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EIGENVALUE INTERLACING FOR FIRST ORDER
DIFFERENTIAL SYSTEMS WITH PERIODIC 2 x 2 MATRIX
POTENTIALS AND QUASI-PERIODIC BOUNDARY CONDITIONS

SONJA CURRIE, THOMAS T. ROTH AND BRUCE A. WATSON

(Communicated by J. Behrndt)

Abstract. The self-adjoint first order system, JY' 4+ QY = AY , with locally integrable, real, sym-
01
-10
a unitary transformation applied to the boundary value problem considered in [6], it is shown that
all eigenvalues to the above equation with boundary conditions Y () = £R(6)Y(0), where R(6)
is the rotation matrix < cos 0 sin6 > , occur when the discriminant Ag = Tr(Y(r)TR(8)) is
—sin@ cos 6

equal to £2. Here Y is the solution of the first order system obeying the initial condition
Y(0) =1I. In addition, an expression for the A -derivative of the discriminant Ag is given and
some monotonicity results are obtained. Interlacing/indexing properties for the eigenvalues of
various operator eigenvalue problems are proved.

metric, 7w-periodic, 2 x 2 matrix potential Q is considered, where J = . By means of

1. Introduction

Quasiperiodic eigenvalue problems fall into the following two categories:

(i) The potential is quasiperiodic, see [1, 7].

(i1) The boundary conditions are quasiperiodic, see [11, 12].

The problems that are investigated in this work are of the second type. In [§]
eigenvalue problems with quasiperiodic boundary conditions were studied. In partic-
ular, boundary conditions of the form y(7) = @y(0) with || =1 and arg(®) # k=,
were considered. We note that periodic and antiperiodic boundary value problems are
in fact special cases of these. Quasiperiodic boundary value problems have in addition
been referred to as @ -twisted boundary value problems, see [4, p. 21]. For recent work
done in this area see [2, 13, 14, 16].

Here we consider the differential equation

0Y :=JY'+ QY = 1Y, (1.1)
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where J = ( 01 (1)> and 0 = (‘2 (;I ) . Here ¢q,q1,q> are real valued, integrable and
- 2

w-periodic.

Let Y=V 1o] = B H ;} 21} be the solution of (1.1) obeying the initial condition
12 Y22

Y(0) =I. The A-intervals on the real line for which all solutions are bounded will be
called the intervals of stability while the intervals for which at least one solutions is
unbounded will be called instability intervals.

In Section 2 we define a unitary transformation which enables us to obtain the
following (as a direct application of this unitary transformation to the boundary value
problem considered in [6]):

(i) The eigenvalues of (1.1) with boundary conditions Y () = +R(6)Y (0) occur
precisely where Ag := Tr(Y(m)TR(0)) = £2.

(ii) An explicit form for the A -derivative of Ag.

(iii) Monotonicity results concerning the first and second A -derivatives of Ag.

Section 3 contains the main results, namely an interlacing structure for the eigen-
values of (1.1) with certain separated boundary conditions. This relates to the indexing
of eigenvalues and hence also to [0, 9, 11, 12, 15].

2. Unitary transformation

Let Y be a solution of (1.1) obeying the boundary conditions Y () = +R(6)Y (0).
If the unitary transformation V of Y is defined as follows

Ox 9x
cos = —sin =
Ve = (S oraf )7 e
for x € [0, 7], then V is a solution of the boundary value problem
;o 0
JV' 4+ QV = )H_E V, (2.2)
satisfying V() = £V (0). Here
6x Gx Ox Ox
~ cos = sm = cos 7 sin >
O(x) = ( sin é cos ) () (— sin & 9" cos % ) ’ 2.3)

Let V=[V| Vo] = [:11 “jzl] be the solution of (2.2) obeying the initial condition
12 V22

V(O) = [. Note that [V11V22 — V21v12](7l') =1.
Then, from [6, Section 3],

Ap = vi1(m,A) +vn(m,A)
= y11(m)cos 0 — y12(m)sin 6 + yo1 (1) sin O + yo (1) cos 6.

