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SCHRODINGER OPERATORS WITH POTENTIAL
WAVEGUIDES ON PERIODIC GRAPHS

OLAF POST AND NATALIA SABUROVA *

Abstract. We consider discrete Schrodinger operators with periodic potentials on periodic graphs
perturbed by guided positive potentials, which are periodic in some directions and finitely sup-
ported in other ones. The spectrum of the unperturbed operator is a union of a finite number of
non-degenerate bands and eigenvalues of infinite multiplicity. It is known that the spectrum of
the perturbed operator consists of the spectrum of the unperturbed one and the additional guided
spectrum, which is also a union of a finite number of bands. We estimate the positions of the
guided bands in gaps of the unperturbed operator in terms of eigenvalues of Schrodinger oper-
ators on some finite graphs. We also determine sufficient conditions for the guided potentials
under which the guided bands do not appear in gaps of the unperturbed problem.

1. Introduction

Discrete Laplace and Schrodinger operators on periodic graphs have attracted a lot
of attention due to their applications to the study of electronic properties of real crys-
talline structures, see, e.g., [11], [12], [34] and the survey [7]. However, the arrange-
ment of atoms or molecules in most crystalline materials is not perfect. The regular
patterns are interrupted by crystalline defects. The defects may have different dimen-
sions: point, linear, volume defects. These defects are the most important features for
engineering material and are manipulated to control its behavior. In particular they al-
low one to obtain conductivity of the material for those frequencies (energies) at which
it was not in purely periodic structure. Such effects have a lot of applications, for exam-
ple waveguides in photonic crystal structures (see e.g. in [10], [24], [25] and references
therein).

It is well known that the spectrum of the Laplacian on periodic discrete graphs has
band structure with a finite number of flat bands (eigenvalues of infinite multiplicity)
[16], [20], [26], [36]. The spectrum of the Schrodinger operators with finitely supported
potentials on periodic graphs consists of the spectrum of the Laplacian and a finite num-
ber of eigenvalues of finite multiplicity. The discrete spectrum of Schrodinger operators
with finitely supported potentials on the d-dimensional lattice Z¢, the simplest peri-
odic graph, was studied in [15], [21]. The absence of eigenvalues embedded in the
essential spectrum of the operators was proved in [3] for some kind of graphs including
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the square, triangular, diamond and Kagome lattices. The inverse scattering problem for
discrete Schrodinger operators with finitely supported potentials was considered in [23]
on the lattice Z¢ and in [2] on the hexagonal lattice, where a reconstruction procedure
for the potential from the scattering matrix for all energies was derived.

Discrete Schrodinger operators with periodic potentials on periodic graphs per-
turbed by guided non-positive potentials, which are periodic in some directions and
finitely supported in other ones were considered in [28]. For example, on the lattice Z>
the support of a (non-trivial) guided potential is a strip. It was shown that the spectrum
of the perturbed Schrodinger operator consists of the spectrum of the unperturbed one
and the so-called guided spectrum. The additional guided spectrum is a union of a finite
number of bands and the corresponding wave-functions are located along the support
of the guided potentials and decrease in perpendicular directions. The authors studied
the guided spectrum below the spectrum of the unperturbed operator. They estimated
the position of guided bands and their lengths in terms of some geometric parameters
of graphs. They determined asymptotics of the guided spectrum for large guided poten-
tials and showed that the possible number of guided bands, their length and positions
can be rather arbitrary for some specific potentials. But in [28] there are no results about
the guided spectrum which may appear in gaps of the unperturbed problem. It seems
that, in general, this is a much more difficult problem, see also the discussion in [14]
about similar problems for continuous models.

We should also mention a series of papers [31] — [33], where the author considered
discrete periodic operators with different kinds of defects (localized, parallel, perpen-
dicular) and derived an algorithm of finding the spectrum based on algebraic operations
on the finite matrix-valued functions and integration. Note that the structure with an
infinite line defect embedded in the square lattice was considered in [35]. In this case
the dispersion relations for defect modes generated by a line defect can be computed in
explicit form.

In this paper we consider discrete Schrodinger operators with periodic potentials
on periodic graphs perturbed by guided positive potentials. We estimate the positions
of the guided bands lying in gaps of the unperturbed operator in terms of eigenvalues of
Schrodinger operators on some finite graphs. We also determine sufficient conditions
for the guided potentials under which the guided bands do not appear in gaps of the
unperturbed problem. It should be mentioned that the obtained results also hold true
in the case of finitely supported potentials and even in this simplest case the results are
new to the best of our knowledge.

1.1. Schrodinger operators with periodic potentials

Let G=(7,&) be a connected infinite graph, possibly having loops and multiple

edges, and embedded’ into the space R?. Here 7 is the set of its vertices and & is the
set of its unoriented edges. From the set & we construct the set ./ of oriented edges

'Note that the embedding of G into RY plays no role in the analysis of A, Hy, H etc. as only the
incidence structure of the graph matters. Nevertheless, the embedding simplifies some notation, and allows
e.g. a simple definition of edge indices, see Section 3.
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by considering each edge in & to have two orientations. An edge starting at a vertex u
and ending at a vertex v from 7 will be denoted by the ordered pair (u,v) € o7 .> We
define the degree sz, of the vertex v € ¥ as the number of all edges from 7 starting
at v. _ ~ _

Let T be a lattice of rank d in R? with basis ay,...,a;,ie.,

f:{a:az

_ d
Q:{xeRd:x:Ztsa_y,0<t§<1,s€NJ} (1.1)

s=1

nsas,nSGZ,sENJ}, N7={1,...,d},

“
M=,

and let

be the fundamental cell of the lattice I". We define an equivalence relation on RY as
follows: _ _ .
x=ymodT) < x—yel Vx,y € R%.

We consider locally finite f-periodic graphs G, i.e., graphs satisfying the follow-
ing conditions:

1) G=G+a for any aef‘;
2) the quotient graph G, = (¥, &) = G/T is finite.

The basis vectors ajy,...,a; of the lattice T are called the periods of G. Below the
coordinates of all vectors of R¢ will be given with respect to the basis ay,...,a ;- The

quotient graph G. is a graph on the d-dimensional torus RY / r.

Edges of the periodic graph G connecting the vertices from a fundamental cell €
with the vertices outside € will be called bridges. Bridges always exist and provide
the connectivity of the periodic graph. Edges of the quotient graph corresponding to
bridges of the periodic one will be also called bridges.

Let /2(7) be the Hilbert space of all functions f: ¥ — C equipped with the
norm

1oy = 3 1O <o
veV

We consider a discrete Schrodinger operator Hy with a periodic potential W on
f € 2(¥) as an unperturbed operator defined by

Hy=A+W, (1.2)
where A is the discrete combinatorial Laplace operator given by

AN =Y (fOv) = f(w), Vel (), Vye ¥, (1.3)

(vu)ess

2This is a slight abuse of notation as the two vertices 1 and v do not determine multiple edges. Neverthe-
less, this abuse allows us to avoid introducing initial and terminal functions associating to an edge its initial
and terminal vertex.
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and the sum in (1.3) is taken over all oriented edges starting at the vertex v € #'. The
potential W is real-valued and I'"-periodic, i.e.,

(W) =WW)f(v), W(v+a)=W(v), V(v,a) e ¥ xT.

It is known that Hj is self-adjoint and has the following decomposition into a
constant fiber direct integral for some unitary operator U : £2(¥) — ¢ [26]:
dv dv

— S7] - ~ D ~ ~
A= TJ£2(%)@T)J7 UHoO IZAJHO(ﬁ)(2n>J7 Ho(0) = A(9) + W,

_ N _ (1.4)
where T¢ = R?/(2Z)?, the fiber Schrédinger operator Hy(1%) acts on the fiber space
(%(7,), the fiber Laplacian A(?) is given by

BNW= 3 (f0)= 05 w),  fel). s

e=(v,u)ed

Here 7(e) € Z¢ is the index of the edge e € 7. of the quotient graph G, = (%,&)
defined by (3.5) as n = 0; (-,-) is the inner product in R?. Note that A(0) is the
Laplacian on the quotient graph G...

