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BOUNDARY INTEGRAL FORMULATIONS OF EIGENVALUE
PROBLEMS FOR ELLIPTIC DIFFERENTIAL OPERATORS
WITH SINGULAR INTERACTIONS AND THEIR NUMERICAL
APPROXIMATION BY BOUNDARY ELEMENT METHODS

MARKUS HOLZMANN* AND GERHARD UNGER

Abstract. In this paper the discrete eigenvalues of elliptic second order differential operators
in L>(R"), n € N, with singular §- and &' -interactions supported on hypersurfaces are stud-
ied. We show the self-adjointness of these operators and derive equivalent formulations for the
eigenvalue problems involving boundary integral operators. These formulations are suitable for
the numerical computations of the discrete eigenvalues and the corresponding eigenfunctions by
boundary element methods. We provide convergence results and show numerical examples.

1. Introduction

Schrodinger operators with singular interactions supported on sets of measure zero
play an important role in mathematical physics. The simplest example are Schrodinger
operators with point interactions, which were already introduced in the beginnings of
quantum mechanics [26, 34]. The importance of these models comes from the fact
that they reflect the physical reality still to a reasonable exactness and that they are
explicitly solvable. The point interactions are used as idealized replacements for regular
potentials, which are strongly localized close to those points supporting the interactions,
and the eigenvalues can be computed explicitly via an algebraic equation involving the
values of the fundamental solution corresponding to the unperturbed operator evaluated
at the interaction support, cf. the monograph [1] and the references therein.

Inspired by this idea, Schrédinger operators with singular & - and &' -interactions
supported on hypersurfaces (i.e. manifolds of codimension one like curves in R? or
surfaces in R?) were introduced. Such interactions are used as idealized replacements
of regular potentials which are strongly localized in neighborhoods of these hypersur-
faces e.g. in the mathematical analysis of leaky quantum graphs, cf. the review [16] and
the references therein, and in the theory of photonic crystals [19]. Note that in the case
of §-potentials this idealized replacement is rigorously justified by an approximation
procedure [4]. The self-adjointness and qualitative spectral properties of Schrodinger
operators with 8- and &' -interactions are well understood, see e.g. [7, 8, 12, 16, 17, 28]
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and the references therein, and the discrete eigenvalues can be characterized via an ab-
stract version of the Birman-Schwinger principle. However, following the strategy from
the point interaction model one arrives, instead of an algebraic equation, at a boundary
integral equation involving the fundamental solution for the unperturbed operator.

In this paper we suggest boundary element methods for the numerical approxima-
tions of these boundary integral equations. With this idea of computing the eigenvalues
of the differential operators with singular interactions numerically, we give a link of
these models to the original explicitly solvable models with point interactions. As the-
oretical framework for the description of the eigenvalues of these boundary integral
equations we use the theory of eigenvalue problems for holomorphic and meromor-
phic Fredholm operator-valued functions [20, 21, 25]. For the approximation of this
kind of eigenvalue problems by the Galerkin method there exists a complete conver-
gence analysis in the case that the operator-valued function is holomorphic [22, 23, 33].
This analysis provides error estimates for the eigenvalues and eigenfunctions as well as
results which guarantee that for sufficiently fine discretizations there are no artificial
eigenvalues, i. e. additional eigenvalues which are not related to the original problem.

We would like to note that other approaches for the numerical approximation of
eigenvalues of differential operators with singular interactions as the finite element
method or the finite difference method are possible. The application of these meth-
ods requires a bounded computational domain which one does not have in the case of
eigenvalue problems of differential operators with singular interactions since they are
posed on the whole R”, see (1.3) and (1.4) below. The eigenfunctions of this kind of
eigenvalue problems typically have an exponential decay behavior as ||x|| — o, there-
fore the usual procedure of these methods consists first in a truncation of the domain
to a sufficiently large neighborhood of the hypersurface which allows then the appli-
cation of standard finite element methods or finite difference methods. Compared to
the boundary element method this results in an algebraic linear eigenvalue problem.
Whereas the convergence of the finite element method for the eigenvalue problem for
differential operators with 0 -interactions can be treated with the Babuska-Osborn the-
ory [3] this seems to be open for the the case of &’ -interactions due to the discontinuity
of the eigenfunctions along the hypersurface, for which we refer to (1.4) below.

We also want to mention the works [13, 18, 29] where it is shown in various
settings in space dimensions n € {2,3} that Schrodinger operators with & -potentials
supported on curves (for n = 2) or surfaces (for n = 3) can be approximated in the
strong resolvent sense by Hamiltonians with point interactions. An improvement of this
approach is presented in [14]. This allows also to compute numerically the eigenvalues
of the limit operator.

Let us introduce our problem setting and give an overview of the main results.
Consider a strongly elliptic and formally symmetric partial differential operator in R”",
n € N, of the form

P = — Z 8kajk8j + Z (ajaj — 8161_]) +a,
k=1 =

see Section 3 for details. Moreﬁver, let Q; be a bounded Lipschitz domain with bound-
ary X := dQ;, let Q. :=R"\ Q;, and let v be the unit normal to ;. Eventually, let y



BOUNDARY FORMULATIONS OF EIGENVALUE PROBLEMS FOR DIFFERENTIAL OPERATORS 557

be the Dirichlet trace and %, the conormal derivative at X (see (3.4) for the definition).
We are interested in the eigenvalues of two kinds of perturbations of & as self-adjoint
operators in L?(R") which are formally given by

Ag:=P+ads and Bpg:=2+p(8,)8,

where Oy is the Dirac 0 -distribution supported on X and the interaction strengths o, 8
are real-valued functions defined on ¥ with o, ! € L*(X). For & = —A these op-
erators have been intensively studied e.g. in [8, 12, 16, 17], for certain strongly elliptic
operators and smooth surfaces several properties of Ay and Bg have been investigated
in [7, 28]. For the realization of A, as an operator in L?(R") we remark that if the
distribution Ay f is generated by an L? -function, then fi := f | Qi have to fulfill

vi=vfe and Byfe—Bvfi=oayf onZ, (L.1)

as then the singularities at ¥ compensate, cf. [8]. In a similar manner, if the distribution
Bpf is generated by an L?-function, then f has to fulfill

Byfi=RByfe and yfe—vyfi=BABvf onZX. (1.2)

Hence, the relations (1.1) and (1.2) are necessary conditions for a function f to belong
to the domain of definition of Ay and Bg, respectively. Our aims are to show the self-
adjointness of Ay and Bg in L?>(R") and to fully characterize their discrete spectra in
terms of boundary integral operators. We pay particular attention to establish formu-
lations which fit in the framework of eigenvalue problems for holomorphic and mero-
morphic Fredholm operator-valued functions and which are accessible for boundary
element methods. This requires a thorough analysis of the involved boundary integral
operators.

When using boundary element methods for the approximations of discrete eigen-
values of A and Bg it is convenient to consider the related transmission problems.
A value A belongs to the point spectrum of Ay, if and only if there exists a nontrivial
f € L*(R") satisfying

(P —-2)f=0 inR"\Z,

vfi=7fe, onZ, (1.3)
Byfe—Bvfi=oyf onZ.

Similarly, A belongs to the point spectrum of Bg if and only if there exists a nontrivial
f € L*(R") satisfying
(Z—-A)f=0 inR"\ZX,
Byfi=Byfe onx, (1.4)
Yie—vfi=B%vf onZk

For the analysis of the spectra of Aq and Bg a good understanding of the un-
perturbed operator A being the self-adjoint realization of & with no jump condition
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at X and some operators related to the fundamental solution of &7 — A are necessary.
Assume for A € p(Ag) U Gaisc(Ap) that G(A;x,y) is the integral kernel of a suitable
paramatrix associated to & — A which is explained in detail in Section 3; for A in the
resolvent set p(Ap) it is in fact a fundamental solution for & — A . We remark that the
knowledge of G(A;x,y) or at least a good approximation of this function is essential
for our numerical considerations. We introduce the single layer potential SL(A) and
the double layer potential DL(A) acting on sufficiently smooth functions ¢ : £ — C
and x € R"\ X as

SL()9(x) i= [ G(a:x.3)0()do()

and
DL()9(x) == [[(#1,G(A:2.5))p(3)do ().

As we will see, all solutions of (£ — A)f =0 will be closely related to the ranges
of SL(A) and DL(A). Moreover, the boundary integral operators which are formally
given by

S (M) :=ySL(A)p, T (A)'@:=RBy(SL(A)@)i+ By(SL(A)@)e,
and
T (M) :=y(DL(A)@)i +7(DL(A)@)e, Z(A)p :=—%yDL(1)0o,

will play an important role. While the properties of the above operators are well-known
for many special cases, e.g. for & = —A, the corresponding results are, to the best of
the authors’ knowledge, not easily accessible in the literature for general &. Hence,
for completeness we spend some efforts in Section 3.3 to provide those properties of the
above integral operators which are needed for our considerations. Eventually, following
a strategy from [10], we show that the discrete eigenvalues of Ay can be characterized
as the poles of an operator-valued function which is built up by the operators .7 (1),
T(A), T (L), and Z(L); see also [15] for related results. Compared to [10] our
formulation is particularly useful for the application of boundary element methods to
compute the discrete eigenvalues of Ay numerically, as the appearing operators are
easily accessible for numerical computations.
In order to introduce A, and By rigorously, consider the Sobolev spaces

HL(Q):={fcH\(Q): Zf c L*(Q)}.

Inspired by (1.1) and (1.2) we define A, as the partial differential operator in [2 (R™)
given by
Aof = Pfi® Pfe,

domAgy = {f=f£i® fe €EHL(Q)BHLH(Q) : Vi=Vfe, Bvfe— Bufi=ayf},
(1.5)
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and Bg by

Bﬁfﬁz ngi@nge;

dOInBﬁ = {f =fidfee H}y(Qi) @H}ﬂ(ge) CBvfi=Bufe, Ve —vfi= B%Vf}
(1.6)

In Sections 4 and 5 we show the self-adjointness of these operators in L?(R") and via
the Weyl theorem that the essential spectra of Ay and By coincide with the essential
spectrum of the unperturbed operator Ay. Hence, to know the spectral profile of A, and
Bg we have to understand the discrete eigenvalues of these operators. The characteriza-
tion of the discrete eigenvalues of A and Bg in terms of boundary integral equations
depends on the discrete spectrum of the unperturbed operator Ay being empty or not.
Let us consider first the case that 6q(Ag) = 0. It turns out that A € p(Ay) is a discrete
eigenvalue of A, if and only if there exists a nontrivial ¢ € L?>(Z) such that

(I+ .7 (1))p =0. (1.7)

Similarly, the existence of a discrete eigenvalue A € p(Ag) of By is equivalent to the
existence of a corresponding nontrivial y € H'/ 2(Z) which satisfies

(B~ '+2(A))y=0. (1.8)

As shown in Sections 4 and 5 the boundary integral formulations in (1.7) and (1.8)
are eigenvalue problems for holomorphic Fredholm operator-valued functions. These
eigenvalue problems can be approximated by standard boundary element methods. The
convergence of the approximations follows from well-known abstract convergence re-
sults [22, 23, 33], which are summarized in Section 2. In the case that Ogisc(A) is not
empty, still all eigenvalues of Ay and Bg in p(Ag) can be characterized and computed
using (1.7) and (1.8), respectively. For the possible eigenvalues of Ay and Bg which
lie in Ogisc(A) also boundary integral formulations are provided which are accessible
by boundary element methods and discussed in detail in Section 4 and 5.

Finally, let us note that our model also contains certain classes of magnetic Schro-
dinger operators with singular interactions with rather strong limitations for the mag-
netic field. Nevertheless, one could use our strategy and the Birman-Schwinger prin-
ciple for magnetic Schrodinger operators with more general magnetic fields provided
in [6, 29] to compute the discrete eigenvalues of such Hamiltonians numerically. Also,
an extension of our results to Dirac operators with 0 -shell interactions [5] would be of
interest, but this seems to be a rather challenging problem.

Let us shortly describe the structure of the paper. In Section 2 we recall some ba-
sic facts on eigenvalue problems of holomorphic Fredholm operator-valued functions
and on the approximation of this kind of eigenvalue problems by the Galerkin method.
In Section 3 we introduce the elliptic differential operator &? and the associated inte-
gral operators and investigate the properties of the unperturbed operator Ay. Sections 4
and 5 are devoted to the analysis of Ay and By, respectively. We introduce these oper-

ators as partial differential operators in L?(R"), show their self-adjointness and derive
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boundary integral formulations to characterize their discrete eigenvalues. Moreover, we
discuss how these boundary integral equations can be solved numerically by boundary
element methods, provide convergence results, and give some numerical examples.

Notations

Let X and Y be complex Hilbert spaces. The set of all anti-linear bounded func-
tionalson X and Y are denoted by X* and Y*, respectively, and the sesquilinear duality
product in X* x X, which is linear in the first and anti-linear in the second argument,
is (-,-); the underlying spaces of the duality product will be clear from the context.
Next, the set of all bounded and everywhere defined linear operators from X to Y is
AB(X,Y); if X =Y, then we simply write Z(X) := A(X,X). For A € B(X,Y) the
adjoint A* € #(Y*,X*) is uniquely determined by the relation (y,Ax) = (A*y,x) for all
xeX and yeY*.