For each A € C consider the problem of solving

V(r) = pe(1)V(0), (2.4)
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where V is a non-trivial solution of (2.2) and pg(A) € C. This results in pg(24) being
multivalued and V can be represented as V = V(x)c, for some ¢ € C?\ {0}. Thus
solving (2.4) is equivalent to solving

(V(x) ~ po(A))c = 0 2.5)

for ¢ € C2\ {0} and py(A) € C. A necessary and sufficient condition for the existence
of solutions ¢ € C2\ {0} of (2.5) is det(V(x) — pgl) = 0. This can be expressed as

ps —poAg+1=0. (2.6)

Hence Ay is called the R(0)-discriminant of (1.1) and

Ap+ /A3 —4
2.7)

+
Po=—7

are called the Floquet multipiers of (1.1). Note that pg pg = 1. It thus follows that
A is an eigenvalue of (1.1) with boundary condition Y () = R(6)Y (0) if and only if
Ag(A)=2 and A is an eigenvalue of (1.1) with boundary condition Y () = —R(6)Y (0)
if and only if Ag(A) = —2. The eigenvalue problems under consideration are self-
adjoint, so we can restrict our attention to A € R and these eigenvalues are the boundary
points of the sets Ay > 2.

Let

Tp = {A €R:|Ag(R)| >2}. (2.8)

The maximally connected subsets of Xy are referred to as regions of R(0)-instability
and the maximally connected subsets of R\ g are referred to as regions of R(0)-
stability. The R(0)-instability intervals and the R(0)-discriminant were studied in [6].

We now focus our attention on the discriminant Ag. Note that for real A, Y has
real entries and hence Ag is real valued.

THEOREM 2.1. Let A € R. The A -derivative of Ag is given by
dAg

T
= tm(mcos6 —yn(m)sing) [ ¥ ¥ias

+[(v22(m) = y11(7)) cos @ 4 (y12(m) +y21(7)) sin 6] /0” Y'Y, dt

+(=y11(7)sin @ — yj2(7) cos H) /On Yl Y, dt, (2.9)
which can expressed as
T = —u(msing+yi(meoso) {1 —an B+ BN, @10
SJor y11(m)sin 6 + yj(m)cos 6 £ 0,
B0 (am(m)cosd +yn(m)sing) {1 —cnlF+ IR}, @1

Jor y21(m)cosO — yyo(m)sin 6 £ 0.
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where

A= (v22(7) —y11()) cos 0 + (y12(7) + y21(7)) sin 6
2(y11(m)sin @ + y1o() cos 6)
] 18
4y (m)sin6 4 y12(7) cos 6)2”
(y22(7) = y11(w)) cos 6 + (y12(7) + y21 (7)) sin O
2(y2(m)sin@ — y21 (1) cos 0) ’
4— A%
4(y21 () cos @ — yx(m)sin@)2’

)

C =

D =

Proof. From [6, Lemma 3.2] we obtain that the A -derivative of Ag is given by

dAg T o T o T
T =V21(7'E)/0 Vi Vldt+(vz2(7t)—v11(rc))/0 ViV, dt—vlg(rc)/o Vi Vo dt
(2.12)

which can also be expressed as

dA A2 —4 v (1) —vii(m
9 _ o ){ 0 2 HV_ 22(7) — v ( )V1

= _ % ||vilIZ =
dx 4v%2(n)” 1z 2via(m)

dAg va(m) —vu(m) ||° Aj—4
- _ V4=, v —
da V”(’”{H w7, 42 (m)

2
} 5 V12(TC> 7é Oa (213)

2

||V2§}, var(m) #£0. (2.14)

Using the transformation

Ox Ox

Vilx) = (COSZ; _Smx_)Yi(x),

s

for i = 1,2 we obtain, by means of straightforward calculations, equations (2.9), (2.10)
and (2.11). O

As a consequence of the above theorem we obtain the following three corollaries.