For a self-adjoint operator A, G(A), Oess(A), Oac(A), 0p(A), and o (A) de-
note its spectrum, essential spectrum, absolutely continuous spectrum, point spectrum
(eigenvalues of finite multiplicity), and the set of all its flat bands (eigenvalues of infi-
nite multiplicity), respectively.

Let #M denote the number of elements in a set M. Each fiber operator ﬁo(ﬁ),
9 € T, has p eigenvalues 4(8), k€N, :={1,2,...,p}, p=#¥;, which are labeled
(counting multiplicities) by

M(D) < ... < Ap(D).

Each A(-), k € Ny, is a real and piecewise analytic function on the torus T4 and
creates the spectral band oy = oy (Hp) given by

or = 0k(Ho) = [ 2] = M(T9). (1.6)

Note that if A4(-) = Ay = const on some subset of T of positive Lebesgue measure,
then Ay is an eigenvalue of Hy on G of infinite multiplicity. We call {A} a flat band.
Thus, the spectrum of the Schrodinger operator Hy on the periodic graph G has the
form

o(Ho) = |J o(Ho(9)) =

veTd

0k (Ho) = 0ac(Ho) U o (Ho). (1.7)

»
TCs

A non-empty interval / C R such that N o (Hy) = @ will be called a spectral gap (or
just a gap) of Hp. Note that we do not assume that the gap [ is maximal, i.e., if I C 1,
then we do not make a statement about the existence of the spectrum inside 7.
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1.2. Schrodinger operators with guided potentials

Let d be an integer satisfying 0 < d < d. We introduce two sublattices T" and Ty
of the lattice T":

e I isa lattice of rank d with basis ay,...,as;

e I is a lattice of rank dy = d — d with basis Ad1,---dj -
We consider a family of guided Schrodinger operators H;, t > 0, on the periodic
graph G = (¥,&) given by

H =Ho+1Q,  (0f)(v)=0W)f(v), fel(¥),

where H is the unperturbed Schrédinger operator given by (1.2), and Q > 0 is a guided
potential if it fulfills the following properties:

1) the support of Q satisfies:
suppQ C R? x [O,I)df’, dy=d—d;
2) Q is I'-periodic, i.e.,

O(v+a)=0(®), V(v,a) € ¥ xT.

REMARK 1.1. i) Recall that the coordinates of all vectors of RY are given with
respect to the basis ay,...,a; of the lattice I' (the periods of the graph G). In other
words, the guided potential Q is periodic in the directions ay,...,a; and finitely sup-

ported in the directions g4y, ..., a;.

ii) Note that one might need to choose a sublattice of the original lattice T in order
to make sure that Q is supported in R? x [0, 1)% and periodic with respect to T.

iii) If d = 0, then the potential Q has finite support containing in the fundamental
cell Q=1[0,1)7.

Let d > 0. We define the infinite fundamental graph C = G/T of the f-periodic

graph G, which is a graph on the cylinder R? /T". We also call the fundamental graph
C a discrete cylinder or just a cylinder. The cylinder C = (¥, &;) has the vertex set
Y. ="7JT, the set & = & /T of unoriented edges and the set <% = </ /T of oriented
edges. Note that C is a I'g-periodic graph with periods ag1,...,a;.

We identify the vertices of the cylinder C with the vertices of the periodic graph G
from the strip S = [0, 1)? x R% . We denote this infinite vertex set by the same symbol
7%

Ye=¥NS, S=[0,1)IxR®  dy=d—d.
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Figure 1: @) The square lattice I.? (J = 2); the fundamental cell Q is shaded; the big
black vertices are support of the guided potential Q (d = 1); b) the discrete cylinder
C =12 T (the vertices on the left and right side of the strip S are identified).

EXAMPLE 1.2. For the square lattice L2 with periods aj,a; (see Fig. la), the
discrete cylinder C = I.? /T = (¥, &) is shown in Fig. 1b, T is the lattice generated by
the vector a;. The support of the guided potential Q is shown by big black vertices of
the graph; Q is periodic in the direction @; and has finite support in the direction a;.

For d > 0 we define the torus T¢ = R¢/(2xZ)¢ and describe the basic spectral
properties of the guided Schrodinger operators [28].

PROPOSITION 1.3. i) The guided Schrodinger operator H; = Hy +1tQ, t > 0,
has the following decomposition into a constant fiber direct integral for some unitary
operator U: (*(V) — H:

dv

& dv
H = 52(%) W;

Td (2m)

H[(ﬂ) = Ho(ﬁ) +tQ,
(1.8)

U

D
. UHU™ :/w H (9)

where the fiber Schridinger operator Hy (1) acts on the fiber space (*(),
Ho(9)=A(®)+W, 9T,

is the fiber operator for Hy, the fiber Laplacian A() is given by

@@NW= T (0= W), felfh), 19

e=(v,u)c

and the potential Q on (*(7;) has finite support. Here t(e) € Z¢ is the vector con-
sisting of the first d components of the index T(e) € Z of the edge e € <., defined by
(3.2), (3.4); (-,-) is the inner product in RY.
ii) For each (9,t) € T x R the spectrum of the fiber operator H,(9) has the
form
0 (H,(9)) = Ouc (H(9)) Uy, (Hi(9)) Uop (Hi (),

Ouc (H (9)) = Cac (Ho (), o (H,(9)) = o (Ho(9)),

Op (H;(0)) is the set of all eigenvalues X(9,1) < A2(0,1) < ... of H,(¥) with finite
multiplicity.
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REMARK 1.4. i) Since 6(Hy) = | o(Ho(?)) and
veTd

G(Ho(f/‘)) = Oess (Ho(ﬂ)) = Oess (Ht(ﬂ))7

spectral gaps of the unperturbed Schrodinger operator Hy remain spectral gaps in the
essential spectrum of H;(®) for all (9,7) € T x R-g.

ii) The eigenvalues A, (¥,7), m=1,2,... , of the perturbed fiber operator H, () =
Hy(®) +1Q may lie above the spectrum of the unperturbed operator Hy(?}), in the
spectrum of Hy(?}) and in gaps of Hy(?}). Since the perturbation Q in (1.8) has finite
support of size p = #suppQ[y,, each gap of Hy(?}) contains at most p eigenvalues
(counting multiplicities) of H;(¥) (see, e.g., [4]).

iii) The fiber Laplacian A(®), © € T¢, can be considered as a magnetic Laplacian
with a periodic magnetic potential c(e) = (7(e), ), e € %, on the cylinder C (see
e.g. [9,17, 18, 29]).

Proposition 1.3 and standard arguments (see Theorem XIII.85 in [38]) describe the
spectrum of the guided Schrédinger operator H; if d > 0. Since H;(1) is self-adjoint
and analytic in © € T¢, each A,,(-,7) is a real and piecewise analytic function on the
torus T¢ and creates the guided band s,,(H;) given by

sm(Hy) = [A, (1), A (1)] = A (T% 1), m=12,....
Thus, the spectrum of the guided Schrodinger operator H; on the graph G has the form

o(H)= J o(H/(9))=0(H)Us(H,),
vemd

where o(Hp) is the spectrum of the unperturbed Schrédinger operator Hy given by
(1.7), and

s(H) = |J op(H/(9)) =Jsm(H:) = sac(Hy) Uy (H,). (1.10)
YeTd m

Here s,.(H;) and sg,(H;) are the absolutely continuous part and the flat band part of
the guided spectrum s(H; ), respectively. The guided spectrum s(H,) may partly lie
above the spectrum of the unperturbed operator Hy, in the spectrum of Hy and in gaps
of Hy. We will study the guided spectrum s(H; ) lying in gaps of Hy.