The domain, range, and kernel of a linear operator A from X to Y are denoted by
domA, ranA, and kerA. Recall that a densely defined, in general unbounded, linear
operator A in the Hilbert space (X, (-,-)x) is called self-adjoint, if it coincides with its
Hilbert space adjoint A*, i.e. if and only if (Ax,y)x = (x,Ay)x forall x,y € domA and

domA =domA*:={xe€ X :3¥ € X Vy € domA : (x,Ay)x = (¥,y)x }.

Note that we use for the Hilbert space adjoint A* another star symbol as for the adjoint
operator B* defined above; this will not lead to confusion, as we do not use the symbol
for the Hilbert space adjoint in the rest of the paper. If A is a self-adjoint operator, then
its resolvent set, spectrum, discrete, essential, and point spectrum are p(A), c(A),
Odisc(A), Oess(A), and op(A), respectively. Finally, if A is an open subset of C and
o A — B(X,X*), then we say that A € A is an eigenvalue of the operator-valued
function 7 (-), if kero/ (1) # {0}.

2. Galerkin approximation of eigenvalue problems for holomorphic Fredholm
operator-valued functions

In this section we present basic results of the theory of eigenvalue problems for
holomorphic Fredholm operator-valued functions [20, 25] and summarize main results
of the convergence analysis of the Galerkin approximation of such eigenvalue problems
[22, 23, 35]. These results build the abstract framework which we will utilize in order
to show the convergence of the boundary element method for the approximation of
the discrete eigenvalues of Ay as well as of Bg which lie in p(Ag). Under specified
conditions the convergence for discrete eigenvalues of Ay and Bg in Ogisc (Ap) is also
guaranteed.

Let X be a Hilbert space and let A C C be an open and connected subset of C. We
consider an operator-valued function .% : A — Z(X,X*) which depends holomorphi-
cally on 4 € A, i.e., the derivative %5[(2@) =limy ﬁ (Z (L) —ZF(A)) exists
as operator in Z(X,X*) for each Ay € A. Moreover, we assume that .% (1) is a Fred-
holm operator of index zero for all A € A and that it satisfies a so-called Gérding’s
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inequality, i. e., for all A € A there exists a compact operator (1) : X — X* and a
constant ¢(4) > 0 such that

|(F(A)+C X)) u,u)| = c(A)|u]|3 forallueX. 2.1

Note that inequality (2.1) implies that .% (1) is a Fredholm operator of index zero; cf
[27, Theorem 2.26].

We consider the eigenvalue problem for the operator-valued function .% (-) of the
form: find eigenvalues A € A and corresponding eigenelements u € X \ {0} such that

F(AM)u=0. (2.2)

In the following we assume that the set {4 € A: 3. (1)! € Z(X*,X)} is not empty.
Then the set of all eigenvalues in A has no accumulation points inside of A [20,
Cor. XI 8.4]. The dimension of the null space ker.# (1) of an eigenvalue A is called
the geometric multiplicity of A. An ordered collection of elements ug,uy,...,u,_1 in
X is called a Jordan chain of (A,u), if (A,u0) is an eigenpair and if

n
l' AMu,—j=0 foralln=0,1,...,m—1

j=0J-

is satisfied, where .%(/) denotes the jth derivative. The length of any Jordan chain of

an eigenvalue is finite [25, Lem. A.8.3]. Elements of any Jordan chain of an eigenvalue

A are called generalized eigenelements of A . The closed linear space of all generalized

eigenelements of an eigenvalue A is called generalized eigenspace of A and is denoted

by G(%,1). The dimension of the generalized eigenspace G(.#,1) is finite [25,

Prop. A.8.4] and it is referred to as algebraic multiplicity of A .

For the approximation of the eigenvalue problem (2.2) we consider a conforming
Galerkin approximation. We assume that (Xy)ycn is a sequence of finite-dimensional
subspaces of X such that the orthogonal projection Py : X — Xy converges pointwise
to the identity /: X — X, i.e., for all u € X we have

[Pvu—ullx = inf [lvy—ullx =0 asN —eco. (2.3)
v EXN

The Galerkin approximation of the eigenvalue problem (2.2) reads as: find eigenpairs
(A,N,I/LN) € A XXy \ {0} such that

(F (An)un,vy) =0 forall v, € Xy. (2.4)

For the formulation of the convergence results we need the definition of the gap
ov(V1,V,) of two subspaces Vi, V, of a normed space V :

ov(V1,V2) := sup 1nf Ilvi —vallv.
viEV] ey
[villv=1
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THEOREM 2.1. Let % : A — B(X,X*) be a holomorphic operator-valued func-
tion and assume that for each A € A there exist a compact operator € (1) : X — X*
and a constant ¢(A) > 0 such that inequality (2.1) is satisfied. Further, suppose that
(XN)nen is a sequence of finite-dimensional subspaces of X which fulfills the prop-
erty (2.3). Then the following holds true:

(1) (Completeness of the spectrum of the Galerkin eigenvalue problem) For each
eigenvalue A € A of the operator-valued function % (-) there exists a sequence
(AN)Nnen of eigenvalues of the Galerkin eigenvalue problem (2.4) such that

AN — A asN — oo,

(i1) (Non-pollution of the spectrum of the Galerkin eigenvalue problem) Let K C A be
a compact and connected set such that K is a simple rectifiable curve. Suppose
that there is no eigenvalue of % (-) in K. Then there exists an Ny € N such that
forall N > Ny the Galerkin eigenvalue problem (2.4) has no eigenvalues in K.

(iii) Let D C A be a compact and connected set such that dD is a simple rectifiable
curve. Suppose that A € D is the only eigenvalue of .7 in D. Then there exist
an Ny € N and a constant ¢ > 0 such that for all N > Ny we have:

(a) For all eigenvalues Ay of the Galerkin eigenvalue problem (2.4) in D
A — 2| < ek (G(F, 1), Xn) "/ 8x (G(F*, ), xXw) "

holds, where .F*(-) := (F(%))* is the adjoint function with respect to the
pairing (-,-) for X* x X and { is the maximal length of a Jordan chain
corresponding to A.

(b) If (Ay,un) is an eigenpair of (2.4) with Ay € D and |luy||x = 1, then

. I _ |
a1l vl < e (A — AL+ By (er(F,2). X))

Proof. The Galerkin method fulfills the required properties in order to apply the
abstract convergence results in [22, 23, 35] to eigenvalue problems for holomorphic
operator-valued functions which satisfy inequality (2.1), see [33, Lem. 4.1]. We refer
to [22, Thm. 2] for assertion (i) and (ii), and to [23, Thm. 3] for (iii) (a). The error
estimate in (iii) (b) is a consequence of [35, Thm. 4.3.7].

3. Strongly elliptic differential operators and associated integral operators

In this section we introduce the class of elliptic differential operators which will
be perturbed by the singular 6 - and &’ -interactions supported on a hypersurface X, and
we introduce the integral operators . (1), 7 (A1), 7 (1), and Z(A) in Section 3.3 in
a mathematically rigorous way and recall their properties, which will be of importance
for our further studies. Eventually, in Section 3.4 we show how the discrete eigenvalues
of Ag can be characterized with the help of these boundary integral operators. But first,
we introduce our notations for function spaces which we use in this paper.
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3.1. Function spaces

For an openset Q CR", n € N, and k € NgU {eo} we write C*(Q) for the set of
all k-times continuously differentiable functions and

Gy (Q):={feC”(Q): f,Vf are bounded}.

Moreover, the Sobolev spaces of order s € R are denoted by H*(Q2), see [27, Chapter 3]
for their definition.

In the following we assume that £ C R” is a Lipschitz domain in the sense of [27,
Definition 3.28]. We emphasize that  can be bounded or unbounded, but dQ has to be
compact. Note that in this case we can identify H*(R"\ dQ) with H*(Q) ®H*(R"\ Q).
With the help of the integral on dQ with respect to the Hausdorff measure we get in
a natural way the definition of L?(9Q). In a similar manner, we denote the Sobolev
spaces on dQ of order s € [0,1] by H*(dQ), see [27] for details on their definition.
For s € [—1,0] we define H*(dQ) := (H *(dQ))* as the anti-dual space of H *(dQ).

Finally, we recall that the Dirichlet trace operator C*(Q) > f — f|yq can be
extended for any s € (27 2) to a bounded and surjective operator

v HY(Q) — H2(0Q); (3.1)

cf. [27, Theorem 3.38].

3.2. Strongly elliptic differential operators

Let aj,aj,a € C;(R"), n€ N, and j,k € {1,...,n}, and define the differential

operator
n

Pfi=— 3 dlapdif)+ Z (a;0;f = 9;(@if)) +af (3.2)

Jk=1

in the sense of distributions. We assume that aj; = @; and that a is real-valued; then
& is formally symmetric. Moreover, we assume that & is strongly elliptic, that means
there exists a constant C > 0 independent of x such that

3 au()EE > CIEP

Jk=1

holds for all x € R” and all §{ € C".
Next, define for an open set Q C R” the sesquilinear form ®gq : H'(Q) x H'(Q)

by
@alf.g)= |

In the following assume that Q@ C R" is a Lipschitz domain, let v be the unit nor-
mal vector field at dQ pointing outwards Q, denote by y the Dirichlet trace operator,

n

Y ajdifog+ 2( (9,/)g+ f(a;dig)) +afg|dx.  (3.3)

Jk=1
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see (3.1), and introduce for f € H*(Q) the conormal derivative %, f by

¥(adif) + 2 viv(@;f). (3.4)

”M“

Then one can show that

(‘@fa ) q)Q[fa } (ﬂ\/fayg)Lz(aQw f6H2(9>7 gEHl(Q)7 (35)
holds. Next, we introduce the Sobolev space
HY(Q):={feH (Q): Zfc*(Q)}, (3.6)

where & f is understood in the distributional sense. It is well known that the conormal
derivative 4, has a bounded extension

By HL(Q)— H2(0Q), (3.7)
such that (3.5) extends to

(’ng7 ) q)Q[fa } (‘%Vfayg)7 fEHlﬁa(Q)7 gEHl(Q)’ (38)

where the term on the boundary in (3.5) is replaced by the duality product in H~!/ 2(z)
and H'/ 2(Z) ,see [27, Lemma 4.3]. We remark that this formula also holds for Q =R",
then the term on the boundary is not present.

Our first goal is to construct the unperturbed self-adjoint operator Ao in L?(R")
associated to 2. With the help of [27, Theorem 4.7] it is not difficult to show that
the sesquilinear form ®g» fulfills the assumptions of the first representation theorem
[24, Theorem VI 2.1], so we can define Aq as the self-adjoint operator corresponding
to @ . The following result is well-known, the simple proof is left to the reader.

LEMMA 3.1. Let &2 be given by (3.2) and let the form ®gn be defined by (3.3).
Then ®pn is densely defined, symmetric, bounded from below, and closed. The self-
adjoint operator Aq in L*(R") associated to ®gn is

Aof = P2f, domAy=H*(R"). (3.9)

Assume that Q; is a bounded Lipschitz domain in_ R" with boundary X := 0Q;,
let v be the unit normal to Q;, and set Q. := R"\ Q;. Then it follows from [27,
Theorem 4.20] that a function f = f,® fo € H, () & HL,(Qe) fulfills

fedomAyg=H*R") <= yfi=7f.and B, f, = By f.. (3.10)
Next, we review some properties of the resolvent of Ay which are needed later.

In the following, let A € p(Ag) U Ogisc(Ag) be fixed. Recall that a map ¢ acting on
&*(R"), where &*(R") is the set of all distributions with compact support, is called
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a paramatrix for &2 — A in the sense of [27, Chapter 6], if there exist linear integral
operators J£1, %, with C*-smooth integral kernels also acting on &*(R") such that

G(P—ANu=u—u and (P —A)Gu=u— Jtu

holds for all u € &*(R"). A paramatrix is a fundamental solution for & — A, if the
above equation holds with J#] = % =0.
Let us denote the orthogonal projection onto ker(Ag — A) by P, and set

P, :=1—P,. (3.11)

Note that P, =1 for A € p(Ap) and if {e,...ex}, N :=dimker(Ag—A), is a basis of
ker(Ag — A) for A € Ogisc(Ao), then

N

N _
Pt = Y (frepne= [ KE0)d Ky) = Y e,
k=1

k=1

for all f € L?(R"). We remark that the integral kernel K is a C*-function by elliptic
regularity [27, Theorem 4.20]. By the spectral theorem we have that Ag — A is bound-
edly invertible in P; (L?>(R")). Therefore, the map

G(A):=P(Ag—A)"'P, (3.12)

is bounded in L2 (R™), and it is a paramatrix for & — A, as
(P2 = 2)P(Ag—A) P f =P (A= A) ' PP —A)f =P f =f—Pif (3.13)
holds for all f € Cy (R™). Hence, by [27, Theorem 6.3 and Corollary 6.5] there exists

an integral kernel G(A;x,y) such that for almost every x € R"

G = | GAxy)f)dy, fe L*(R"). (3.14)

In the following proposition we show some additional mapping properties of 4 (1) for
A € p(Ap)UGuisc(Ag) ; they are standard and well-known, but for completeness we give
the proof of this proposition.