COROLLARY 2.2. If Ag(L) = £2 and “S2(A) =0 then yii(n) = +cosf =

ya2(m) and i‘fi;‘; (1) <o.

Proof. Again directly from [6, Lemma 3.2] we have that if Ag(A) = +2 and
4% (1) =0 then q:{if; (A) >0 and vi»(m) =0 = vy () . Thus
y11(m)sin 0 4 y12(mw) cos O = 0 = y21 () cos O — yo () sin 6.

The above equations together with [y;1y22 —y21y12](7) = 1 and Ag = £2 give yo;(7) =
+sin 6, y;p(mw) = FsinO and y; () = +cosO = yx(m) so that Y(r) =+R(6). O
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COROLLARY 2.3. If |Ag| < 2 then for yy1(7t)sin 8 + yi2(m) cos 8 # 0

1 dAg
—2 <0 2.15
y11(7)sin 6 + y12(7)cos 0 dA =Y @.15)
and for —y,1 (1) cos 0 + yy(m)sin® # 0
1 A
dho _, (2.16)

—y21(1) cos 6 + yx(m)sin® dA

Proof. If |Ag| < 2 then by [6, Lemma 3.2]

1 dAg
<0, for vp(m)#£0, 2.17
() d 12(m) # (2.17)

1

dAg
var(m) dA

>0, for vy (m)#D0. (2.18)

Since vi2(7) = y11(7)sin® + yja(mw)cos O and va1 () = —y21(7) cos 0 + yao () sin 6
the result follows. [J

COROLLARY 2.4. If sin0y;(m)+cosOy12(m) =0 or cos Oy (1) —sin Oy () =
0, then Ag -sgn(cos0yq1 () —sin Oy (7)) > 2.

Proof The determinant of V being 1 gives, vij(7m)vyo(m) = 1, so that Ag =
vii(m)+ m( - Thus if vii(m) >0 then Ag >2 andif vy () <O then Ag < —2. The
results follows since vy () = cos Oy () —sinOyp (). O

3. Interlacing of eigenvalues

Let H=_.%(0,7) x .%(0, ) be the Hilbert space with inner product
T —
(Y,Z) = / Y()'Z(t)dt forY,Z € H,
0

andnorm ||Y || :=+/(Y,Y). The Wronskian of Y and Z is givenby [V, Z]y =Y'R(0)Z.
We consider the self-adjoint operator eigenvalue problems

LY =AY, (3.1)
where L; = €|,y and

P(Li)={Y e H :Y € AC,¢Y € H,Y obeys (BC;)},
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fori=1,...,8. Here

Y(0) =Y(n), (BCy)
Y(0) = —Y (), (BG,)
y1(0) =0 =y1(7), (BG3)
¥2(0) = 0= y(m), (BCs)
R(6)Y(0) =Y (), (BGs)
—R(6)Y(0) =Y (), (BCe)
y1(0) = 0= y(m), (BCy)
¥2(0) = 0=y (7). (BCs)
5; Eg) be the solution of (1.1) satisfying the initial

For A,y € R, let ¥(x) = (
) Here y; and y, are real valued. Define P(x,1,7)

condition v1(0) ) _ (cosy
v2(0) siny
and (P(x7 A‘a Y) by

— P(xaAvY)COS(P(x,A,)/)
Y= (P(x,l,y) sin(x,A,7) ) ' (3.2)

where P(x,A4,y) >0 and @(x,A,7) is a continuous function of x with ¢(0,4,7) =7.
From now on ¢ will be referred to as the angular part of ¥. The function P(x,A,7)
is differentiable in x,A,y, and @(x,A,y) is real analytic in A and y for fixed x, and
differentiable in x for fixed A and y. Here ¢(x,A,7) is the solution to a first order
initial value problem