The spectrum of H,(¥¥) inside the gaps of Hy consists of a finite number of iso-
lated eigenvalues A, (0,1), Ay, (0,1),... of finite multiplicity which are piecewise an-
alytic functions in the parameter #. These functions A4, (9,-), j=1,2,... , are called
eigenvalue branches of the operator family H;(¥), r > 0. Similarly we define guided
band branches s, (t) as guided bands s,,;(H;) considering as functions of 7:

S, (1) = 8y (Hy) = A (TO1),  j=12,.... (1.11)

7
REMARK 1.5. If d =0, then for each ¢ > 0 the spectrum of the Schrodinger
operator H; = Hy +tQ with finitely supported potentials Q on the graph G has the
form
o(H;) = o(Ho) U op(H;),
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where o (Hp) is the spectrum of the unperturbed Schrodinger operator Hy given by
(1.7), and o,(H;) is the set of all eigenvalues A;(r) < A2(7) < ... of H; with finite
multiplicity.

1.3. Eigenvalue bracketing for periodic Schrodinger operators

Since our goal is to study the guided spectrum of the perturbed Schrodinger op-
erator H; lying in gaps of the unperturbed operator H, we formulate some sufficient
conditions for Hj to have spectral gaps (see also [9] and references therein). In order
to do this we estimate the position of the bands oy (Hy), k € N,,, of Hy defined by (1.6)
in terms of eigenvalues of two Schrodinger operators on finite graphs:

e the Schrodinger operator H; on some subgraph G, of the quotient graph G. ;
e the Dirichlet Schrédinger operator H, on G..

In order to define these operators we represent the quotient graph G, = (74, &%)
as a union of two graphs with the same vertex set 7 :

G, =GyUG,, Go=(%B), G.=E\B), (1.12)

where 4, is the set of all bridges of the quotient graph G, . In other words, the graph
G, is obtained from G, by deleting all bridges and preserving the vertex set 7. Let
Y C Vi be a set of the quotient graph vertices such that each bridge from %, is
incident to at least one vertex of the set ¥4, . For each ¢ > 0 we consider two operators:

o H =A"+W+1¢Q is the Schrodinger operator on the graph G, , where A~ is
the Laplacian defined by (1.3) on the graph G ;

e H/" is the Schrodinger operator H, = A+ W +tQ on the quotient graph G,
with Dirichlet boundary conditions f[y,= 0, where f[y; is the restriction of
f € P(Y.) onto %.

We label the eigenvalues of the operators H,” and H," in non-decreasing order
(counting multiplicities), respectively,

“;(t)ggul:(t)’ p=#7,

and
WO < <ph 0, r=#%,  r>L
Since Q >0, ,uf (¢) are non-decreasing functions of 7 > 0.

Combining the results from [27] and [30], we obtain the following statement:

PROPOSITION 1.6. i) Eachband ox(Hy), k € N, of the unperturbed Schrédinger
operator Hy defined by (1.6) satisfies

O-k(HO)CIZ”k_nu]:_L kZla"'vp_r7

o (1.13)
O-k(HO)C[”kvuk +2b+]7 k:p_r+l7”‘7p7
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where
+ +
= 0), b, = maxb,,
e =y (0) + =maxb,
and b, is the number of bridges of G, incident to the vertex v € V.
i) If 1, < Wy for some k=1,...,p—r, then the interval (;,L;JJ,:H) +Jisa
gap of Hy.

REMARK 1.7. i) The vertex set 7} is not uniquely defined. In order to get a better
localization of the spectrum in (1.13) we have to choose 7} as small as possible.

ii) We exclude the trivial case when ¥4 = %;. In this case the spectrum of the
operator H, is empty for any # > 0.

iii) In [9] the authors also obtained a similar localization of the bands o} (A),
k € N, for the Laplacian A on periodic graphs, also for other graph weights.

From now on we assume that ;,L,j < Uy for some k € N,_,, i.e., the interval
L= (' M) #@ forsome keN, , (1.14)

is a spectral gap of the unperturbed Schrodinger operator H .
The paper is organized as follows. In Section 2 we formulate our main results:

e a localization of the guided band branches (1.11) of the family of the guided
Schrodinger operators H; = Hy+1tQ, t > 0, in the gap [ of the unperturbed op-
erator Hy in terms of the eigenvalue branches u;c (¢) of the Schrédinger operators

H,i (Theorem 2.1);

e sufficient conditions for the guided potentials Q under which the guided bands
of H; do not appear in the gap I; (Theorem 2.3).

The proof of these results is based on the direct integral decomposition (1.8)—
(1.9) for the guided Schrédinger operator H,, where the fiber operators H; (1)
act on the infinite fundamental graph C.

In Section 3 we approximate the infinite graph C by a sequence of finite graphs
C,, n=20,1,2,..., and, using the Birman-Schwinger principle, prove convergence of
spectra of Schrodinger operators on C, to the spectrum of H, (1) in gaps of Hy(®).
These results are used in the proofs of Theorems 2.1 and 2.3.

Section 4 is devoted to the proofs of the main results (Theorems 2.1 and 2.3),
where we essentially use the monotonicity and continuity of the eigenvalues of the
fiber operators H; (1) with respect to the parameter 7.

Section 5 is devoted to examples. First we apply the obtained results in the sim-
plest case of the one-dimensional Schrodinger operator with a periodic potential per-
turbed by a finitely supported potential. Next we consider the guided Schrodinger
operator H;, on the hexagonal lattice and the square lattice with four vertices in the
fundamental domain and describe the guided spectrum of H,.

In the appendix we recall some well-known properties of self-adjoint operators,
needed to prove our results.
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It should be noted that in the proof we also use some ideas from a series of pa-
pers of Alama, Deift and Hempel [1], [8], [13], where the existence of eigenvalues for
Schrodinger operators H, = Hy+tQ, t € R, on R¥ in gaps of Hy was investigated.

2. Main results

In this section we formulate our main results. First we consider the perturbed
Schrodinger operators H, = Hy+tQ, t > 0, where the guided potential Q has max-
imal support, i.e., % C supp@Q. In this case all eigenvalue branches ' (1), JeN,,
and u;r (t), j € Np_,, of the operator families H,” and H,", r >0, defined in Subsec-
tion 1.3, are strictly increasing functions of ¢ and

i (Rsg) = [1f,+ee), where i = u;(0)

(see Lemma 4.1). Denote by t;—L : [/,ijﬂ +<><>) — R the inverse functions of ;,Lj-E (1).

In the next theorem we show that the interval [; defined by (1.14) contains k
guided band branches of H;, t > 0, and obtain a localization of these branches in terms
of the eigenvalue branches ,uji (t) of H . We also determine values of 7 for which the
guided Schrodinger operator H; has no guided spectrum in /i .

THEOREM 2.1. Let the gap condition (1.14) be fulfilled, A € I, and assume that
the guided potential Q has maximal support, i.e., Vi C suppQ. Then the following
statements hold true.

i) There exist k guided band branches 5(1k) (t),... ,5,(Ck) (t) of the operator family
H; = Hy+1tQ, t > 0, crossing the level ). Moreover, in the gap I; each of these
branches satisfies

sy @0 0], =1k 2.1)

ii) For each t € Roog\ T, where
k
7= [1f ), V)],
j=1

the level A does not belong to the guided spectrum s(Hy) of H;. Here tjj-t([.t) are the

inverse functions of u;c (t). In particular, if t >t (W, ), then there are no guided
bands of H; in I.

REMARK 2.2. i) The guided band branches of the family of the perturbed Schro-
dinger operators H; = Hy+tQ, t > 0, with a maximally supported potential Q (i.e.,
Y. C suppQ) in gaps of Hy are shown schematically in Fig. 2. The horizontal axis
represents the parameter ¢ and the vertical axis represents the spectrum of H;. For each
7
(k)

In the interval I; each of these branches s; (t) lies between the eigenvalue branches

A € I there exist k guided band branches s’ (¢), j = 1,...,k, crossing the level 1.
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o(H) 1y (1) 1y (1) s (1) w0 wy (1)

Iy 2 :
A
2 ! | |
w 3 gap:lz of:HO
I
I

My

n'(A) 1 (A) nA)y @A) () !