PROPOSITION 3.2. Let Ag be defined by (3.9), let A € p(Ag) U Gyisc(Ao), and let

G (L) be given by (3.12). Then, for any s € [—2,0] the mapping 4 (\) can be extended
to a bounded operator

G(A): H(R") — H 7 (R"). (3.15)

Moreover, the map

P(Ag) DA (Ag—A)~!
is holomorphic in 2(H*(R"), H**2(R")).
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Proof. Assume that A € p(Ag) U Ogisc(Ao) is fixed. First, we show that
4(A) : L*(R") — H*(R") (3.16)
is bounded. The operator in (3.16) is well-defined, as
ran(A) =ranPy (Ao — A) "' Py = P dom (Ag — 1) C H*(R").

Moreover, we claim that the operator in (3.16) is closed, then it is also bounded by
the closed graph theorem. Let (f,) C L*(R") be a sequence and let f € L?>(R") and
g € H*(R") be such that

fu—f inL*(R") and %(A)f, —g inH*(R").

Since ¢(A) is bounded in L*(R"), we get 4(A)f, — 4(A)f in L*>(R"). Moreover,
as H*(R") is continuously embedded in L*(R"), we also have

G(A)fy— g inL*(R").

Hence, we conclude 4 (1) f = g, which shows that the operator in (3.16) is closed and
thus, bounded.

Since the operator in (3.16) is bounded for any A € p(Ag) UGgisc (Ao), we conclude
by duality and from the symmetry of 2 that also

G(A): H2(R") — LX(R")

is bounded. Therefore, interpolation yields that the mapping property (3.15) holds also
forall s € (—2,0).

In order to show that A + (A9 — A)~! is holomorphic in Z(H*(R"),H**?(R"))
for any s € [-2,0] in a fixed point A9 € p(Ap), we note that the resolvent identity
implies

[1— (2= 20)(A0—20) '] (A0 —2) " = (Ag— 20) "
If A is close to Ay, we deduce from the Neumann formula that 1 — (A — 29) (A9 — Ag) !
is boundedly invertible in H**?(IR") and hence,

(A0=2)"" = [1 = (A= 0) (Ao —2) '] " (A0—20) "
In particular, (A9 —A)~! is uniformly bounded in Z(H*(R"),H*"?(R")) for A be-

longing to a small neighborhood of Ay and continuous in A . Employing this and once
more the resolvent identity

(Ao—A) " —(A0—20) "= (A —20)(A0— 1) (A0 —20) ",

we find that p(Ag) > A — (Ag—A)~! is holomorphic in Z(H*(R"), H**?(R")).
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3.3. Surface potentials associated to &

In this section we introduce several families of integral operators associated to the
paramatrix ¢ (A) which will be of importance in the study of Ay and Bg and for the
numerical calculation of their eigenvalues. Remark that many of the properties shown
below are well known for special realizations of &2, for instance & = —A, but for
completeness we also provide the proofs for general &2.

Throughout this section assume that X is the boundary of a bounded Lipschitz
domain Q;, set Q. :=R”" \51, and let v be the unit normal to ;. If f is a function
defined on R”, then in the following we will often use the notations f; := f | €; and

for=f1Qe.

Recall that the Dirichlet trace operator y : H' (R") — H'/2(X) is bounded by (3.1).
Hence, it has a bounded dual y* : H~'/2(£) — H~!(R"). This allows us to define for
A € p(Ao) Uoyisc(Ao) the single layer potential

SL(A) :=9A)y*: H'*(Z) — H'(R). (3.17)

By the mapping properties of y* and Proposition 3.2 the map SL(A) is well-defined
and bounded. Moreover, we have ranSL(1) C ranPy = L*(R") © ker(Ag — ). With
the help of (3.14) and duality, it is not difficult to show that SL(A) acts on functions
@ € L>(X) and almost every x € R"\ T as

SL) () = [ G(hix.3)9(3)do(s).

Some further properties of SL(A) are collected in the following lemma. In particular,
the map SL(A) plays an important role to construct eigenfunctions of the operator Ag
defined in (1.5). For that, we prove in the lemma below the correspondence of the range
of SL(A) with all solutions f € HL,(R"\ X) of the equation

(Z—-A)f=0 inR"\X and 7yfi=7Yfe.
For this purpose we define for A € p(Ag) U Ogisc(Ap) the set
My, ={o e H '2(Z): (¢.7f) =0Vf € ker(Ag—A)}. (3.18)
We remark that ./, = H—'/2(Z) for A € p(Ay).

LEMMA 3.3. Let SL(A), A € p(Ap) U 0yisc(Ag), be defined by (3.17). Then the
following is true:

(i) We have ranSL(A) C HL,(R"\ ) and
SL(A) () ®ker(Ag—A)={f € H'(R"): (Z-L)f=0in R"\X}. (3.19)
(ii) Let B, be the conormal derivative defined by (3.8). Then for any ¢ € H~'/2(Z)
the jump relations
Y(SL(A) @)i = v(SL(A) @)e =0 and  #,(SL(A)@)i — #v(SL(A) @) = @
hold.
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(iii) The map
p(Ao) 2 A +— SL(A)

is holomorphic in B(H~"/*(£),HL,(R"\ X)).

Proof. (i)-(ii) Let {ey,...,en} be a basis of ker(Ag — 1) (we use the convention
that this set is empty for A € p(Ap)). Since ¥(A) is a paramatrix for &2 — 4, the
considerations in [27, equation (6.19)] and (3.13) imply for ¢ € H -1/ 2(Z) that

N
(Z—A)SL(A)p=—Py"o=—> (¢,yej)e; on R"\Z. (3.20)

J=1

This implies, in particular, that ranSL(A) C HL,(R"\ £) and hence, %, (SL(1)9); Je
is well-defined for ¢ € H~'/2(Z) by (3.7). The jump relations in item (ii) are shown
in [27, Theorem 6.11]. Furthermore, (3.20) implies (%2 —A)SL(A)¢ =0 in R"\ X for
¢ € /), and thus,

SL(A) () Dker(Ag—A) C {feH'(R"): (£ —-A)f=0inR"\Z}. (3.21)

Next, we verify the second inclusion in (3.19). Let f € H'(R")NHL,(R"\ )
such that (2 —A)f =0 in R"\ Z. Set ¢ := By f, — Byfe € H /*(Z). We claim
that ¢ € ) . For A € p(Ag) this is clear by the definition of .#) in (3.18). For
A € 0disc(Ag) C R we get with (3.8) applied in €; and Q. (note that v is pointing
outside Q; and inside Q. ) for any g € ker(Ag —A) C H>(R")

(9, 78) = (Bvfi— Bvfe,v8) — (v, Py gi— Bge)
=1, 28) @) — (21,8 pw) = (/;A28) @) — (Af.8) 2@ =0,

which implies ¢ € .#) . Next, consider h := f —SL(A)¢@. Then h € H'(R") and
by (ii) we have

Byhi — Byhe = By fi — By fe — (%V(SL(A)(P)i - «%V(SL(A)(P)e) =¢p—¢=0.

Hence, (3.10) yields & € domA. Eventually, due to the properties of f and SL(A)¢
for ¢ € .#) we conclude

(Ao— Mh= (P — M@ (P — A)he
(Z =) (fi— (SL(A)@)i) & (& — A)(fe —SL(A)@)e) = 0.

This gives h = f —SL(4)¢ € ker(Ag — A). Therefore, we have also verified

{feH'(R"): (Z-A)f=0inR"\X} CranSL(A) &ker(Ag—A). (3.22)

The inclusions in (3.21) and (3.22) imply finally (3.19).
(iii) By the definition of SL(A) and Proposition 3.2 we have that SL(A) is holo-
morphic in Z(H~/?(Z),H'(R")). Since ZSL(A)p = ASL(A)@ in R"\ X for any
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A € p(Ap) by (i), we find that the H'-norm is equivalent to the norm in H.,(R"\ X)
on ranSL(A). Therefore, SL(A) is also holomorphic in B(H~'/(Z),HL,(R"\ X)).

Two important objects associated to SL(A) are the single layer boundary integral
operator . (A), which is defined by

S(A):H2E) - HPE), SM)e=rSLA)e=74A)r"e,  (3.23)
and the mapping 7 (1), which is given by
FA) HE) = H (), T(A)9=By(SLA)@)i+Py(SLA)p)e. (3.24)

The operators .7 (1) and .7 (1) have for a density ¢ € L*(X) and almost all x € X
the integral representations

(o) = [ G(Rix3)o()do()

and

T (L) @(x) =21lim By xG(A:x,y)p(y)do(y).
ENOJE\B(x,¢)

Some further properties of /(1) and .7 (1)’ are stated in the following lemma:

LEMMA 3.4. Let S (A) and T (L)', A € p(Ag) UGuisc(Ao), be defined by (3.23)
and (3.24), respectively. Then, the following is true:

(i) Forthe restriction #y(1) :=.%(A) | L*(X) one has Sp(1) € B(L*(X),H'(Z)).
In particular, (M) is compact in L*(X).

(ii) (L) is a Fredholm operator with index zero and there exist a compact operator
€ (1) H V2(Z) — H'*(Z) and a constant ¢(1) > 0 such that

Re (9. (L(A) +€(1)9) = cM@lF-12,

holds for all ¢ € H~'/2(X).

(iii) The maps
p(A)) 2 A= L(A) and p(Ag) > A T(A)

are holomorphic in B(H="/2(L),H'2(L)) and B(H/*(X)), respectively.
(iv) Forany @ € H™'/*(%)
1 1
BuSLA)P)i= 2o+ 7(1)'9) and By(SLA))e = 5 (~0+ T(A)¢)

hold.
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Proof. For the proof of the mapping property of .#,(A) in (i) we refer to the
discussion after [27, Theorem 6.12], the compactness of .#y(A) follows then from the
fact that H'(Z) is compactly embedded in L?(X). Statement (ii) is shown in [27, Theo-
rem 7.6]. Item (iii) is a consequence of Lemma 3.3 (iii) and the mapping properties of y
and %, , respectively. Finally, statement (iv) follows immediately from Lemma 3.3 (ii)
and the definition of .7 (1) in (3.24).

Next, we define the double layer potential associated to &2 — A. For that we
recall the definition of %8, from (3.4) and note that %, : H*>(R?) — L?(X) is bounded.
Hence, it admits a dual %}, € (L*(X),H%(R")) and with the help of Proposition 3.2
(applied for s = —2) we can define the double layer potential as the bounded operator

DL(A) := 9 ()% - [2(Z) — L*(R"). (3.25)
Since ran¥(1) C L*(R") ©ker(Ag — A ), we have ranDL(A) C L*(R") Sker(Ag—1).

Using (3.14) and duality it is not difficult to show that DL(A) acts on ¢ € L*(Z) and
almost all x € R"\ X as

DL(1)9() = [ (#0sG(2:x3))plr)do(y).

Some further properties of DL(A) are collected in the following lemma. In particular,
the map DL(4) plays an important role to construct eigenfunctions of the operator By
defined in (1.6). For that, we investigate the correspondence of the range of DL(A)
with all solutions f € HL,(R"\ X) of the equation

(Z—=A)f=0 inR'\X and A, fi=HB fe.
For this purpose we define for 4 € p(Ag) U Gaisc(Ao) the set
Ny ={@ e H?*(Z): (9, Byf) =0Vf cker(Ag— 1)} (3.26)

We remark that .45 = H'/?(Z) for A € p(Ap). In analogy to Lemma 3.3 we have the
following properties of DL(A).

LEMMA 3.5. Let DL(A), A € p(Ag) U Gyisc(Ag), be defined by (3.25). Then the
following is true:

(i) The restriction of DL(A) onto H'/?(Z) gives rise to a bounded operator
DL(A): H'*(Z) — HL(R"\ X)

and

DL(A)(A43) @ ker(Ag — 1)

={fE€HLR"\X): Bvfi=Bvfe, (P —L)f=0inR"\X}.
(3.27)
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(ii) Let By be the conormal derivative defined by (3.8). Then for any ¢ € H 1/2 ()
the jump relations

Y(DL(A)@)e —y(DL(A) @)i = ¢ and #,(DL(4)¢)i — #y(DL(A) ). =0
hold.

(iii) The map
p(Ag) > A — DL(L)

is holomorphic in B(H'?(Z),HL,(R"\ X)).

