e

where C is the positive constant in Remark 2.1.

(34)

Proof. (i) = (ii). Suppose that (i) holds. Then W, R : AD(B") — Hg(B") is
bounded, so for any f € A®(B"),
u(@)Rf(9(2))|

W o R fll e gy = sup L TP (35)
Wea 5 = 20 ot —F2)
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Taking f(z) = z; in (35), we obtain

u@)ll; ()]

SASALR AN Ry 36
B 50)

From the boundedness of @;(z) and (36), it follows that

|u(z)]
sup ————— < oo,
zemn O(1—1z])

which means that u € Hg, (B").

Next consider a sequence {¢(z;)} in B” such that |@(z;)| — 1 as j — eo. If such
sequence does not exist, then (34) obviously holds. Using this sequence, we define
the functions fj(z) = fy(;;)0(z). Then {f;} is uniformly bounded in A2(B") and
uniformly converges to zero on any compact subset of B" as j — c. From some
calculations, we obtain

0P o c
10| = con o e (o)

Hence, the compactness of W, o R : AZ(B") — H;(B") implies that
}E}; Wi, RS || ez () = 0.

From this, we have

i |u(2,)\ 1 C _
I G- (e =

This shows that (34) holds.
(ii) = (i). We first prove that W, o%R : AZ(B") — Hg(B") is bounded. For this
we observe that (34) implies that for every € > 0, there exists an 11 € (0,1) such that

u(2)| ¢

o : 37
- Teen (T prp) <¢ G)
forany ze Ky ={ze€B": |p(z)| > n}.
Let
Ju(z)] . c
K(z) := (6} )
) o(l—z))(1—]¢(2)[?) <(1 — ‘(p(z)‘2)n+l+a>
Then we have
_ (R C
M; _ze]SB%B{)Kn K(2) +Zs€1}gl((z) < Nullsgen 1= =@ ((1 _n2)n+l+a> +e, (38)

which shows that W, % : A2 (B") — Hg;(B") is bounded.
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To prove that W, o R : AD(B") — Hg; (B") is compact, by Lemma 2.1 we just need
to prove that, if {f;} is a sequence in AS(B") such that 1 fill s @y <M and {f;}
uniformly converges to zero on any compact subset of B” as j — oo, then

,151010 Wa,o RSl gz () = 0.

For any € > 0 and the associated 7 in (37), we have, by using again u € H;, (B"), (37)
and Lemma 2.3,

1 1
Wi oRFill g mny = suiWu_iR' =sup ———— YRS
Wl 0y = 30— Wi £5(2)| ZeR"nmu—\zn'“(z) fio(@)|
|u(z)] |u(z)]
< su 79? + su 79? (0(z
e oy @)+ s T e @)
<ullpgz@ny  sup  |Rf()|
{zeB":|z|<n}
|”(Z>| ~1 C
+ C,M su D
ar o(1—2)(1-9R)P) <<1 - \¢<z>\2>"+l+a>
<ullgm@ny  sup | Rf(2)]+ CaMe. (39)

{zeB":|z[<n}

It is easy to see that, if {f;} uniformly converges to zero on any compact subset of B”,
then {Rf;} also does as j — eo. From this, and since {z € B" : |z| < n} is compact
subset of B", letting j — o in (39) gives

lm [ Wag 9 5 ) =

This shows that the operator W, o3 : AS(B") — Hg(B") is compact. [
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