Figure 2: A schematic diagram of the dependence of the guided bands of H; on ¢ (the
guided band branches) in gaps of Hy.

py (1) and p;f (r) of the Schrodinger operators H,~ and H,". But it is valid only in .
The behavior of the guided band branches outside the interval I; is difficult to control.
In particular, it is good if the gap [; is maximal.

ii) The spectral localization (2.1) is not very precise as only for some values of ¢,
it gives a smaller set than the gap (1", 1, ), see Fig. 2.

i) The guided spectrum of H, = Hy+tQ in gaps of the unperturbed operator Hy
has quite different properties compared to the guided spectrum above the spectrum of
Hy. Itis known [28] that for ¢ large enough there are always #suppQ [y, guided bands
of H; above the spectrum of Hy. On the other hand, by Theorem 2.1.i7), if ¥ C suppQ,
then for ¢ large enough there is no guided spectrum of H; in gaps of Hy.

Now we consider the perturbed Schrodinger operators H; = Hy+tQ, t > 0, with
a non-maximally supported guided potential Q. Recall that 7, C 7. is a vertex set
of the quotient graph G, such that each bridge of G. is incident to at least one vertex
of the set 7. We determine sufficient conditions for the guided potentials Q under
which the guided bands of the guided Schrodinger operators H; = Hy+1tQ, t > 0, do
not appear in the gap I; of the unperturbed operator Hy.

THEOREM 2.3. Let the gap condition (1.14) be fulfilled and let supp Ql 4, C .
Then for each t > 0 the guided Schrodinger operator Hy = Hy+1tQ has no guided
spectrum in the gap I, of Hy, i.e., Iy is also a gap of H; forall t > 0.

REMARK 2.4. i) The spectrum of the operator H;, of course, does not depend on
the choice of the set 7. But the interval I, in general, depends on this choice. In
particular, one could vary 74 in order to get a better spectral localization.

ii) The results similar to Theorems 2.1 and 2.3 hold true for the case d =0, i.e.,
for the spectrum of the Schrodinger operator H, = Hy +tQ with finitely supported
potentials Q on the periodic graph G. We only need to replace the words “the guided
band branches of H;” and “the guided spectrum of H;” by the words “the eigenvalue
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branches of H;” and “the point spectrum of H;”, respectively. Note that even for the
case of finitely supported potentials Q the results of Theorems 2.1 and 2.3 are new (to
the best of our knowledge).

iii) We consider periodic graphs embedded into R?. But the obtained results stay
valid for abstract periodic graphs, see also Footnote 1.

3. Operators on approximating graphs

3.1. Approximating graphs and edge indices

We recall that the cylinder C = G/T is a T'g-periodic graph with periods a1, ...,
a;. We will approximate an infinite cylinder C = (7¢,&:) by a sequence of the finite
graphs C, = (¥,,,&,) defined by

C, :C/(an())7 n € Ny, N():{O,I,Z,...}.

REMARK 3.1. i) The quotient graph G, = G/ T of the f-periodic graph G coin-
cides with the graph Cy = C/TY.

ii) The sequence of the approximating graphs C,, n € Ny, is also called a tower
of covering graphs.

We define an edge index, which was introduced in [26]. The indices are important
to study the spectrum of the Laplacians and Schrodinger operators on periodic graphs,
since fiber operators are expressed in terms of edges indices (see (1.5), (1.9)).

For any vertex v € ¥ of the I"-periodic graph G the following unique representa-
tion holds true: ~

v=vo+ [, Vo € Q, [v]eT, (3.1)

where Q is the fundamental cell of the lattice T defined by (1.1). In other words, each
vertex v € ¥ can be obtained from a vertex vy € Q by the shift by a vector [v] € T
For any oriented edge e = (u,v) € &/ of the periodic graph G we define the edge index
T(e) as the integer vector given by

T(e) = V] — [uln € Z¢, (3.2)

where [v] is the coordinate vector of [v] with respect to the basis A = {aj,...,a;} of
the lattice T, and V] e T is defined by (3.1). Note that edges connecting vertices inside
the fundamental cell Q have zero indices.

On the set <7 of all oriented edges of the periodic graph G we define the surjection

fr. 9 — =T, (3.3)

which maps each e € &/ to its equivalence class e. = f(e) which is an oriented edge of
the cylinder C = G/T". For an oriented edge e. € <7 we define the edge index 7(e)
by

T(e.) =7(e) forsome e € &/ such that e, = f(e). 3.4
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In other words, edge indices of the cylinder C are induced by edge indices of the peri-
odic graph G.

Denote by 7, the set of all oriented edges of the graph C,, n € Ny. Similarly to
(3.3), on the set o, of all oriented edges of the cylinder C we define the surjections

fnt Ao — oy = 2 [(2"'T), n € No,

which map each e € <7 to its equivalence class e, = f,(e) which is an oriented edge
of the approximating graph C, = C/(2"T). For the edge e, € <, we define the edge
index T(e,) by

T(e,) =7(e) forsome e € o such that e, = fy(e), (3.5)

i.e., edge indices of the approximating graphs are induced by edge indices of the cylin-
der C.

Edge indices, generally speaking, depend on the embedding of G into R? and
on the choice of the basis A of the lattice I". Recall that the fundamental cell Q is
determined by the basis A, see (1.1). But once the embedding of G into RY and the
basis of I' are fixed, edge indices of the cylinder C and the approximating graphs C,
are uniquely determined by (3.4) and (3.5), respectively, since

T(e+a)=1(e), V(e,a)e .o/ xT.

3.2. Schrodinger operators on approximating graphs
For each (,n) € T x Ny we define the operator A,(1%) on the approximating
graph C, = (¥, &)

B@NW = T (0= rw),  fel(). GO
v, 1) €y

e=(

where 7(e) € Z? is the vector consisting of the first d components of the index 7(e) €

74 of the edge e € <7, defined by (3.5).
For each (0,7) € T4 x R we consider the sequence of operators

H; n(0) = Ay (0) + W +10, n € Np, (3.7)

on the approximating graphs C, . The operator H; ,(¥) has p, eigenvalues A;(H, »(1)),
J €Ny, pn =#7;,, which are labeled (counting multiplicities) by

M (Hepn(9)) < ... < Ay, (Hen(9)),
pn=#V=2"%p  dy=d—d, p=*#¥.

Since Q >0, for each (9,n, j) € T? x Ny x N, the eigenvalue A, (H, ,(?)) is a con-
tinuous piecewise analytic and non-decreasing function of # > 0.

We formulate some properties of the operators H; , () needed to prove the main
results.



614 0. POST AND N. SABUROVA

PROPOSITION 3.2. Let (¥,n) € T¢ x Ny. Then:

i) The operator A, () defined by (3.6) is a magnetic Laplacian on the finite graph
Cy = (Y, &) with magnetic vector potential o(e) = (1(e), V), e € 7,.

ii) The quadratic form of A, (1) is given by

BV ey =3 2 [0 - @l e 68

iit) The operator Hy ,(0) = A, (9) + W satisfies

[[Ho n ()] < 25¢4 + max|W (v)], where 27y =max s, < oo, (3.9)
’ vels veYs

Proof. i) The discrete magnetic Laplacian Ay on a graph G = (V,E) has the form

Bu)0) = T (f0)=e"Orw),  rely) (310

e=(vu)€A

where A is the set of all oriented edges of G, and the magnetic vector potential o.: A —
R satisfies the condition c:(e) = —o(e) forall e € A. Here e = (u,v) € A is the inverse
edge of e = (v,u) € A.