Proof. The proofs of many statements of this lemma are analogous to the ones in
Lemma 3.3, so we point out only the main differences. Since ¥(A) is a paramatrix for
& — ), the considerations in [27, equation (6.19)] and (3.13) imply for ¢ € H1/2(2)
that

(2 —A)DL(A)p =—P, %0 on R'\Z. (3.28)

In particular, we have #(DL@); /. € L*(Q;/e). Next, we show the boundedness of the

operator DL(1) : H'/?(Z) — HL,(R"\ X). Using the last observation and the closed
graph theorem it is enough to verify

DL(A)p € H'(R"\Z) for ¢cH'/?(Z); (3.29)

cf. the proof of (3.16) for a similar argument. To prove (3.29) choose R > 0 such that
Q; is contained in the open ball B(0,R) of radius R centered at the origin and a cutoff
function )y € C=(IR") which is supported in B(0,R+ 1) and satisfies y [ B(O,R) = 1.
Moreover, let @ € H'/?(X) be fixed. Then yDL(A)p € H'(R"\ Z) by [27, Theo-
rem 6.11]. Furthermore, (1 — y)DL(2)¢ belongs to L?>(R") and by the product rule
we have

Z(1—x)DL(A)p =(1—x)ZDL(A)¢

=S [a(@(1— 2))(@DL(A)9) + DL(2)pdy(azd;(1 — 1))
jik=1

+aj(9;(1—x))(ADL(2)9)]
+DL(A)e ¥ [a;0;(1—x) —@;0;(1 - x)]-
=1
Since supp V(1 — ) =suppVy C B(0,R+ 1), we have again with the help of [27, The-
orem 6.11] that (Jx(1—x))(d;DL(1)¢@) € L*(R") and thus with ZDL(A)¢ € L?(R")
and aj,aj; € C;7(R") we obtain (1 — y)DL(A)¢ € L*(R?). Therefore, we conclude
from elliptic regularity that (1 — y)DL(A)¢e € H*>(R"). This implies eventually that
DL(1)p = xDL(A)¢+ (1 -~ x)DL(A)p € H'(R"\ )

and thus (3.29).
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Next, item (ii) is shown in [27, Theorem 6.11]. Furthermore, the relation (3.27)
can be shown in the same way as (3.19) using (3.28) instead of (3.20).

In order to prove statement (iii), let 49,4 € p(Ag). Using the resolvent identity
we have

DL(A) —DL(0) = ((Ao—40) ' = (Ao—1)"") %

= (Ao —2A) (40— o) (Ao — 1) ' B 330

Since (Ag—20) ! (Ao—A)~' € B(H2(R"),H*(R")) is continuous in A in this topol-
ogy, see Proposition 3.2, we conclude that DL(A) : H'/?(£) — H,(R"\ ¥) is holomor-
phic.

Two important objects associated to DL(A) are the hypersingular boundary inte-
gral operator Z (M), which is defined by

RA):H'P(E) — H'2(S), #(A)p=—BDLA)p = —BI (1) Zs0, (331)
and the operator
T():H'*E) = H'(E), Z()e=y(DL(A)9)i+7(DL(A))e.  (3.32)

It follows from Lemma 3.5 and (3.7) that Z(A) and (L) are well-defined and
bounded. While .7 (1) has for a continuous density ¢ € C(X) and almost all x € X a
representation as a strongly singular integral operator,

TAoe) =2lim [ (B0, )o()do(s),

the hypersingular operator Z(1) can be only written as finite part integral

FOIO0) =P [ BralBrsGlhi) )IO),

see [27, Section 7] for details. However, for special realizations of &2 the duality
product (Z(A)@,y) can be computed in a more convenient way, cf. e.g. [27, The-
orem 8.21]. Some further properties of Z(A) and .7 (1) are stated in the following
lemma:

LEMMA 3.6. Let Z(A) and T (A1), A € p(Ao) U Cuisc(Ao), be defined by (3.31)
and (3.32), respectively. Then, the following is true:

(i) Z(A) is a Fredholm operator with index zero and there exist a compact operator
€ (1) :H'?(Z) — H Y/2(X) and a constant ¢(1) > 0 such that

Re (@, (Z(2) +C (1)) = cM)@llF15

holds for all ¢ € H'/*(X).
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(i) The maps
p(A0) A —Z(A) and p(Ao) 2 A+— T (1)

are holomorphic in B(H'/*(Z),H"'/2(Z)) and B(H'? (X)), respectively.
(iii) Forany ¢ € H'/*(X)

1 1
Y(DL(A)@)i = 5(~¢+ T (1)9) and y(DL(A)9)e == (¢+T(1)9)
hold.
(iv) Forall A,v € p(Ag) the difference T (L) — T (V) is compact.

(v) The relation _
(0,7 (A)y)=(T7(A) o,w)
holds for all ¢ € H=V/2(S) and y € H'/(Z).

Proof. Ttem (i) follows immediately from [27, Theorem 7.8]. Assertion (ii) is a
consequence of Lemma 3.5 (iii) and the mapping properties of y and %, in (3.1)
and (3.7). Next, the claim of item (iii) follows directly from Lemma 3.5 (ii) and the
definition of .7 ().

To show statement (iv) assume that A # v € p(Ap). As in (3.30) we see that
DL(A)—DL(V) : L*(X) — H*(R") is bounded. Since H?(R") is boundedly embedded
in H!(R"), we deduce with the mapping properties of y from (3.1) that

TA) =T (V)= (v=2)y(A—Vv) (40— 21)"'%;

is bounded from L?(X) to H'/?(X). Since H'/?(%) is compactly embedded in L(Z),
we conclude eventually that .7 (1) — .7 (v) is compactin H'/2(%).
Finally, statement (v) is shown in [27, Chapter 7], since the operator 7 in [27,

Chapter 7] coincides with .7 (1)'.

3.4. Characterization of discrete eigenvalues of A,

In this section we show how the discrete eigenvalues of Ay can be characterized
with the help of the boundary integral operators . (1), .7 (1), 7 (1), and Z(A). For
that purpose we follow closely considerations from [10], but we adapt the arguments to
obtain a formulation on more general hypersurfaces £ which is also more convenient
for numerical considerations.

We define for A € p(Ap) the operator

A (A) H V2(2)x H2(2) - H'2(2) x H2(3),

@\ _( v(SL(A)¢+DL(2)y), (3.33)
v (3) = (LB cori),)

Due to the mapping properties of y from (3.1) and %, from (3.7) we obtain from
Lemma 3.3 (i) and Lemma 3.5 (i) that </ (A1) is well-defined and bounded. With
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Lemma 3.4 (iv) and Lemma 3.6 (iii) we see that </ (1) can be written as the block

operator matrix
( ) (—é (I— f(l)/) %(2) ) ’ (3.34)

Some basic properties of 7 (A) are collected in the following lemma:

LEMMA 3.7. Let </ (A), A € p(Ao), be defined by (3.33). Then the following is
true:

(i) The map p(Ao) 2 A — 7 (L) is holomorphic.

(ii) There exists a compact operator J (1) and a constant c¢(A) > 0 such that

(r@y+a 0 (8).(9))]2 @10 s+ W)

holds for all ¢ € H-V/2(Z) and w € H'/%(Z), where the duality product is the
one for the pairing H'/*(2) x H~1/2(X) and H~'/*(Z) x H'/2(Z).

Proof. Assertion (i) follows from Lemma 3.4 (iii) and Lemma 3.6 (ii), as . (1),
T(A), T(A), and Z(A) are holomorphic. To prove item (ii) we compute

(@ (3)-(0) (G 50 * 2™ () (7))
=(S(1)9.0) +(Z(A)y.y) +%((<p,l//> —(v,9))

(7R, 0)— (9,7 (A)w))

+5((0. 7A)y) = (7 (2) 9,)).

_|_

NI'—NI'—‘

With Lemma 3.6 (v) we have
(0. 7)) = (7AW 0, v) = (0,(7(X) = T (X)) y)

and the operator .7 (1) — 7 (A) is compact by Lemma 3.6 (iv). Therefore, we get with
a compact operator ¢ (1)

(o (3)-(7))

—Re ((#(2)9.0) + (EDW) + (0.(7(3)~ T ()W)
2RIl gy + W) +Re () (§)(4))

which implies because of |z| > Rez for z € C the claimed result.
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In the following theorem we characterize the discrete eigenvalues of Ay with the
help of the operator-valued function 7. For this purpose we define for a number
Ao € Odise(Ap) Up(Ap) = C\ Oess(Ag), for which there exists a number € > 0 with

B()'Oag) \ {%} c p(AO) , the map

The proof of the following theorem follows closely ideas from [10, Theorem 3.2], but
the operator </ (1) appearing in our formulation is easier accessible for numerical ap-
plications than the map M(A) in [10] since it consists of explicitly computable integral
operators.

THEOREM 3.8. A number Ay belongs to the discrete spectrum of Ay if and only
if Ay is a pole of </ (1). Moreover,

ranR ;) = {(vf, Byf)" i f €ker(Ag— o)} (3.36)
holds.
Proof. Let Ao ¢ Oess(Ag) . It suffices to show that (3.36) is true. Let 4 € C\R be

fixed and let P, be the orthogonal projection in L?(R") onto ker(Ag — Ag). We claim
first that

ker(Ao — o) = { P, [SL(1) @+ DL(u)y] : @ € H (), y e H'*(2)}.  (3.37)

To show this assume that f € ker(Ag — Ao) is such that
0= (f, P [SL(1)@ + DL(t)W]) 12 gy = (fSL(1)@ +DLU)Y) 2

holds for all @ € H'/>(Z) and y € H~'/2(X). Since f € ker(Ag — Ag), we have that
(Ag—T)~'f = (A — )~ f and thus, the definitions of SL(u) and DL(u) lead to

0= (f,(A0 =)' v" 0+ (Ao~ 1)~ ' BLY) 12 gy
=(y(Ao—1) £, 0) + (Bv(A0—T) ' f,v)

= ﬁ_n [(vf.0)+ (B0 f,w)].
Since this holds for all ¢ € H'/2(Z) and y € H~'/%(Z), we conclude yf = %, f =0.
It follows from [9, Proposition 2.5] (this result and its proof are also true for unbounded
domains) that f =0. Since for Ay & Oess(Ao) the set ker(Ag — Ao) is finite-dimensional,
(3.37) is shown.

We are now prepared to prove (3.36). By the spectral theorem the resolvent of A
can be written in a small neighborhood of A as

(Ag—u)!

I
=
4
)
=
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where .7 (1) is a locally bounded and continuous operator in (. Hence, we conclude
that R (3,) can be a nontrivial operator, only if P is nontrivial, and that

ranR ) C {(vf,Bvf)" : f Eker(Ag— o)}

To show the other inclusion in (3.36), let f € ker(Ag — Ao), fix 4 € C\ R, and choose
@€ H'2(2) and y € H'/2(Z) such that f = P [SL(u)¢ +DL(1)w]; such a choice
is always possible by (3.37). Note that according to the spectral theorem we have
Paﬂg =1limy_; (A0 — A)(Ao —A)~'g, where the limit is the one in L?(R"). Hence, we
find

(é{f) - @) (Ao — 1)~ (Ao — 1) P3, [SL{w) + DL(1) ]
=Rt <=%V> (A9 — )" Py [SL(1)¢ + DL() y]

~ 0= () o) lim (o~ 2) (4o~ 2) 5L + DLGY)
v A—Agy
Note that the mapping
(%v) (Ag—p) " LA(R") — H'A(Z) x HV/A(3)
is continuous. Hence, we conclude

(477) = im o= 200 =) ( 1) (ho=1) (4o =2 "ISL@)o + DLW

A—2o
= Jim (Go=2)ho—10)( J, ) (o) a0=2) (o) " 0+ o1
A—Ay v
Applying two times the resolvent identity, we find first for g € L?(R") that
(Ao—p) " (Ag—2) " (Ag— ) g

= o)™ = (o= ) o — ) g

1 o2, b P SRR
T (Ao—n)~"g TEYE [(Ao—p)" = (A0 —2A)" s
With a continuity argument this extends to all g € H~2(IR"). Using this, we find finally
12T _ _ Y T VU Rt U U e *
() =im (o200 =) ( ], ) o120 o) [y g 75

_ iy R A)(he—p) [y Sl mp-
-t S (4) o rertho-ar oty

o 0 (5) <o )

which shows that also the second inclusion in (3.36) is true. This finishes the proof of
this theorem.
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4. Elliptic differential operators with § -potentials supported on compact
Lipschitz smooth surfaces

This section is devoted to the study of the spectral properties of the differential
operator which is formally given by Ay := & + o0s. First, we introduce A, in Sec-
tion 4.1 as an operator in L?>(R") and show its self-adjointness; in this procedure we
also obtain in Proposition 4.2 the Birman-Schwinger principle to characterize the dis-
crete eigenvalues of A, via boundary integral equations. Then, in Section 4.2 we dis-
cuss how these boundary integral equations can be used to approximate numerically the
discrete eigenvalues of A, by boundary element methods. Finally, in Section 4.3 we
show some numerical examples.

4.1. Definition and self-adjointness of A

As usual, ©; C R" is a bounded Lipschitz domain, X := 9dQ;, Q. := R"\ Q;, and
v denotes the unit normal to ;. Recall the definition of the elliptic partial differen-
tial expression & from (3.2), the Sobolev space H., (< /e) from (3.6), and the weak
conormal derivative %, from (3.4) and (3.7). For a real-valued function o € L (%)
we define in L?(IR") the partial differential operator A by

Aof =P fi® Pfe,
domAg == {f = i ® fe € Hpp(Q) ©Hp(Qe) 1 Vi =V fer Bufe— Bufi =0y [}
4.1
With the help of (3.8) it is not difficult to show that A, is symmetric in L?(R"):

LEMMA 4.1. Let o € L*(X) be real-valued. Then Ay, defined in (4.1) is symmet-
ric in L*(R").