¢ = A —qsin2¢ — g cos> ¢ — gy sin” @, (3.3)
®(0) = 7. (3.4)

where @' = a . This initial value problem obeys the conditions of [10, Section 69.1],
from which it follows that @(x,A,7) is jointly continuous in (x,A,y). Moreover, for
fixed x > 0, @(x,A,y) is strictly increasing in y and A, see Weidmann [15, p. 242],
with @(x,A,y) — teo as A — +eo, see [3]. Thus the eigenvalues, v,, U, B, and §,,
neZ,of Ly, Ly, Ly and Lg, respectively, are simple and determined uniquely by the
equations

o7, v, /2) = n+§, nez, (3.5)
o(m, Uy, 0) =nr, neZ. (3.6)
o(n,Bn,w/2) = (n+1)n, neZ, 3.7

o(1,50,0 )—nrc—l-g, ne’. (3.8)

As a consequence of the above observation it follows that L, vy, B, §y — +e as n —
Foo.
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For %, as defined in equations (2.8), it has been shown, [6], that

oo

o= |J Paee1, A U Mgy, A% (3.9)
k=—o0

Here A, and A, are the eigenvalues of the periodic and anti-periodic eigenvalue prob-
lems with suitable indexing, see [6]. Also from [6] we have that:

max{y, V,} <min{fly1,Vur1}, neZ; (3.10)

(—1)"A{(A2) <0, for A € (min{Vy, ty }, max{V, i1, Uy+1}) With [Ag(1)] < 23.11)

the set |Ag(A)| > 2 consists of a countable union of disjoint closed finite intervals, each
of which contains precisely one of the sets {v,,u,},n € Z. The end points of these
intervals as the only points at which |Ag(A4)]| = 2.

We can now prove the following interlacing results for 0 < 6 < 7:

THEOREM 3.1. Foreach n € Z,

Vit 1, Hn1 € (max{ﬁmCn}7min{ﬁn+lacn+l})7 (3-12)
ﬂnaCn S (max{.unaVn}amin{“n-&-lavn-&-l})- (313)

Proof. Since ¢(x,A,7y) is strictly increasing in A we have
T
0] (mﬁm E) =m+1)r

T T
< (n+1)717+— =0 (n,VnJrl?E)

2
T
< (l’l+2)75 = (p (naﬂn+la 5) 1)
giving
ﬁn <Vp1 < ﬁn+l7 (314)
furthermore
T
¢(”7 CmO) = nw+ E
< (n+ 1)1 = @(7, tnt1,0)
T
< (l’l+ 1)7T+ 5 = (P(TC;CnH;O);
showing that
Cn < Upt1 < CnJrl- (315)

Suppose f; > U, 1, then from the monotonicity of ¢ in the eigenparameter and
initial value we have

(n1+ D)7 = (7, 4241,0) < 9. 8,,0) < 9 (7B, 7 ) = (n+ ).
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a contradiction, so f3, < U+1. Suppose B+1 < Uyt1, then

T T
(n+2)r=0 (757ﬁn+17 5) <o <7T7I-1n+1» 5) < QT lpy1,) = (n+2)m,

a contradiction, so f3,+1 > W,+1 and thus

ﬁn < Upt1 < ﬁn+1~ (316)

Suppose &, > v,+1 from the monotonicity of ¢ in the eigenparameter and initial
condition we have

T T T T
(n+ 1)+ 5= 10) (mth E) <o <7r7C,,7 E) <o(ri,m)=mn+1)7+ >

a contradiction, so §, < Vy,11. Suppose Vy 1 = §,11, then

T T T
(n+ 1)77:+ E = (P(7T7Cn+170) < (p(nvanrlvO) <o (nvanrlaE) = (n+ l)ﬂ'-l— 57

SO Vi1 < 11 and thus
Cn < Vi1 < anrl- (317)