Comparing (3.6) with (3.10), we obtain the required statement.

ii) The quadratic form (A f, f) 2w) associated with the magnetic Laplacian (3.10)
is given by (see [19], [28]):

2

Baf.Newy =5 T |f() =" f(u)

e=(vu)eA

Applying this to the operator A, (9), we obtain (3.8).
iii) It is known (see, e.g., [19]) that the magnetic Laplacian (3.10) on a graph G
satisfies ||Aq|| < 25¢1, where s is the maximum vertex degree of G. Then we obtain

1Hon ()] = 180(8) + W < A ()] + W] < 2524 +max[W(v)[. O

PROPOSITION 3.3. Let (9,n,1)€TYxNogxRxq. Then the eigenvalues A;(Hy n(0))
of the operator H; ,(¥) on the approximating graph C, defined by (3.7) satisfy

Aj(H ) < Aj(Hin(9)) < A5(H), Vji=1,...,2"(p—r), (3.11)
where
H,=H &Hy&...®H;, (3.12)
%,_/
2)151071

and the Schrodinger operators Hi= are defined in Subsection 1.3.
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Proof. We equip each unoriented edge e € &, of the graph C, = (¥,,&,) with
some orientation and represent C,, as a union of two graphs with the same vertex set
Y

Cn:Cn,b UCn_, Cn,h :(%H‘@n)a Cn_ :(%uéon\@n)a

where 4, is the set of all edges e of the graph C, with nonzero indices 7(e) defined
by (3.5). Due to the construction, the graph C; consists of 2"% connected components
each of which is isomorphic to the graph G, defined in (1.12). Let %,y C ¥, be the
set of all vertices of C, which are I'y-equivalent to vertices of the set 7. Recall that
s C Y is the vertex set of the quotient graph G, such that each bridge (an edge with
nonzero index) of G, is incident to at least one vertex of the set 74 .

Similarly to H*, we define two operators:

o H;,=A, +W+1Q is the Schrodinger operator on the graph C,, where A, is
the Laplacian defined by (1.3) on the graph C, ;

° H,an is the operator H; , () = A,(®) +W +1Q on the graph C, with Dirichlet
boundary conditions f[y, = 0, where f[y, is the restriction of f € ()
to %75 .

Due to the definitions, these operators an satisfy (3.12).

Since the quadratic form of H,,(®) is just an extension of the quadratic form
associated with H,", to a larger domain, we have H, (%) < H;',,. This proves the upper
estimate in (3.11).' '

Now we prove the lower estimate in (3.11). Using (3.7) and (3.8), we obtain

(Hin(0) ] )2 ) =((Bn () + W +10) [, 2y
. 2
=5 3 ‘f(v)—em(e),mf(u)‘ (W +10)f, ) in

e=(vu)e,
=3 X O = WP (WO, f) ey,
(vu) ety \ By
+1 1) =90 ()|
e=(vu)eXB,
>1 FO0) = F@)] + (W +1Q)f, )y

(V,M)E,(Z/n\,@n
:<Ht;lf7f>€2(7/n)7 Vf6€2(7/n)

Thus, in the sense of quadratic forms, H;, < Hp (¥), and, we obtain the lower estimate
in(3.11). O

REMARK 3.4. i) Let (n,1) € Ng x R>o. The spectrum of the operator H,,, defined
in (3.12) consists of the eigenvalues u, , m € N, of H;, each of which is repeated
2" — 1 times and the eigenvalues W, (1), m € N, of H, . Then the eigenvalues
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(H,,) of H,, labeled in non-decreasing order satisfy

s 2)1d0p
)Lz"do(m_1)+1(HtT )= =gy (i ) = My m e N,
Andg (m— Z)(H w) = mm{max{ul Yol bbby}, mEN,_1, 1€N,, (3.13)
2,211{10177(1?71)(1'1 o) =max {1 (1 )N }, leN,.

Similarly, the spectrum of the operator HtJ;, defined in (3.12) consists of the eigenvalues
,unf ,meN,_,,of HO+ each of which is also repeated 27do _ 1 times and the eigenvalues
pt(t), meN,_,, of H. Then the eigenvalues A;(H;},) < ... < Ay (p—r) (H/,) of
H;, satisfy

Aoy 1)1 (Frin) = -+ = Doyt (Hiln) = s € Ny,
/lzndOmf(mfl)(H;;) min { max { " (t), s b1}, mEN, 1, €N,
Azndo(pfr)f(pfrfl)(Ht-j;i) maX{,LLl [lp r} le Np—l“
(3.14)
o (H;(0)
( )#;(f) Ay p3 (6) W5 (1) Asandoy py (1) i (1) Ao o pp (2)
I-L;r// /
,LL; }vzzrd(H,p 3 32ndg '3 H Eaff / e A’z.zm/o 1
: ondo
i ‘gdp I of Hy
H@A) @) 4

Figure 3: A schematic diagram of the dependence of the eigenvalues A; = A;(H; (),
j=1,...,2(p—r),of H,;,(¥) on t (the eigenvalue branches).

ii) From (3.11) it follows that for all (9%,7) € T¢ x Ny the graph of each eigenvalue
branch A;(t) = A;j(H;x(9)), j=1,...,2(p —r), of the operator family Ht a(9),
t >0, lies between the graphs of the correspondmg eigenvalue branches A;(H%,) of the
operator families H,Jl, t > 0. The behavior of the functions A;(r) is shown schematl-
cally in Fig. 3 for the case when p —r =3 and I = (1", tt, ) # @, k= 1,2. Due to
the first identities in (3.13) and (3.14), for each m = 1,2, 3 the graphs of the eigenvalue
branches

A‘2””’0(;1171)+1 (t)a s alz"domfm(t)
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lie in the half-strip R>¢ X [t,,, 4, ]. The graphs of the remaining eigenvalue branches
are shown in the figure. For example, by the second identities in (3.13) and (3.14) as
m =2 and [ = 1, the eigenvalue branch 4, ,.q, () satisfies

min { max {1, (), 15 }, 15 } < Aypnay (1) <min{max {u;" (), 5 }, 15}

3.3. Convergence of Birman-Schwinger kernels

Let the gap condition (1.14) be fulfilled, and A € I;. For each (¥,n) € T¢ x N,
we define the Birman-Schwinger kernels K (1) and K,,(?) associated with Hy(®) and
Hp »(9), respectively:

K(9):= 0" (Hy(9)—2) "0, K.(9):=0"*(Hon(9)—2) 02, (3.15)

where we think of (Ho, (%) — 7L)71 as being extended by 0 on £2(#.\ 7;).
In this subsection we obtain a convergence result for the Birman-Schwinger ker-
nels (3.15).

PROPOSITION 3.5. Let the gap condition (1.14) be fulfilled, A € I}, and © € T¢.
Then the following statements hold true.

i) The sequence of the Birman-Schwinger kernels K, (1), n € Ny, associated with
Hy ,(0) converges in norm to the Birman-Schwinger kernel K(©) for Hy(¥) as n —

ii) The spectra of K(¥) and K, (), n € Ny, satisfy

o(K(9)) = lim o (K,(9)). (3.16)

n—oo

REMARK 3.6. The identity (3.16) is understood in the following sense: for any
1 € 6(K(9)) there exists a sequence 7, € 6 (K,(9)), n € Ny, such that lim 7, =1 and,

n—o0

conversely, if 7, € 6 (K,(9)), n€ Ny, and limz, =1 for some 7, then ¢ € 6 (K(9)).
In order to prove this proposition we need the following lemma.