Proof: We show that (Aqf, f)2rn) € R forall f € domAg. Let f € domAy be
fixed. Using (3.8) in ; and . and that the normal v is pointing outside of €; and
inside of Q. we get

(Aaf,f)LZ(R") = (‘@fiafi)Lz(Qi) + (‘@fevfe)Lz(Qe)
= q)Qi [flvfl} - ('%Vflvy.fl) +q)Qe [feafe} + (ﬂvfe/)/fe)
Since f € domA, we have yf; = yf.. This implies, in particular, f € H'(R") and

hence @q, [fi, fi] + Pa, [fi, fe] = Pre[f, f]. With the help of the transmission condition
for f € domA, along X we conclude

(A(Xfaf)Lz(R") = q)R" [f?f} + (‘@er - @Vflay‘f) = q)R" [f?f} + (ay‘f’ Yf)

Since the sesquilinear form @« is symmetric and « is real valued, the latter number
is real and therefore, the claim is shown.

In the following proposition we show how the discrete eigenvalues of A, can
be characterized with the help of boundary integral operators. First, we determine
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the eigenfunctions in ker(Ay —A) ©ker(Ag — A) with the Birman-Schwinger principle
for Ay, where the linear eigenvalue problem for the unbounded partial differential op-
erator Ay, is translated to the nonlinear eigenvalue problem for a family of boundary in-
tegral operators which are related to the single layer boundary integral operator . (1).
The eigenfunctions of Ay, in ker(Aq —A)Nker(Ag — A) are characterized with the help
of Theorem 3.8. To formulate the result below recall for A € p(Ag) U Ogisc(Ap) the
definition of the single layer potential SL(A) from (3.17), the set .#) from (3.18), the
single layer boundary integral operator .# (1) from (3.23), #(1) := .7() | L*(%),
and Ry, from (3.35). The following result allows us later in Section 4.2 to apply
boundary element methods to compute all discrete eigenvalues of A, numerically.

PROPOSITION 4.2. Let o € L”(X) be real-valued and let Ay, be defined by (4.1).
Then the following is true for any A € p(Ao) U Guisc(Ag) -

(i) ker(Ay —A)Sker(Ag—A) # {0} if and only if there exists 0 # @ € M NL*(X)
such that (I+ a.(A))e = 0. Moreover,

ker(Ao — A) ©ker(Ag—A) = {SL(A)g : ¢ € 44 NLA(E), (I+ 0.7 (A)) ¢ =0}
4.2)

(ii) If A € p(Ao), then A € 0p(Ag) if and only if —1 € op(0tSH(R)).

(i) ker(Aq —A)Nker(Ag—A) # {0} if and only if there exists (@, y)" €ranR ;)
such that o = 0.

v) If A ¢ 0p(Aa) UO(Ag), then 1+ oSy(A) admits a bounded and everywhere
defined inverse in L*(X).

Proof. (i) Assume first that ker(A, — A)Sker(Ag—A) # {0} and take an arbitrary
feker(Aq —A)Sker(Ag—A). Then by Lemma 3.3 (i) there exists ¢ € . such that
f=SL(A)e. Since f € domA one has with Lemma 3.3 (ii)

ayf =By fe—Bvfi=Bv(SL(A)@)e — By (SL(A)@)i = —¢.

In particular, we deduce ¢ € L*(X) and with yf = .7 ()¢ = .%(A)¢ this can be
rewritten as —@ = o.%y(A )@ . Moreover, the above considerations show

ker(Ag —A) ©ker(Ag— A1) C {SL(A)g : @ € Ay, (I+ (M) 9 =0}.  (4.3)

Conversely, assume that there exists a nontrivial element ¢ € . NL*(Z) such
that (I+ a.%)(A))@ =0. Then f:=SL(A)p € HL(R"\ )N H'(R") and it follows
from Lemma 3.3 (ii) that f is nontrivial. Using the jump properties of SL(A)¢ from
Lemma 3.3 (ii) we conclude further

Byfe—Bvfi=—0=aSA)p=oayf,

where it was used that ¢ belongs to the kernel of I+ a.%y(1). Hence, f € domA,,.
With Lemma 3.3 (i) we conclude, as ¢ € .#, , that

(A = A)f = (£ =2)(SL(A)9)i & (# = 4)(SL(A)@)e =0,
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which shows A € 0,(Ag) and
{SLAN)e: ¢ € 4, (I+ 05 (A)p =0} Cker(Ag —2). (4.4)

Note that (4.3) and (4.4) give (4.2). Hence, all claims in item (i) are proved.

Assertion (ii) is a simple consequence of item (i), as for A ¢ o(Ag) we have
ker(Ag—A) = {0} and .#; = H '/2(3).

Statement (iii) follows from Theorem 3.8. Note that f € domA, NdomA, if
and only if f € H*(R") and ayf = By f. — By f, = 0. This implies together with
Theorem 3.8 that f € ker(Ay — A) Nker(Ag — A) if and only if there exists a pair
(0, v)" = (vf,8vf)" €ranR, ;) such that ap = 0.

(iv) Since .#(1) is compact in L?(Z) by Lemma 3.4 (i), it follows from Fred-
holm’s alternative that I+ o..%)(1) is bijective in L?(X) and admits a bounded inverse,
if 0¢ op(I+ 0.9(1)). According to item (ii) this is fulfilled, if A ¢ 6,(Ag) Uo(Ap).

Now we are prepared to show the self-adjointness of the operator Ay. In the
proof of this result we show also a Krein type resolvent formula, which allows us to
verify that the essential spectrum of A, coincides with the essential spectrum of the
unperturbed operator Ag. We remark that the resolvent formula in (4.5) is well defined,
as I+ a.%y(A) is boundedly invertible in L?>(Z) for A € p(A¢) Np(Ag) by Proposi-
tion 4.2 (iv).

PROPOSITION 4.3. Let oo € L”(X) be real-valued, let the operators Ay, SL(A),
and (L), A € p(Ag), be given by (3.9), (3.17), and (3.23), respectively, and let
Fo(A) = LX) | L*(Z). Then the operator Ay defined by (4.1) is self-adjoint in
L>(R") and the following is true:

(i) For A € p(Ao)Np(Ag) the resolvent of Ay is given by

(Au—2) "= (A=) ' =SLA) (I+ (1)) 'ar(do—A)"1  (@4.5)
(11) Oess (Aoc) = Oess (AO)

Proof. To prove that A, is self-adjoint, we show that ran(A, — A) = L?>(R") for
A €C\ (0(Ap)Uoy(An)). Let f € L*(R") be fixed and define

g:= (Ao —A) "L f —=SL(A) (I + a%(A)) " ay(Ag— 1)\ f.

Note that g is well defined, as 7+ o.%)(A) admits a bounded inverse in L*(X) for
A ¢ 6(Ag) Uop(Ag) by Proposition 4.2 (iv). We are going to show that g € domA,
and (A — A)g = f. This shows then ran(Ay — A ) = L*>(R") and also (4.5).

Since (Ag — A)~!f € H*(R") by Proposition 3.2, we get y(Ag—A)~1f € L*(X)
and further from Proposition 4.2 (ii) and Lemma 3.3 that

SL(A) (I+ 0% (A)) " oy (Ag—A) ' f € HL(R\ Z)nH' (R").
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Therefore, also g € HL,(R"\ £)NH'(R"). Moreover, we have by Lemma 3.3 (ii)

Byge — Bugi—ayg = (I+05(A)  ay(Ag—2A) "' f—ay(do—A)"'f
+ ot (I+as(A)  ay(dg—2)""F =0,

which shows g € domA, . Next, we have with ¢ := (I + o.%(A)) oy (Ag—A) ' f
(Au=A)g= (2 = 1) (A=) f = (Z = A)(SL(A)9)i & (£ = A)(SL(A)p)e = f,

where (3.19) for A € p(Ap) was used in the last step. With the previous considerations
we deduce now the self-adjointness of A, and (4.5).

It remains to show assertion (ii). Let A € C\ R be fixed. First, due to the mapping
properties of the resolvent of Ay from Proposition 3.2 and the mapping properties of y
from (3.1) the operator

Y(Ao—2A)" (R — HYA(2) — H'A(T)

is bounded. Since H'/2(X) is compactly embedded in L2(Z) we get with Proposi-
tion 4.2 (iv) that

([+an) oy —2)"" LR — LX(Z)

is compact. As L?(Z) is boundedly embedded in H~'/2(Z) and as the single layer
potential SL(A) : H~/2(X) — L2(R") is bounded, we conclude that

(Aa—2)"' —(Ag—A) " = =SL(A) (1 + oA () ey (Ao —4)!

is compact in L?(IR"). Therefore, with the Weyl theorem we get Gess(Ag) = Oess(Ag) -

By combining the results from Proposition 4.2 and Proposition 4.3 we can prove
now the following proposition about the inverse of I+ ot.#y(A), which will be of great
importance for the numerical calculation of the discrete eigenvalues of A, via boundary
element methods.

PROPOSITION 4.4. Let o € L”(X) be real-valued and let Ay, be defined by (4.1).
Then the map

~1
P(Aa)Np(Ag) 3 4 — (I+ (1))
can be extended to a holomorphic operator-valued function, which is holomorphic in
p(Aq) with respect to the norm in B(L*(X)). Moreover, for Ay & Oess(Aq) = Oess(Ao)
one has ker(Aq — Ao) ©ker(Ag — Ag) # {0} if and only if (I+ a.%y(A))~" has a pole
at Ay and

ker(Aq — o) ©ker(4g — A0) = {SL(%0)¢ (A = 2o) (I +as(R)) 9 #0}.

(4.6)

: lim
)



BOUNDARY FORMULATIONS OF EIGENVALUE PROBLEMS FOR DIFFERENTIAL OPERATORS 581

Proof. The proof is split into 4 steps.
Step 1: Define the map

[By]s  Hip(R'NZ) = HVA(Z),  [B]sf = Byfi— B fe,
andlet A € p(Ag) N p(Ag) be fixed. We show that
(I+as(M) " = [B]s(Aa— 1) 17" 4.7)

Note that (1+a..%(A))~! is well defined by the same reasons as in Proposition 4.2 (iv),
as .’ (L) € B(H 1/2( ),L2(X)) is compact in H~'/2(Z). In particular, this implies
that [ZBy]s(Aq — A)~1y* € B(H~'/2(Z)). To show (4.7) we note first that (4.5) yields

YAa=7)" = y(A0=2) " =S M) 1+ as (X)) ay(ao—1) ",
which implies, after taking the dual,
(Aw—A)7'y* =SL(A) = SLA)a(I+ 7 (A)a) 7 ().
Using
a(l+7(M)a) " — ([+as(L) o
= (I+as) ' (I+asM))a-a(l+7A)a)] (I+7(A)a) " =0,
we can simplify the last expression to
(Ag —A)'y*=SL(A) —SL(A) (I + ay(x))*lay(x)
—SLA)(I+ o) [+ as)) —a?(A)]
—SL(A)(I+a.(2)) .

In particular, by Lemma 3.3 the right hand side belongs to Z(H~'/%(Z),H R\ X))
and thus, the same must be true for (A, — A)~!y*. Therefore, we are allowed to apply
[%y]s and the last formula shows, with the help of Lemma 3.3 (ii), the relation (4.7).
Step 2: We show that [By|s(Aq — A)~'y* € B(H'/?(Z)) for any A € p(Aq)
and that p(Ag) 3 A — [By]s(Aq — A)~'y* is holomorphic in ZB(H/%(%)).
First, we note that domAq C H'(R") NHL,(R"\ Z) implies that

(Ag—A) '€ B(L*R"),H'(R") and (Aq—A)"' € B(L*(R"),HH(R"\ X)),
see (3.16) for a similar argument. Hence, by duality also
(Aa—A)"' € BHT'(R"),L*(R)).

With the resolvent identity this implies for any Ay € p(Ay) and A € p(Ay) Np(Ap), in
a similar way as in the proof of Proposition 3.2, first that

[BV]s(Aa—20) 'V = [By]s(Aa—2) 'Y = (A—A)[BV]z(Aa—20) " (Aa—2) Y7,
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which yields first with (4.7) that [%By]s(Aq — Ao) " 'y* € B(H~'/?(Z)) and in a sec-
ond step, that [%y]x(Ay — A9)~'7* is holomorphic in Z(H~'/?(X)), which shows the
claim of this step.

Step 3: By (4.7) and the result from Step 2 we know that (I + .7 (1))~ can
be extended to a holomorphic map in Z(H /(%)) for A € p(Ay). By duality we
deduce that (I + o.#(1))~" is holomorphic in Z(H'/*(X)) for A € p(Ay). Finally,
by interpolation we conclude that (I+ 0.7 (1))~! is also holomorphic in %(L*(X))
for L € p(Aq).

Step 4: Tt follows from Proposition 4.2 (i) that ker(Aq — Ag) © ker(Ag — Ag) # {0}
if and only if there exists ¢ € .#), such that (14 a.%y(A0))¢@ = 0, i.e. if and only if
A (I4+ % (4))~" has apole at Ag. This shows immediately (4.6).

4.2. Numerical approximation of discrete eigenvalues of A,

For the numerical approximation of the discrete eigenvalues of A, and the cor-
responding eigenfunctions we consider boundary element methods. These require the
knowledge of an explicit integral representation of the paramatrix 4 (1) of & — A or
at least a good approximation of the boundary integral operator .#)(A). This is for
example the case when &2 has constant coefficients.