Combining (3.14), (3.15), (3.16) and (3.17) gives (3.12) from which (3.13) follows.
THEOREM 3.2. If A € (min{ W41, Vur1 },max{Bur1,Cutr1}) and |Ag(A)| <2 then
dAy
—1)'—= . 1
(~1)"S22(2) > 0 (3.18)

Proof. From the monotonicity of ¢(m,A,%) in A, we have for 4 € (B, But1)
that

i+ Dr=o (B3 ) <o(r2.5) <o(rBu1T)=(+2)r,

thus
n — (1) AP r
(—1)"ym(m, 1) = (1) P(n,/l, 2>s1nqo<7t,7t,2> <0. (3.19)
While for A € (V,1, V,12) we have that
(n+D)r+F =0 (7, vur1, %) <@ (M4, %) <@ (7, Vii2, %) = (n+2)n+ %,
and so
n (1) r r
(—=1)"yo1 (m,A) = (=1) P<7t,7t,2>005(p(7r7/l7 2) > 0. (3.20)

Thus for A € (B, But1) N (Vi Vare1) = (Va1 Bur1) and |Ag < 2| we have by Corollary
2.3 that (—1)"%2 (1) > 0.
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Moreover for A € (&, 1) we have
nw+5 =o(r,0,,0) < o(n,A,0) < @(m,{,41,0) = (n+ 1)+ Z,
thus
(—D)"y11(m,A) = (—=1)"P(m,A,0)coso(m,A,0) <O. (3.21)
Lastly, for A € (Uy+1,Un+2) We have
(n+ 17 = (7, Un11,0) < @(7,4,0) < (7, tn+2,0) = (n+2)7,
resulting in
(=1)"yia(m,A) = (—1)"P(m,A,0)sinp(m,A,0) < 0. (3.22)

So for A € (&, §ur1) N (U, Unt1) = (Uns1,80+1) and |Ag < 2| we have by Corollary
2.3 that (—1)"%%2(2) > 0.
Now, (Vi1 Bt 1) N (U1, Gur 1) = (Max{ o1, Vi1, min{ Gor1, Bt }) # ¢, by
Theorem 3.1. Therefore for
A € (Vn+17ﬁn+l) U (lJ'nJrl?anrl)
= (min{.unJrlaVn+1}7max{ﬁn+la Cn+1})7

with [Ag(A)| <2 we have that (—l)”% is positive. [

THEOREM 3.3. For A € (max{f,, G}, min{tl,+1,Vas1}) # 0, (—1)"Ag(1) <0
and Ag has precisely one zero in [min{,, v, },max{B,, &, }.

For A € (max{By, &}, min{By+1,Gi1}), (—1)"Ag(X) <O and Ay has precisely
one zero in [min{B,, §, }, max{B,, §,}].

Proof. From (3.22) for A € (U, Uy+1) We have

(=1)"y12(m, 1) > 0. (3.23)
Similarly from (3.20) for A € (v, V1) we have
(=1)"y21(m,4) < 0. (3.24)
Combining (3.10), (3.19), (3.21), (3.23) and(3.24),
(=1)"Ag(4) <0, (3.25)

for A € (max{pB,, &}, min{ 41, Vat1}). Thus there must be at least one zero of Ag in
[min{ t,, vy, }, max{B,, &, }]. Combining Theorems 3.1 and 3.2 shows that there is no
more than one zero of Ag in [min{w,, v, },max{B,, {,}|.

Using (3.19), (3.21) and (3.13), for

A’ € (max{ﬁmCn}7min{ﬁn+l76n+l})7 (326)

we have that (—1)"Ag < 0. Hence A has at least one zero in [min{f,, §, }, max{f,, §, }].
Now Theorem 3.1 and (3.11) show that Ay has at most one zero in

[min{Bm Cn}7max{ﬁna cn} - (min{”m Vn}7max{”n+lvvn+l})}' g
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THEOREM 3.4. The set X)) := {A € R : |Ag| > 2sin0} consists of a countable
union of disjoint closed finite intervals, each of which contains precisely one zero of
Ao. The zeros of Ay and Ay interlace each other.