LEMMA 3.7. Let (0,t) € T? x Rxq. Then the sequence of the operators Hy ,(0),
n € Ny, on the approximating graphs C, = (¥4,&,) (when (*(7;,) is naturally embed-
ded in (*(¥;)) converges strongly to the operator H,(®) on the cylinder C = (¥¢,&.)
as n— oo,

Proof. First we prove this statement for 7 = 0. Denote by ¢2 (7;) the set of all
finitely supported functions f € ¢2(%;). For each f € (2 () and sufficiently large
n € Ny, ¥, contains the support of f and, consequently, Hy(®)f = Ho,(¥)f. Then
we have

|Hon(0)f —Ho(D)f|| =0 as n—e,  Vfelf, (%)
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The set 2 (7¢) is dense in ¢2(7;) and, due to (3.9), Hy,(®) are uniformly bounded.
Then, by Proposition A.1.7), we deduce that

|Hon(9)f —Ho(9)f|| =0 as n— oo, Ve (%)
Now let r > 0. Then, using the identity H; ,(¥) = Hp () +1Q, we have
| Hin(9)f — Hy(O)f|| = |[Hon(O)f — Ho(O)f|| =0 as n— oo, VfeP(¥). O

Proof of Proposition 3.5. i) Lemma 3.7 and the boundedness of the operators
Hy(v¥) and Hy,(9), n € Ny, give that Hy, () — Hop(?¥) in strong resolvent sense
as n — oo. Then for any f € *(#) we have

[ (Hon(9) = 2) "' f = (Ho(®) = 2) "' f]| =0 as n—eo. (3.17)
Using (3.15), we obtain
1K (9) ~ K(9)]| = [[ Q" (Hou() ~4) "' Q"2 — 02 (Ho(9) ~2) "0
<[[Q"2[|- |(Hoa() ~ 1)~ Q"* — (Ho() ~ 2) " 0.

Since Q'/2 is a compact operator, applying Proposition A.1.ii) to (3.17), we deduce
that HKn(ﬂ) —K(lS‘)H — 0 as n— oo,
ii) This item follows directly from the previous one and Proposition A.1.ii7). [J

4. Proof of the main results

4.1. Localization of the guided bands

We consider the case when the guided potential O has maximal support, i.e., it
satisfies the condition %, C supp@Q, and prove Theorem 2.1 about a localization of the
guided bands of H; = Hp+tQ. We need the following lemma.

LEMMA 4.1. Let ¥, C suppQ. Then all eigenvalue branches ,LL?E (t) of the oper-
ator families Hti, t > 0, are strictly increasing functions of t and

uF (Rog) = (Ui, +eo),  where  uF =pu¥(0).

Proof. Since Q > 0, then, due to the perturbation theory, each eigenvalue ;,Lj-E (1)

of H is a continuous piecewise analytic and non-decreasing function of 7 > 0.
First, we show that ,uji (¢) is strictly increasing on R>q. Indeed, let #; >, > 0.

Then, by the identity H* = H(;—L +1Q and Proposition A.1.vi), we have for each j

1y (1) 2y (0) + (1 — 1) min O(v), ui(n) = pf () + 0 —tz)veq%igyb o).

Since #; > 1, and ¥, C suppQ, these inequalities yield ,uji (t1) > uf(tz).
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Second, we prove that (1" (R>o) = [i;",+0) foreach j. We rewrite the sequence
O(v),v € ¥ in the form
0<01<03<...<0,),
where Q% = 0Q(vj), j € N,, for some distinct vertices vi,v2,...,v, € % . Using Propo-
sition A.1.vi), we obtain

py () >t05+u,  jEN,.

Since Q; >0, jeN,, for ¢ large enough the eigenvalue My (¢) can be arbitrarily large.
The same is true for ,LL;r (1), since ,LL;r (t) > p; (7). This and continuity of the functions
1 (1) give that i (Rxp) = [, +ee). O

PROPOSITION 4.2. Let the gap condition (1.14) be fulfilled, A € I, = (u,j,;,tk_ﬂ),

and (V,n) € T¢ x Ny. We assume that Q has maximal support, i.e., ¥, C suppQ. Then
there exist exactly k values t,1(0),...,t,x(0) € Rug of t such that A € 6 (H;,(0))
and these values satisfy

i) Clif), g =w)T), =1k (4.1)

Proof. Since 7. C supp Q, then, due to Lemma 4.1, all eigenvalue branches ;,Lji (1)
of the operator families H,i, t >0, are strictly increasing functions of ¢ and ,uji (R>0) =
[,uji,oo) . Then for each j=1,... k there exist

e aunique 7; € Rxg such that u; (1;) = 4;
e aunique 7 € Rg such that (1) = 1.

The remaining eigenvalue branches uf(t), j > k, lie above A. Thus, each of the

operator families H,, and H;;, t > 0, defined by (3.12) has exactly k eigenvalue
branches crossing the level A at the points t;—L, j=1,...,k. Then, from (3.11) it follows
that the operator family H; , (¥), t >0, also has exactly k eigenvalue branches crossing
the level A at some points 1, (), j=1,...,k, satisfying the conditions (4.1). [

REMARK 4.3. The dependence of the eigenvalues
Ait) =4 (Hip(9)),  j=1,....2"(p—r),

of the operators H; () = Hy ,(¥) +Q on the parameter ¢ for the guided potential O
satisfying the condition %, C suppQ is shown in Fig. 3. The horizontal axis represents
the parameter ¢ and the vertical axis represents the spectrum of H;,(?). For each
A € I exactly k eigenvalue branches

A«znd()k_(k_l)(t), 2’2"d0k—(k—2) (t), ey zfznd()k(t)

cross the level A. In the gap I; each of these eigenvalue branches 2,4, k—(k—)* JjEeNg,
lies between the eigenvalue branches u; (#) and ,u;’ (¢) of the Schrodinger operators
H, and H;".
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PROPOSITION 4.4. Let the gap condition (1.14) be fulfilled, A € I, = (;,L,j7[.1k’+1)
and © € T, We assume that ¥, C supp Q. Then the following statements hold true.

i) There exist k eigenvalue branches ll(k) (9,1),... ,lk(k) (9,1) of the operator fam-
ily H;(0), t >0, crossing the level A. Moreover; in the gap I each of these branches
satisfies

200,00y 0.1 0], jeN (42)

ii) For each t € Roo\ T, where
k
r=Ulma @) =) @),
j=1

A does not belong to the spectrum of H; ().

Proof. i) By Proposition 4.2, for each n € Ny there exist exactly k values #, 1 (1),
stk (9) € Rog of 1 such that A € 6(H,,,(8)) and these values satisfy (4.1). Then
for each j € Ny there exists a subsequence also denoted by (t"7.f(19))n Ny converging

to some #;(1) € [t;ﬁtj_], where t;—L = (,LL;-E)_IOL). Let K(¥%) and K, (), n € Ny, be
defined by (3.15). By Proposition A.1.v), for each n € Ny, the values (— tn,j(ﬂ))fl,
J € Ny, are eigenvalues of K, (1}). Since K,(1%) — K(¥) in norm and #,, ; (%) — 1;(®})
as n — oo, then, by Proposition 3.5.ii), (—tj(ﬂ))_l , ] € Ni, are eigenvalues of K(1%).
This and Proposition A.1.v) yield that there exist k values #1(1}),..., () of ¢ such
that 2 € o (H;(19)) . Thus, there exist k eigenvalue branches k;k)(ﬂ,t), j € Ny, of the
operator family H; (%), t > 0, crossing the level A at points #;(%) € [t,»*,tj*}. Since A
is any level in the interval I, each of these branches satisfies (4.2).

ii) We argue by contradiction. Let € Roo\ 7 and A € 6(H,(9)). Then, by
Proposition A.1.v), (—¢)~! is an eigenvalue of K (%) and, by Proposition 3.5.ii), there
exists a sequence (fy)nen, such that (—2,)~' € 6(Ky(9)), n € Ny, and limz, =1.
This yields that A is an eigenvalue of H;, ,(¥) for each n € Ny. Using Proposition 4.2,
we have that 7, € T for each n € N. Thus, we obtain a contradiction

t,eT, VneNy, and limt, =t ¢T,

which completes the proof. [

Proof of Theorem 2.1. i)—ii) These items are direct consequences of Proposition
4.4 and the definition (1.11) of the guided band branches and the definition (1.10) of
the guided spectrum. [

4.2. Conditions for nonexistence of the guided spectrum

In this subsection we prove Theorem 2.3, which determines sufficient conditions
for the guided potentials Q under which the guided spectrum of the guided Schrodinger



SCHRODINGER OPERATORS WITH POTENTIAL WAVEGUIDES ON PERIODIC GRAPHS 621

operators H; = Hy+1tQ, t > 0, do not appear in the gaps of the unperturbed operator
Hy.