We restrict ourselves to three-dimensional domains €; C R? in order to keep the
presentation simple. The presented procedure and the obtained convergence results can
be straightforwardly transfered to domains with general space dimensions.

The discrete eigenvalues of A, split into the eigenvalues of the nonlinear eigen-
value problem

(I+aAA)e=0 (4.8)

in p(Ap) and into distinct discrete eigenvalues of Ag, which can be characterized on
the one hand as poles of the operator-valued functions 7 (-) having the property spec-
ified in Proposition 4.2 (iii) and on the other hand as poles of [I + a.%(-)]~! lying in
Odisc (AO) .

In the following we will first consider the case that there are no discrete eigen-
values of Ag, that means that all discrete eigenvalues of A, can be characterized as
eigenvalues of the nonlinear eigenvalue problem (4.8). This is for example the case
when & has constant or periodic coefficients. Afterwards the general case will be
treated. For both cases we will present convergence results of the boundary element
approximations of the discrete eigenvalues of A . In the first situation a complete nu-
merical analysis is provided, whereas in the general case for the approximation of the
eigenvalues in Ogisc(Ap) the convergence theory of Section 2 can not be applied.

We will also address the numerical solution of the discretized problems which
results in the determination of the poles of matrix-valued functions. For that the so-
called contour integral method is suggested [1 1] which is a reliable method for finding
all poles of a meromorphic matrix-valued function inside a given contour in the complex
plane.
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4.2.1. Approximation of discrete eigenvalues of A, for the case 0yis.(Ag) = &

If 04isc(Ag) = &, then, by Proposition 4.2 (ii), Ap € C\ Oess(Ay) is a discrete
eigenvalue of A, if and only if it is an eigenvalue of the nonlinear eigenvalue prob-
lem (4.8). Any conforming Galerkin method for the approximation of the eigenvalue
problem (4.8) is according to the abstract results in Section 2 a convergent method
since p(Ag) 2 A +— (I 4+ a.%()) is by Lemma 3.4 (iii) holomorphic in Z(L*(Z))
and (I + a.7)(A)) satisfies for A € p(Ag) Garding’s inequality of the form (2.1) be-
cause o.7p(A) : L*(2) — L*(X) is compact, see Lemma 3.4 (i).

For the presentation of the boundary element method for the approximation of
the discrete eigenvalues of A, we want to consider first the case that Q; C R3 isa
bounded polyhedral Lipschitz domain. The general case is commented in Remark 4.1.
Let (Inv)nen be a sequence of quasi-uniform triangulations of the boundary X of €,
see e. g. [30, Chapter 4] or [32, Chapter 10], such that

n(N)
gNZ{T{V’~~~,T,I,\EN)} and X = U T;V, 4.9)
j=1

where we assume that for the mesh-sizes i(N) of the triangulations Jy the rela-
tion #(N) — 0 holds as N — . We choose the spaces of piecewise constant func-
tions So(Zy) with respect to the triangulations Jy as spaces for the approximations
of eigenfunctions of the eigenvalue problem (4.8). For a finite-dimensional subspace
V C H*(Z), s € [0,1], we have the following approximation property of So(Zy) with
respect to || - || ;2(x) [32, Thm. 10.1]:

825)(V;So(In)) = sup inf_[|v—on|[;25) = O(h(N)*). (4.10)
H Hvzev—l(PNESO(yN)
Vii2)=

The Galerkin approximation of the eigenvalue problem (4.8) reads as: find eigen-
pairs (Ay, @n) € Cx So(In) \ {0} such that

(I+ o (An)on, yv) =0 Vyy € So(I). (4.11)

All abstract convergence results from Theorem 2.1 can be applied to the approximation
of the eigenvalue problem (4.8) by the Galerkin eigenvalue problem (4.11). In the fol-
lowing theorem we only state the asymptotic convergence order of the approximations
of the eigenvalues and the corresponding eigenfunctions.

THEOREM 4.5. Let D C p(Ag) be a compact and connected set in C with a sim-
ple rectifiable boundary dD. Suppose that A € D is the only eigenvalue of 1+ 0..%(-)
in D and that ker(I + o.%p(A)) C H*(Z) for some s € (0,1]. Then there exist an
No € N and a constant ¢ > 0 such that for all N > Ny we have:

(1) For all eigenvalues Ay of the Galerkin eigenvalue problem (4.11) in D
A = 2wl < e(h(N))'* (4.12)
holds.
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(iD) If (An,@n) is an eigenpair of (4.11) with Ay € D and || @ ||;2(s) = 1, then

inf - <c(|Ay =]+ (R(N))Y).
(peker(ll-ir-locyo(l))”qo on 2z < e (|Av = A+ (R(N))*)

Proof. The abstract convergence result in Theorem 2.1 (iii) (a) implies

A — A
< ey is) (G + e ?o(),4).S0(Tw)) " 8p0(5) (G + ()", A4), So( T)) .

Since A is by (4.6) a pole of first order of (I+ a.%(-))~! we get from [25, The-
orem A.10.2] that £ = 1 and that G(I + 0.%y(-),A) = ker(I + a.7y(A)) as well as
G((I+ 0% (-))*, A) = ker((I + o.%y(1))*). The error estimates follow then from the
approximation property (4.10) of So(Zy) and the fact, that the eigenfunctions of the
adjoint problem are more regular than those of (I+ o.%(-)). To see the last claim, we

note that a solution of the adjoint eigenproblem

(I+ o) e=(I+F(A)o)p =0
belongs by Lemma 3.4 (i) to H'(Z) and hence, by (4.10)
5L2(2) (ker((I+ a%(%))*,so(%)) < ch(N)

holds.

REMARK 4.1. If Q is a bounded Lipschitz domain with a curved piecewise C>-
boundary the approximation of the boundary by a triangulation with flat triangles as
described in [30, Chapter 8] still guarantees convergence of the approximations of the
eigenvalues and eigenfunctions with the same asymptotic convergence order as in The-
orem 4.5. This can be shown by using the results of the discretization of boundary
integral operators for approximated boundaries [30, Chapter 8] and the abstract results
of eigenvalue problem approximations [22, 23].

The Galerkin eigenvalue problem (4.11) results in a nonlinear matrix eigenvalue
problem of size n(N) x n(N), which can be solved by the contour integral method [11].
The contour integral method is a reliable method for the approximation of all eigenval-
ues of a holomorphic matrix-valued function M(-) which lie inside of a given contour
in the complex plane, and for the approximation of the corresponding eigenvectors.
The method is based on the contour integration of the inverse function M(-)~! and uti-
lizes that the eigenvalues of the eigenvalue problem for M(-) are poles of M(-)~'. By
contour integration of the inverse M(-)~! a reduction of the holomorphic eigenvalue
problem for M(-) to an equivalent linear eigenvalue problem is possible such that the
eigenvalues of the linear eigenvalue problem coincide with the eigenvalues of the non-
linear eigenvalue problem inside the contour. For details of the implementation of the
method we refer to [11].
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4.2.2. Approximation of discrete eigenvalues of A, for the case 0yis.(Ag) # &

If Ggisc(Ao) # &, then Proposition 4.2 and Proposition 4.4 show that the discrete
eigenvalues of A, are poles of [I+ a.%)(-)]~! or the poles of <7(-) satisfying the
property specified in Proposition 4.2 (iii). The boundary element approximation of the
discrete eigenvalues of A, are based on these characterizations.

First we want to consider the approximation of the poles of (I+ a.%(-))~!. For
those poles of (I+ a.%(-))~! which lie in p(Ag) the abstract convergence results
of Section 2 can be applied with the same reasoning as in the case Ogyisc(Ao) = &,
since (I+a.%(-)) is holomorphicin p(Ag) and the poles of (I+ .7 (-)) ! in p(Ao)
coincide with the eigenvalues of the eigenvalue problem for (I 4+ o.%(+)) in p(Ao).
If Ao is a pole of (14 a.%(-))~! which lies in ogisc(Ag), then (I + o.%(-)) is not
holomorphicin Ay and therefore the convergence results of Section 2 are not applicable
for the boundary element approximation of Ag. To the best of our knowledge a rigorous
numerical analysis of the Galerkin approximation of such kind of poles of Fredholm
operator-valued functions for which the inverse is not holomorphic at the poles have not
been considered so far in the literature. However, we expect similar convergence results
also of such kind of poles. If this holds, then this kind of poles of (I + a.%(-))~",
which is holomorphic in p(A) by Proposition 4.4, are appropriately represented as
poles of the discretized problem and will be identified by the contour integral method.

Finally, we want to discuss the approximation of the discrete eigenvalues of A
which are not poles of [+ o.%y(+)]~'. If A¢ is such an eigenvalue, then, by Proposi-
tion 4.2 (iii), it is a pole of &7 (-) such that a pair (¢, ¥) € ranR (3, defined by (3.35)
exists with e = 0 or equivalently that (1, ¢, y), (@,y) # (0,0), satisfies

(L) (Z) - (8) and o =0. (4.13)

The characterization in (4.13) can be used for the numerical approximation of the dis-
crete eigenvalues of A, which are not poles of [I+ o.%(-)]"!. For the boundary
element approximation of the eigenvalue problem in (4.13) we need in addition to the
space of piecewise constant functions So(Zy) the space of piecewise linear functions
S1(In) . Formally, the Galerkin eigenvalue problem

(%(x)—l (gx)(g}f:)) =0 forall (‘gz) €S1(TN) % So(Tn)  (4.14)

is considered. However, if the contour integral method is used for the computations of
the eigenvalues of the Galerkin eigenvalue problem (4.14), then .7 (-)~! does not have
to be computed, since the contour integral method operates on its inverse .7 (-). The
abstract convergence results of Section 2 can be applied to the approximation of those
eigenvalues Ay of the eigenvalue problem (4.13) for which .27(-)~! is holomorphic. In
general it is possible that Aq is a pole of .7 (-) and of .27(-)~!. In this case, as men-
tioned before, a rigorous analysis of the Galerkin approximation has not been provided
so far.
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4.3. Numerical examples

We present two numerical examples for &2 = —A; as in Section 4.2 before we
consider the three dimensional case n = 3. In this case A is the free Laplace opera-
tor and 6(Ag) = Oess(Ao) = [0,%0), and the fundamental solution for &7 — A is given
by G(A;x,y) = eVl (4zx||x —y|)~! [27, Chapter 9]. In particular, the operator
Ap has no discrete eigenvalues and therefore the eigenvalues of A, coincide with the
eigenvalues of the eigenvalue problem for I+ o..%(+). The Galerkin eigenvalue prob-
lem (4.11) is used for the computation of approximations of discrete eigenvalues of Ay
and corresponding eigenfunctions. In all numerical experiments the open-source library
BEM-++ [31] is employed for the computations of the boundary element matrices.

4.3.1. Unit ball

As first numerical example we consider as domain Q; C R? the unit ball and a
constant . The eigenvalues of A, for constant o have an analytical representation
[2, Theorem 3.2] which are used to show that in the numerical experiments the predicted
convergence order (4.12) is reflected. Let / € Ny be such that 2/ 4+ 1 < —o. Then A0
is an eigenvalue of A, of multiplicity 2/ 41 if

Lt o (V=AU) K12 (V=20) =0,

where [; 1/, and K; ./, denote the modified Bessel functions of the first and second
kind, respectively, of order [ + 1 /2. Conversely, all eigenvalues of A, are of the above
form.

For the numerical experiments we choose 0@ = —6. In Table | the errors of the
approximations of the eigenvalues of A, with oo = —6 for three different mesh sizes
h are given. For multiple eigenvalues A(), [ = 1,2, we have used the mean value of
the approximations, denoted by /71;51) = ﬁ 231:11 JL;EI) , for the computation of the error.
The experimental convergence order (eoc) reflects the predicted quadratic convergence
order (4.12). In Figure 1 plots of computed eigenfunctions of A, in the xy-plane are
given where for each exact eigenvalue one approximated eigenfunction is selected.

A}(IOLA(O) 1}(1)71(1) A}(IZLMZ)
h o] eoc ] eoc Bl eoc
0.2 1.203e-2 - 2.837e-2 - 1.666e-1 -
0.1 2473e-3  2.28 6.968e-3  2.02 3.969%e-2  2.07
0.05 4.344e-4 2.48 1.781e-3  1.95 9.593e-3  2.06
Table 1: Error of the approximations of the eigenvalues of Ay, oo = —6, of the unit

sphere for different mesh-sizes £.
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Figure 1: Computed eigenfunctions of Ay, oo = —6, in the xy-plane for the unit ball.

4.3.2. Screen

For the second numerical example we have chosen a & -potential supported on
the non-closed surface T":= [0,1] x [0, 1] x {0} C R?, which is referred to as screen.
The interaction strength ¢ is defined by o = —15)r, where yr is the characteristic
function on I" given as

1, forxeT,
xr(x) =

0, else.

Such a problem fits in the described theory of this section, as the interaction strength
o € L7(X) is allowed to have jumps. Take for example as domain €; the unit cube,
which is a bounded Lipschitz domain as in the theoretical considerations in this section.
Then T is identical with one of the faces of £ = dQ; and o € L™ (X).