Proof. Since Ag is continuous, Z’e consists of closed intervals. If Ay is a zero

of Ag then yi;(7) 4 y22(m) = 0. Since y11y22 —yi2y21 = 1 we have yi2(m)y2i () =
—(14y3,(m)) which gives y12(7)y21(m) < —1. If yio(m) > 0 then ya;(7) < 0 and

y21(7) < —1/y12(7) 50 Ag(A) = (y21(7) —y12(7r)) sin 6 < — <y12(77:) + #) sin@ <

yi2(m)

—2sin 6, while if yj5(7) < 0 then yo1 () > 0 and y12(w) < —1/y21(7) so Ag(A) =

(y21(7) — y12(7))sin 6 > (yzl(n)+#(ﬂ)> sinf > 2sin@. Thus Ay € Xj,. Let n be

such that Ay € [min{B,, &, }, max{B,,&,}].

Now by Theorem 3.2 for A € (max{t,, v, },min{f,,,}) with |[Ag(1)| <2 we
have that % has constant sign. Therefore (min{gi,, v, }, max{f,,&,}) NZ consists
of at most one interval, on which |Ag| > 2sin 6, but then A¢ is in such an interval so
there is precisely one such interval and Ay is in this interval. We now show that there is
exactly one zero of Ag in each maximal connected subset of Xjy. Let J be a maximal
connected subset of Z’e and suppose that there are ¢,d € J with ¢ < d,Ap(c) =0 =
Ao(d) and Ag(A) #0 forall A € (c,d). Given the above there is an n € Z with

min{ﬁm Cn} < c < max{ﬁna cn} < min{ﬁnJrla CnJrl} g d < maX{BrHrh Cn+l}7

since the zeros of Ag are in the intervals [min{f;,{;},max{B;,{;}],j € Z, with pre-
cisely one in each such interval. But (—1)"Ag(c) < 0 and (—1)""'Ag(d) < 0 so Ag
has a zero in (c¢,d) contradicting the definition of J. Thus there is precisely one zero
of Ag in J.

To show the interlacing of the zeros of Ay and Ag we consider when Ag(4) =0.
In this case y;; = —y2» and from this together with the fact that y11y22 —y12y21 = 1 we
can conclude that yp; and yj, have opposite signs. Thus, since Ag(A) = sin0(yp; —
y12) when Ag(A) = 0, we have that Ag(A) takes the sign of y»;. Now for A €
(min{ By, &}, max{B,+1,8+1}) we have that (—1)"y,; < 0 and hence (—1)"Ag(A) <
0. However, from Theorem 3.3 above, (—1)"Ag(A) > 0 for A € (max{B,—1,:—1},
min{{t,,v,}). Thus Ay has already changed sign before the zero of Ag. Giving that
the zeros of Ay and Ag interlace each other. [

COROLLARY 3.5. The zeros of Ay are contained within X, , with each component
of ¥y containing exactly one zero of Ay and exactly one of the sets {B,,(,}, n € Z.

Proof. If Ag(A) = 0, then from Theorem 3.4, A € X, and every component of
¥}, contains precisely one zero of Ay and conversely each zero Ay lies in precisely one
of the components of Xj,. Furthermore, each zero of A lies in precisely one of the
intervals [min{f;,{;},max{B;,{;}|,j € Z, and each such interval contains a zero of
Ag. Note that Ag does not change sign of this interval and can only obey the equality
|Ag| = 2sin 6 at at most one point of this interval. However Ag(A) = —2(—1)" for
A = By, &, giving that [min{f,, §,}, max{B,,&,}] C Z,n € Z from which the result
follows. [
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