Proof of Theorem 2.3. Since suppQly, C 4, we have H," = H by the definition
of the operator H,", t > 0. Then, using Proposition 3.3, we deduce that for each
(9,n,t) € T? x Ny x R the eigenvalues A;(H; (1)) of the operator H; () satisfy

Aj(Hy,) < Aj(H,) < Aj(Hia(9) S Ai(HS,),  Vj=1,...2"0(p—r), 43)

where
Hy,=Hy ®...0H; . (4.4)
’ —_———

ondy

The identity (4.4) gives that the spectrum of the operator H, consists of the eigenval-
ues U, , m €N, of Hy each of which is repeated 270 times. Similarly, the spectrum
of the operator Haf , consists of the eigenvalues 1, m € N,_,, of H(;'“ each of which
is also repeated 2’“0 times. Then, from (4.3) it follows that

Ly <Aj(Hip(9)) <k, meN,,, j=2"(m—1)+1,....2"%m.

This yields that I = (1", 1t ,) is a gap in the spectrum of H; , () for each (%,n,) €
Td X N() X R>0 .

For each (8,n,t) € T¢ x Ng x R the operators H; (1) and H; ,(?) are bounded
and, by Lemma 3.7, H; ,(¢) convergesto H; (1) strongly as n — eo. Then, by Proposi-
tion A.1.iv), I is a gap in the spectrum of H, () for each (¥%,¢) € T¢ x R>q. This and
the definition (1.10) of the guided spectrum give that I; is also a gap in the spectrum of
H, foreachr>0. [

5. Examples

We start this section with the simplest example of the one-dimensional Schrodinger
operator with a periodic potential perturbed by a finitely supported potential. Then we
consider the guided Schrodinger operator H; on the hexagonal lattice and the square
lattice with 4 vertices in the fundamental domain and describe the guided spectrum
of H;.

5.1. One-dimensional Schrodinger operator

First we consider the unperturbed Schrodinger operator
(Hof)(n) =2f(n) = f(n+1) = fn=1)+W(n)f(n),  neZ,

acting on f € ¢*(Z) with a real p-periodic potential W, W (n+p) =W (n), n € Z,
p = 3. In this case the quotient graph G. is just the cycle graph with p vertices 1,...,p,
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and the fiber Schrodinger operator ﬁo(ﬂ), ¥ € T, defined by (1.4), (1.5), on G, is
given by the following (p X p)-matrix

24w -1 0 ... —

B -1 24w, -1 ... 0

Hy(v) = 0 -1 24ws... O ., wy,=W(n), neN,.
—et? 0 0 ...24wp

It is well known that the spectrum of the operator Hy consists of p bands 6, =
Ay, 4], n €Ny, where 4,,4,7, 43 ,4;", ... are the eigenvalues of the matrix Ho(0)
and A", A, , A", A, ,... are the eigenvalues of Ho(). These bands are separated by
gaps (47,4, ). Some of the gaps may be degenerate,i.e. A,” =24, ,.

Now we describe the operators H(;—L defined in Subsection 1.3. The quotient graph
G, has only one bridge-edge (p,1). The graph G, , obtained from G, by deleting
this bridge, is the path on p vertices 1,...,p. Then we need to choose the vertex set
% C{1,...,p}. Recall that each bridge of G, has to be incident to at least one vertex
of 74 and we have to choose 7} as small as possible. Thus, we can take for 74 the set
{r}.

The Schrodinger operator H; with the potential W on the path graph G is given
by the (p x p)-matrix

14w -1 0 ... 0
~1 24wy —1 ... 0

Hy=| 0 —1 24ws... 0 . (5.1)
0 0 0 ... 14w,

The operator HO+ is the Schrodinger operator with the potential W on the quotient
graph G, with Dirichlet boundary condition at the vertex p. This operator is given by
the (p— 1) x (p — 1)-submatrix of Hy(®¥), which is obtained from Hy(%) by deleting
the last row and column (corresponding to the vertex p):

24w -1 0 ... 0
1 24w, -1 ... 0

Hf=| 0 -1 24w3... 0 . (5.2)
0 0 0 .. 24w,

We assume that the potential W is such that the eigenvalues ", j € N, of the operator
Hy and the eigenvalues /,L;-r, JEN,_1, of HJ satisfy the inequality ,uj+ <M for
all j € N,_y,i.e. the intervals

L= H)#9,  jEN,,

are spectral gaps of the unperturbed Schrédinger operator Hy.
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Next we consider the perturbed Schrodinger operators H; = Hy +tQ, t > 0, on
¢%(7) with a finitely supported potential Q:

O(n)=¢q, >0, neNp; Q(n) =0, Vn¢N,.

For each ¢ > 0 the spectrum of H; consists of the spectrum of the unperturbed operator
Hy and a finite number of eigenvalues with finite multiplicity. In the gaps of Hy we
will approximate the eigenvalues of H; by eigenvalues of the Schrodinger operators
H; =AM, +W+1Q, n € Ny, where A, is the Laplacian on the graph C, =Z/(2"pZ).
The graph C, is the cycle with 2"p vertices 1,2...,2"p. By Proposition 3.3, for each
(n,t) € Ng x R the eigenvalues A;(H; ) of H;, satisfy

Ai(H,

tn

) < Aj(Hin) < Aj(HY), ji=1,....2"p—-1),

where the operators H,T—Ln are defined similarly to H;* but only on the approximating
cycle graphs C, . More precisely, let C, be the graph obtained from the cycle graph C,
with 2"p vertices 1,2,...,2"p by deleting 2" edges

(p.p+1), (2p,2p+1), (@p,3p+1), ..., (2"p,1),

i.e. the graph C,; consists of 2" connected components each of which is the path on p
vertices. The operator H;, is the Schrodinger operator with the potential W +1Q on
the graph C,; and is given by the (2"p) x (2"p)-matrix

Hy +t0 O, 0,
HtTn — @P H(; @P ,
0, 0, .. H;

where H; is defined by (5.1), and Q) is the zero (p X p)-matrix. The operator H,,
is the Schrodinger operator with the potential W 4-¢Q on the graph C, with Dirichlet
boundary conditions at the vertices p,2p,3p,...,2"p and is given by the (2"(p — 1) x
2"(p —1))-matrix

HJ-FIQ ®p71 ®p71
Ht_:’;l _ ©I771 H(;r e @p71 ,
Op-1 Op-1 ... [f(;r

where Hj is defined by (5.2).
Let suppQ = {1,2,...,p}. Then, by Lemma 4.1, all eigenvalue branches ,uf (1)

of the operator families H, = HOi +1tQ, t > 0, are strictly increasing functions of ¢
and

uF(Roo) = [uF,+eo),  where  pi = pi(0).
By Theorem 2.1.7), in each gap Ii, k € N,_| of the unperturbed operator Hy there exist
k eigenvalue branches A ,(k) (t), j=1,...,k. In the interval I; each of these branches
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A}k) (¢) lies between the eigenvalue branches u; (#) and ,u;’ (¢) of the Schrédinger op-
erators H, and H,".

o)t M0 om0 w0 ()
o: 3
/J*I 3 /{2(-)([/ Ghinininod )LI(Z)U)/
3
e s
wy
gap 1) of Hy
e
ai
Hy =

Figure 4: The numerically obtained dependence (for p =3, w, =n and ¢, =n, n =
1,2,3) of the eigenvalues kl(l)(t), kfz)(t), /12(2) (t) of H; on ¢ (the eigenvalue branches)
in the gaps I} and I, of Hy.