In the numerical experiments we have chosen as contour the ellipse given by the
formula g(¢) = ¢+ acos(t) + ibsin(t), t € [0,2x], with ¢ = —32.0, a = 31.99 and
b=0.01. We have got four eigenvalues of the discretized eigenvalue problem inside the
contour, namely /I}EI) =—-43.02, /1}52) =-23.93, /1}53) =—-23.88,and /1}54) = —5.59 for
the mesh-size i = 0.0125. Plots of the numerical approximations of the eigenfunctions
in the xy-plane are given in Figure 2.
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Figure 2: Computed eigenfunctions of Ay in the xy-plane for ot = —15x0 1]x[0,1]x {0} -



588 M. HOLZMANN AND G. UNGER

5. Elliptic differential operators with &’ -interactions supported on compact
Lipschitz smooth surfaces

In this section we study the spectral properties of the partial differential operator
which corresponds to the formal expression Bg := & + B(8s,-) 05 in a mathematically
rigorous way and study its spectral properties. The considerations are very similar as for
Ag in Section 4. First, in Section 5.1 we show the self-adjointness of Bg in L*(R") and
obtain the Birman-Schwinger principle to characterize the discrete eigenvalues of By
via boundary integral operators in Proposition 5.2. Then, in Section 5.2 we discuss how
these boundary integral equations can be used to approximate numerically the discrete
eigenvalues of Bg by boundary element methods. Finally, in Section 5.3 we show some
numerical examples.

5.1. Definition and self-adjointness of By

For a real-valued function § with B! € L*(X) we define in L>(R") the partial
differential operator Bg by

Bgf:=2fi® Pfe,
domBp :={f=fi® fe €HyH(Qi) ®HY(Qe) : By fi = Bufe. Ve —vFi=BBvf}.
(5.1)
With the help of (3.8) it is not difficult to show that Bg is symmetric in L>(R"):

LEMMA 5.1. Let B be a real-valued function on X with B~ € L*(X). Then the
operator Bg defined by (5.1) is symmetric in L*(R").

Proof. We show that (Bﬁf7f)L2(Rn) € R forall f € domBg. Let f € domBg be
fixed. Using (3.8) in Q; and . and that the normal v is pointing outside of €; and
inside of Q. we get

(Bpf ) 2@y = (2 fis i)y T (Pfe fe) 2
= q)Qi [flaf;] - (‘@th Yﬁ) + q)Qe [f87f€] + (‘@foh Yfe)'
Since f € domBg we have By f; = By fe and BBy f = (Y fe — vfi). Therefore, we
conclude
(Bgf. f)r2 g = Pay Lfis £l + Pafer fol + (Buf,V fe — 1)
— q)Qi [fl?fJ + q)Qe [feafe} + («@vf7ﬁ$vf)

Since the sesquilinear forms ®g, ) are symmetric, the latter number is real and there-
fore, the claim is shown.

The following proposition is the counterpart of Proposition 4.2 to characterize the

discrete eigenvalues of Bg via boundary integral operators. It is the theoretic basis to
compute these eigenvalues with the help of boundary element methods in Section 5.2.
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To formulate the result below recall for A € p(Ap) U Ogisc(Ao) the definition of the
double layer potential DL(A) from (3.25), the set .43 from (3.26), the hypersingular
boundary integral operator %(4) from (3.31), and R (3, from (3.35).

PROPOSITION 5.2. Let B be a real-valued function on T with B! € L*(X) and
let Bg be defined by (5.1). Then the following is true for any A € p(Ao) U Gdisc(Ao)

(i) ker(Bg —A)©ker(Ag—A) # {0} if and only if there exists 0 # ¢ € A}, such
that (B~ 4+ Z%(X))@ = 0. Moreover,

ker(Bg — 1) ©ker(Ag—A) = {DL(A)p: @ € A3, (B~ +Z(1))p =0}. (5.2)

(ii) If A € p(Ao), then A € 6,(Bg) if and only if 0 € op(B~" +Z(1)).

(i) ker(Bg—A)Nker(Ag—A) # {0} if and only if there exists (@, )" €ranR ;)
such that v = 0.

(iv) If A ¢ 0,(Bg) UG (Ag), then B~ +2(A): H'/2(£) — H-'2(Z) has a bounded
and everywhere defined inverse.

Proof. (i) Assume first that ker(Bg —A) ©ker(Ag —4) # {0} and take an arbitrary
f €ker(Bg —A)©oker(Ag —A). Then by Lemma 3.5 (i) there exists ¢ € .4} such that
f=DL(4)@. Since f € domBg one has with Lemma 3.5 (ii)

B#yf=vfe—7vfi=7(DLA)@).—7(DL(A)9)i = ¢.

With %, f = —2%(A)¢ this can be rewritten as B¢ = —%(1)¢p. Hence, the above
considerations show

ker(Bg — 1) &ker(Ag—A) C {DL(A)@: @ € A3, (B '+Z(A))9p=0}. (5.3)
Conversely, assume that there exists ¢ € .43 \ {0} such that (B~' +%(1))p =0.

Then f:=DL(1)¢ € HL,(R"\ X) is nontrivial by Lemma 3.5 (ii). Using the jump
properties of DL(A)¢@ from Lemma 3.5 (ii) we conclude further %, f; = %, f. and

Yfe—7vfi=7(DL(A)p)e —Y(DL(A)9); = ¢ = —BZ(L)p = BA\f,

where B! (I4+BZ#(A))p = 0 was used. Hence, f € domBg. With Lemma 3.5 (i) we
conclude with ¢ € .4, eventually

(Bg —A)f = (2 =A)(DL(A)@); © (¥ = A)(DL(A)9)e = 0,
which shows A € o,,(Bg) and
{DLA)g: 9 e A, (B +%(1)p =0} C ker(Bg —4)Sker(Ag—4).  (5.4)

Note that (5.3) and (5.4) give (5.2). Hence, all claims in item (i) are proved.
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Assertion (ii) is a simple consequence of item (i), as for A ¢ 6(Ag) we have
ker(Ag—A) = {0} and .45 = H'/2(Z).

Statement (iii) follows from Theorem 3.8. Note that f € domBg NdomAy if and
only if f € H*(R") and %,f = B~ '(yf. —yf;) = 0. This implies together with
Theorem 3.8 that f € ker(Bg — A) Nker(Ap — A) if and only if there exists a pair
(0, v)" = (vf,Bvf)" €ranR, ;) suchthat y =0.

(iv) First, we note that the multiplication with the function B! € L=(X) gives
rise to a bounded operator from H'/2(Z) to L*(X) and as L?(X) is compactly embed-
ded in H~'/2(Z), the operator B! : H'/2(£) — H~'/2(X) is compact. Therefore, we
deduce from [27, Theorem 2.26] that B~ +Z(A) : H'/?(£) — H~'/2(X) is a Fred-
holm operator with index zero, as Z(A) is a Fredholm operator with index zero by
Lemma 3.6 (ii). Since A is not an eigenvalue of Bg by assumption, we deduce from (ii)
that B~! +2(A) is injective and hence, this operator is also surjective. Therefore, it
follows from the open mapping theorem that B~! +%(A) has a bounded inverse from
H'2(Z) to H'/2(Z).

In the following proposition we show the self-adjointness of Bg and a Krein type
resolvent formula for this operator. We remark that the resolvent formula in (5.5) is
well defined, as B! +2(1) : H/2(£) — H~'/2(Z) is boundedly invertible for any
A € p(Ao)Np(Bg) by Proposition 5.2 (iv).

PROPOSITION 5.3. Let B be a real-valued function on X with B~ € L=(X)
and let the operators Ay, DL(A), and Z(A), A € p(Ay), be given by (3.9), (3.25),
and (3.31), respectively. Then the operator By defined by (5.1) is self-adjoint in L*(R")
and the following is true:

(i) For A € p(Ag)Np(Bg) the resolvent of Bg is given by
(Bg—A) "' =(A—2)"'+DLA) (B +2(1) ' By(Ao-2)".  (5.5)
(i) Oess (Bﬁ) = Oess(Ao)-

Proof. To show that By is self-adjoint, we show that ran(Bg — 1) = L*(R™) for
A €C\(0(Ag)Uop(Bg)). Let f € L*(R") be fixed and define

g:=(Ag— 1) 'f+DLQA) (B~ +2(1)) " By(Ag— 1) f.

Note that g is well defined, as B~ +2(1) : H'/?(X) — H~'/2(X) admits a bounded
inverse for A ¢ o(Ag) U op(Bg) by Proposition 5.2 (iv). We are going to show that
g €domBg and (Bg —A)g = f. This shows then ran(Bg — 1) = L*(R™) and also (5.5).

Since (A9 — 1)~ 'f belongs to H>(R") by Proposition 3.2, we have for its conor-
mal derivative that %, (Ag— 1)~ f € L*(Z)  H~'/>(Z), and we conclude from Propo-
sition 5.2 (iv) and Lemma 3.5 that

DL(A) (B~ +Z(A)) ' By(A0— 1) f € HL(R"\ ).
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Therefore, also g € H.,(R"\ £). Moreover, we get with the help of Lemma 3.5 (ii) that
Bvge = ABygi- Applying once more Lemma 3.5 (ii) we conclude
Bl (rge—ve) —Bug =~ (B +R(2)) " By(Ao—A) 'S = Bu(Ao—2)"'f
+AMN) (B + (1) Bu(Ao—2) " f =0,

which shows g € domBg. Next, we have with ¢ := (B~ '+ 2(A)) ' By (Ao — 1) f
(Bg —A)g= (2= 1) (A0 —A)"'f+ (2 —2)(DL(A)9)i & (¥ — A)(DL(A)9)e = f,

where (3.27) was used in the last step. With the previous considerations we deduce now
the self-adjointness of Bg and (5.5).

It remains to show assertion (ii). Let A € C\ R be fixed. Due to the mapping
properties of the resolvent of Ag from Proposition 3.2 and the mapping properties of
A\ from (3.7) the operator

By(Ag— L) LARY) — LHE) — H V()
is bounded. Hence, Proposition 5.2 (iv) yields that
(B +2(A) ™ Bu(Ag— 1) P(R") — H'(Z)
is bounded. As H'/?(Z) is compactly embedded in L?>(Z) we conclude that the latter

operator is compact from L?(R") to L?>(X). Since DL(A) : L?(X) — L?*(R") is bounded
by (3.25), we find eventually that

(Bg—2A)"' = (A1) =DLA) (B +2(1)) " Bu(Ag— 1)

is compact in L?(IR"). Therefore, we get with the Weyl theorem Gegs (Bp) = Oess(Ao) -

The following result is the counterpart of Proposition 4.4 on the inverse of the
Birman-Schwinger operator B~! +2(A), which will be of great importance for the
numerical calculation of the discrete eigenvalues of Bg via boundary element methods.

PROPOSITION 5.4. Let B be a real-valued function with B~' € L*(X) and let
Bpg be defined by (5.1). Then the map

P(Bg)Np(A0) 24— (B~ +2(2))

can be extended to a holomorphic operator-valued function, which is holomorphic in
p(Bg) with respect to the toplogy in BHV2(2),H'2(Z)). Moreover, for any num-
ber Ao ¢ Gess(Bp) = Oess(Ao) one has ker(Bg — Ao) ©ker(Ag — Ao) # {0} if and only
if (B~'+% (L))" has a pole at Ay and

ker(Bg — Ao) © ker(4g — 20) = {DL(20) @ : Alirr/{o(l —20)(B~' +2(1)) " 9 #0}.
(5.6)
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Proof. The proof is similar as the proof of Proposition 4.4 and split into 3 steps.
Step 1: Define the map

Vs Hy(R\Z) — H2(Z),  [Ylef =vfe— v
Let A € p(Bg) N p(Ao) be fixed. We show that

(B + (1) = [1)=(Bs 1)1 (5.7)
In particular, with Proposition 5.2 (iv) this implies that [y]s(Bg —A)~'[y]z belongs

to B(H'/%(Z),H'/?(Z)). To show (5.7) we note first that [y]zf = BA, f holds for
J € domBpg and hence (5.5) yields

[Vls(Bg —A) ' =BBy(Bg—A)"!
—li%’v(Ao N BRI (B +22)) Bu(Ag-T) !
=B[(B ' +2R) -2 X)) (B +2 %) Bu(Ag— 1)
= ("' +2(R) " Be(40-2) ",
which implies, after taking the dual,

(Bg—24)"'[y]s =DL(A) (B~ +2(1))"

In particular, by Lemma 3.5 and Proposition 5.2 (iv) the right hand side belongs to
#(H~V2(2),HL,(R"\ %)) and thus the same must be true for (Bg —A)~![y]%. There-
fore, we may apply [y]s and the last formula shows, with the help of Lemma 3.5 (ii),
the relation (5.7).

Step 2: Tt is shown that [y]s(Bg —A)~![y]s € B(H V/*(2),H'/*(Z)) for any
A € p(Bg) and that the mapping p(Bg) 3 A — [y]z(Bg —A)~'[y]} is holomorphic in
the space Z(H~'/2(Z),H'/*(%)).

First, we note that domBg C HJ,(R" \ Z) implies that

(Bg—2A)"' € B(L*(R"),H (R"\ X)),
see (3.16) for a similar argument. Hence, by duality also
(B —A)~" € B((Hp(R"\X))", L*(R")).

With the resolvent identity this implies for any A € p(Bg) and A € p(Bg)Np(Ap), in
a similar way as in the proof of Proposition 3.2, that

[Y]=(Bp — 20) ' [¥]5 — [¥]s(Bg — 4) ' [¥]&
= (Ao—A)[¥]s(Bp — 20) ' (Bg —A)'[15,
which shows first with (5.7) that [y]s(Bg — Ao)~'[y]E € B(HV/*(X),H"/?*(Z)) and
in a second step, that [y]s(Bg —A)~![y]% is holomorphic in Z(H~V/2(),H'/*(%)),

which shows the claim of this step.
Step 3: 1t follows from Proposition 5.2 (i) that ker(Bg — Ag) ©ker(Ag — o) # {0}

if and only if there exists @ € .43, such that (B~' +%2(9))¢ =0, i.e. if and only if
A= (B~'+2%(A))~! has apole at Ag. This shows immediately (5.6).

1
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5.2. Numerical approximation of discrete eigenvalues of Bg

The approximation of the discrete eigenvalues of Bg by boundary element meth-
ods is based on the same principles as those for the discrete eigenvalues of A, described
in Section 4.2. As there, we discuss the three dimensional case n = 3 here. In order to
apply boundary element methods for the approximation of the discrete eigenvalues of
By it is necessary to have an integral representation of the paramatrix ¢ (1) of & — 4
or at least a good approximation of the boundary integral operator Z(A). We use the
characterization of the discrete eigenvalues of By in terms of boundary integral oper-
ators given in Proposition 5.2 and Proposition 5.4. The discrete eigenvalues split into
the eigenvalues of the nonlinear eigenvalue problem

B +2(1)y=0 (5.8)

in p(Ap) and into distinct discrete eigenvalues of Ag which are either the poles of .27 (+)
satisfying the properties specified in Proposition 5.2 (iii) or poles of (8~'+2(-))~! in
Odisc (AO) .

In the following presentation of the boundary element method we want to con-
sider first the case that Ogisc (Ag) = @ and then the general case. If 0gisc(Ag) = &, then
the discrete eigenvalues of By coincide with the eigenvalues of the nonlinear eigen-
value problem (5.8) in p(Ap) as shown in Proposition 5.2 (ii). In this situation a com-
plete convergence analysis is provided by the theory of Section 2. For the general case
the convergence of the approximations of the discrete eigenvalues of Bg which lie in
Odisc(Ap) is an open issue.

The discretized problems for the approximation of the discrete eigenvalues of Bg
which result from the approximations of the boundary integral operators by boundary
element methods are problems for the determination of poles of meromorphic matrix-
valued functions. For this kind of problems we use the contour integral method [11],
which was discussed in Section 4.2.1.

5.2.1. Approximation of discrete eigenvalues of By for the case oyisc(Ag) = @

For oyise(Ao) = @ the discrete eigenvalues of Bg coincide by Proposition 5.2 (ii)
with the eigenvalues of the operator-valued function (8~!+%(-)). Lemma 3.6 (iii)
shows that p(Ag) 3 A — (B! 4+2(2)) is holomorphic in Z(H'/2(X),H /(%))
Moreover, by Lemma 3.6 (i) the operators 3~ +2(A) satisfy for A € p(Ag) Garding’s
inequality of the form (2.1). Hence, any conforming Galerkin method for the approxi-
mation of the eigenvalue problem (5.8) is a convergent method, which follows from the
theory in Section 2.

For the boundary element approximation of the eigenvalue problem (5.8) we first
assume that €; is a polyhedral Lipschitz domain. The case of general Lipschitz do-
mains is addressed in Remark 5.1. Let (Jy)yen be a sequence of quasi-uniform tri-
angulations of ; with the properties specified in (4.9). As approximation space for
the approximation of the eigenfunctions of the eigenvalue problem (5.8) we choose the
space S!(Zy) of piecewise linear functions with respect to the triangulation .Zy . The
approximation property of S;(Zy) depends on the regularity of the functions which are
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approximated. In order to measure the regularity of functions defined on a piecewise
smooth boundary X, partitioned by open sets Xy, ...,%; such that

J
=JZ,, ZNnZ=afori# j,
=1

so-called piecewise Sobolev spaces of order s > 1 defined by
H, () :={veH'(Z) : v|Z; € H'(Z;) for j=1,....J}

are used, see [30, Definition 4.1.48]. For s € [0,1] the space Hj, (%) is defined by

Hy (2) := H*(Z). If W is a finite dimensional subspace of H;é,HS(Z) for s € (0,3],
then

0 W.S1(Iw)) = inf — = O(h(N)* 5.9
H'/Z(Z)( 1(In)) :gg} WNEISI}(ﬂN)HW WNHHI/Z():) (h(N)*) (5.9
#1125y =1

holds [30, Proposition 4.1.50].
The Galerkin approximation of the eigenvalue problem (5.8) reads as follows: find
eigenvalues Ay € C and corresponding eigenfunctions yy € S1(Zy) \ {0} such that

(B~ +2(w))yw.av) =0 Vv € S1(I). (5.10)

We can apply all convergence results from Theorem 2.1 to the Galerkin eigenvalue
problem (5.10). In the following theorem the asymptotic convergence order of the
approximations of the eigenvalues and the corresponding eigenfunctions are specified.

THEOREM 5.5. Let D C p(Ap) be compact and connected with a szmple recti-
fiable boundary dD. Suppose that A € D is the only eigenvalue of (B~ +Z(-)) in

D and that ker(B~' +%Z(1)) C H1/2+S( Y) for some s € (0, %] Then there exist an
Ny € N and a constant ¢ > 0 such that for all N > Ny we have:

(1) For all eigenvalues Ay of the Galerkin eigenvalue problem (5.10) in D
|2 — Av| < e(h(N))* (5.11)
holds.

(i) If (Av,u) is an eigenpair of (5.10) with Ay € D and |y |y /2(5) = 1, then

inf - <c(|Ay = A+ (A(N))Y). 5.12
u/eker(ﬁufllwf(l))uw WN”HUZ(Z) c(|Av |+ (h(N))*) ( )

Proof. By Lemma 3.6 (iii) the map p(Ag) > A — (B~! +2(1)) is holomorphic
in Z(H'?(Z),H"'/2(2)). Moreover, by Lemma 3.6 (i), the operators B! + (1)
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satisfy for A € p(Ap) Gérding’s inequality of the form (2.1). Since A is by (5.6) a pole
of first order of (B! +%(-))~! we obtain from [25, Theorem A.10.2] that

GB'+2(),A) =ker(B~ ' +2(1))

and

G((B~'+ ()", A) =ker((B~' +2(%))")

as well as that the maximal length ¢ of a Jordan chain of A is 1. The Galerkin approxi-
mation (5.10) of the eigenvalue problem for (8! +%(-)) is a conforming approxima-
tion because S'(Jy) is a subspace of H'/2(X). Hence, we can use Theorem 2.1(iii) (a)
and get

|4 — An|
< Byp/2(5) (Ker(B~ + Z(A)),S1(W)) /25, (Ker(B~ + 2(R))",S1( )

The error estimates follows from the approximation property (5.9) of S'(Zy) and the
fact, that the eigenfunctions of the adjoint eigenvalue problem are as regular as those

for (B~ +2(")).

REMARK 5.1. If Q is a bounded Lipschitz domain with a curved piecewise C?-
boundary the approximation of the boundary by a triangulation with flat triangles as
described in [30, Chapter 8] reduces the maximal possible convergence order s for the
error of the eigenvalues in (5.11) and for the error of the eigenfunctions in (5.12) from
s = % to s = 1. This follows from the results of the discretization of boundary integral
operators for approximated boundaries [30, Chapter 8] and from the abstract results of
eigenvalue problem approximations [22, 23].

5.2.2. Approximation of discrete eigenvalues of By for the case oyisc(Ao) # @

If 0gisc(Ao) # &, then Proposition 5.2 and Proposition 5.4 imply that the discrete
eigenvalues of Bg are poles of (87! +2(-))~! or poles of <7(-) with the property
given in Proposition 5.2 (iii). These characterizations are used for the approximation of
the discrete eigenvalues of Bg. We will separately discuss both cases.

Let Ao be a discrete eigenvalue of Bg and in addition be a pole of (B~ +2(-)) .
Then (B! +%(-)) is either holomorphic in Ay, which is the case for Ay € p(Ao), or
Ao isapoleof (B~ +2(-)). Apole Ay € p(Ag) of (B~'+2(-))~! can be considered
as an eigenvalue of the eigenvalue problem for the homomorphic Fredholm operator-
valued function (B~!+%(-)) in p(Ao) and the convergence results of Section 2 can be
applied with the same reasoning as in the case of Ogisc(Ag) = &. If Ay € Ouisc(A0) is a
pole of (B~!+4%(-)), then the convergence theory of Section 2 is not applicable for Ay .
We expect convergence of the approximations for this kind of poles of (8~ !+%(-))~!,
but a rigorous numerical analysis has not been established so far.

The approximation of a discrete eigenvalue Ay of Bg which is not a pole of the
operator-valued function (8! +22(-))~! is based on Proposition 5.2 (iii): A is a pole
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of &7 (-) and there exist (0,0) # (y, @) € H'/>(Z) x H~'/>(Z) such that

%(A)*(K):@) and  y=0. (5.13)

For the approximation of the eigenvalues of the nonlinear eigenvalue problem in (5.13)
formally the Galerkin problem in S'(.Zy) x $°(y) as given in (4.14) is considered.
If the contour integral method is used for the computations of the approximations of
the eigenvalues for .o7(-)~!, then .7 (-)~! does not have to be computed, but instead its
inverse .7 (-). The convergence theory of Section 2 can be applied to the approximation
of those eigenvalues of .7 (-)~! for which .« (-)~! is holomorphic. If A is a pole .7 (-)
and of <7 (-)~!, we again expect convergence, but a numerical analysis for such kind
of poles has not been provided so far.

5.3. Numerical examples

For the numerical examples of the approximation of discrete eigenvalues of Bg
we choose &2 = —A and n = 3. In this case Oess(Ag) = [0,0), Ouisc(Ag) = F, the
fundamental solution is given by G(4;x,y) = VAl (4x||x—y||)~!, and the discrete
eigenvalues of By coincide with the eigenvalues of the nonlinear eigenvalue problem
for (B~!+4%(-)). The Galerkin eigenvalue problem (5.10) is used for the computation
of approximations of discrete eigenvalues of By and corresponding eigenfunctions.

5.3.1. Unit ball

)Llio)_)L(O)) Ah(l)_x(l)‘ ‘1}52)_1(2)
h W €ocC W €0ocC W €0cC
0.2 3.232e-3 - 1.885e-3 - 6.745e-3 -
0.1 7.099e-4 2.19 3.926e-4 226 1.406e-3  2.26
0.05 1.635e-4 2.11 8.958e-5 2.13 3.054e-4 220
Table 2: Error of the approximations of the eigenvalues of Bg, B! = —1.5, of the unit

ball for different mesh-sizes #.

We consider for the first numerical example as domain €; C R? again the unit
ball. Analytical representations for the discrete eigenvalues of B are known in this
case [2, Section 6] and are used to compute the errors of the approximations and to
check the predicted asymptotic error estimate (5.11). The errors of the approximations
of the eigenvalues of Bg with B~! = —1.5 which lie inside the contour described by
g(r) = c+acos(t) +ibsin(r), t € [0,2x], with ¢ = —6.0, a =5.99 and b = 0.01 are
given in Table 2 for three different mesh sizes 7. We denote by 1(1), [ =1,2, the
mean value of the approximations of the multiple eigenvalues A(). A quadratic ex-
perimental convergence order (eoc) can be observed which is according to Remark 5.1
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the best possible convergence order if flat triangles are used for the triangulation of a
curved boundary as it has been done in our experiments. In Figure 3 plots of computed
eigenfunctions of Bg in the xy-plane are given where for each exact eigenvalue one
approximated eigenfunction is selected.

Figure 3: Computed eigenfunctions of By, B! = —1.5, in the xy-plane for the unit
ball.

5.3.2. L-shape domain

In the second numerical example we have chosen as domain &; C R? a so-called
L-shape domain with Q; = (—1,1)3\ ([0, 1]> x [~1,1]) and we have set B! = —0.75.
In the numerical experiments the ellipse g(#) = ¢ +acos(r) +ibsin(t), ¢ € [0,2x], with
c=—4.0,a=3.99 and b = 0.01, is taken as contour for the contour integral method.
We have got three eigenvalues of the discretized eigenvalue problem inside this contour,
namely 2\” = —5.54, /") = —4.41 and 2\” = —2.94 for the mesh-size h = 0.1.
Plots of the numerical approximations of the eigenfunctions in the xy-plane are given
in Figure 4.

1 T

0 :

43, 05 -
10 1

Figure 4: Computed eigenfunctions of By, B! = —0.75, for the L-shape domain
Q; = (—1,1)>\ ([0, 1]?> x [~1,1]) in the xy-plane.
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