For example, if p =3 and w, =n, n = 1,2,3, then the spectrum of the unper-
turbed Schrodinger operator Hy on Z has the form
o(Hp) =o1UcmUos = [A; A TUA LA TUAS AT,
where
Al =M1(0) = 1,79; A, = Ao(m) = 3,46; Ay = 23(0) =~ 5,68;
AP =M(7) ~2,32; A5 =21,(0) ~ 4,54; A =A3(m) = 6,21.
Eigenvalues RIS N3, of Hy and ,uf, u2+ of HO+ are given by
U, =~ 1,52; Uy =331, Uy ~=5,17; uy ~2,38; wy ~4,62.
Thus, ;" < 1, and p;” < p5 , and the intervals
L= u)#9 and L=, uy)#9

are gaps in the spectrum of the unperturbed Schrodinger operator Hy on Z. The de-
pendence of the eigenvalues of the perturbed Schrodinger operator H; = Hy+tQ on ¢
in the gaps I, and I, obtained numerically as Q(n) =n, n = 1,2,3, is schematically
shown in Fig. 4.

5.2. Hexagonal lattice

We consider the hexagonal lattice G = (¥, &), shown in Fig. 5a. The periods of
G are the vectors a;, ap. The vertex set and the edge set are given by

¥ =17 (Zz (3’3))
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g={(mmt (4. (mmt (-3.5).(mm+ (4,-3) vmez?).

Recall that the coordinates of all vertices are taken with respect to the basis a;,a;. The
quotient graph G, = (¥4,8%), where ¥, = {v|,v2}, consists of two vertices, multiple
edges ey, ey, e3, all with initial and terminal vertices v; and v,, respectively (Fig. 5b)
with indices T(e;) = (0,0), 7(e;) = (1,0), T(e3) = (0,1).

First we consider the unperturbed Schrodinger operator Hy = A+ W with a peri-
odic (non-constant) potential W on G. Without loss of generality (add a constant to W
if necessary) we may assume that

Wvi) =w, W) = —w, w> 0.

Figure 5: a) The hexagonal lattice G;  b) the quotient graph G, with edge indices.

The fiber Schrodinger operator I-IO(1$‘) , ¥ = (01,%) € T?, defined by (1.4), (1.5),
on G, has the form

Hy(®) = (—35{;;) glf’fv)) . b()=1+e Pq e

The eigenvalues of Hy(®9) are given by

M () =3+ (=1)"/ w2+ |b(9)|?, n=1,2.

Then the spectrum of the unperturbed Schrodinger operator Hy on G has the form (see
Fig. 6)
O-(HO) =01U0oy = [1'1_71'14_} U [x’2_71'2+}»

where
AL =M(0)=3—VO+w, M =M, -F)=3—-w,
Ay =M, -EF)=3+w, 2" =21(0) =3+ Vo +w?
a) ‘ O 02 b) [eJ] ga‘p o)
0 3 6 3—1/9+n2 3—w 3 34w 3+W

Figure 6: a) The spectrum of A;  b) the spectrum of Hy =A+W.
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Thus, the periodic potential W opens the gap (3 —w,3+w) in the spectrum of the
unperturbed Schrodinger operator Hy = A+ W on G.

Now we show that for w > 3/4 the gap condition (1.14) is fulfilled. Let ¥, =
{v1}. Then the operators H; defined in Subsection 1.3 have the form

. I+w —1
H, :< 1 1—w>’ Hf =(3—w). (5.3)
The eigenvalues u; , u, of H, and ;,Ll+ of H; are given by

=1+ (=)V1+w?, j=12,  puf =3-w

If w>3/4, then uj” <y, and the interval [; = (U, 1, ) # @ is a gap in the spectrum
of the unperturbed operator Hy. The gap I; is not maximal, since it is strictly contained
in the maximal gap (A,",A,). More precisely, u;” = A", but u; < A, (see also
Fig.8.b).

Note that if we choose ¥, = {v2}, then I} = @ (for positive w).

Next we consider the perturbed Schrodinger operator H; = Hy+tQ, t > 0, with
the guided potential Q satisfying the conditions

suppQ C R x [0,1), O(v+ay)=0(v), Vve?,

see Fig. 8a.

Let T" be the lattice generated by the vector a;, and I’y be the lattice gener-
ated by a>. Due to Proposition 1.3, the operator H;, t > 0, has the decomposition
(1.8)—(1.9) into a constant fiber direct integral, where the fiber Schrédinger operator
H(0) =A(0)+W+1:0, 0 € T = (—mr,x|, acts on the infinite fundamental graph
C = (¥%,é&:) = G/I shown in Fig. 7a and the potential Q has finite support:

Q(vj):qj>07 j:1727 Q(V):Ov VVE%\{V],\Q}.

The sequence of the approximating graphs C, = C/(2"T), n € Ny, of the discrete
cylinder C is shown in Fig. 7b.

b) Co=G.

Figure 7: a) The discrete cylinder C = G/T (the vertices on the left and right side of
the strip § = [0,1) x R are identified); b) the sequence of its approximating graphs
Co=G,,C,C,....
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Foreach (¢,n,1) € T x Ny x R the operator H; , (1) defined by (3.6), (3.7), acts
on the finite graph C, = (#,,4,) and, by Proposition 3.3, its eigenvalues A; (H,;,,(z?))
satisfy

xj(Ht;) <A’j(Ht7"(19)) <A’/(Htt1)7 Jj= 1»~~~,2n7
where
Htjz:Hti@H()i@@ngv Htj::H()i+tQ7
; 20 PP
-]

and HgE are given by (5.3).

We assume that w > 3/4, i.e., the interval I} = (u;", i, ) # @ is a gap in the
spectrum of Hy, andlet A €1;.

Case 1. Let suppQlo={vi,v2}, see Fig. 8a. Then, by Theorem 2.1.7), there exists
a guided band branch s(¢) of the operator family H, = Hy+1tQ, t > 0, crossing the
level A, and in I; this branch satisfies

s1(t) C [uy (0,1 ()],

where uli(t) are the eigenvalue branches of the operator families H;-, > 0. The
dependence of the guided spectrum of H; on ¢ in the gap I; is shown in Fig. 8b. Note
that in this case both eigenvalue branches ,uli(t) cross the level i, .

gap I; of Hy

Figure 8: @) The hexagonal lattice G; the fundamental cell Q is shaded; the support
of the guided potential Q is shown by black vertices; b) the numerically obtained
dependence (for w =2, q; =3, g» = 1) of the guided spectrum of H; on ¢ (the guided
band branch s (7)) in the gap I; .

Case 2. Let suppQla={v1}, see Fig. 9a. Since {v|} = ¥4, then, by Theorem 2.3,
for each ¢ > 0 the guided Schrodinger operator H, = Hy+¢Q has no guided spectrum
in the gap I of Hy, i.e., I is also a gap of H; for each r > 0 (see Fig. 9b). Note that
in this case the eigenvalue branch ;" (¢) is constant. Thus, neither y" () nor u; (r)
appears in the gap 1 .
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ot

gap 1) of Hy is also a gap of H;
4
My

i

Figure 9: @) The hexagonal lattice G ; the fundamental cell € is shaded; the support of
the guided potential Q is shown by black vertices; b) for each ¢ > 0O there is no guided
spectrum of H, in I} (w=2, g1 =3, g2 =0).

Case 3. Finally, let suppQlo= {v2}, see Fig. 10a. The dependence of the guided
spectrum of H; on ¢ in the gap I; is shown in Fig. 10b. There exists exactly one guided
band branch s;(¢) of the operator family H; = Hy+1tQ, t > 0, crossing the level A,
and in /; this branch also satisfies

s1(t) C [y (1), 157 (0)]

In this case only the eigenvalue branch ,ul*(t) crosses the level u, . The eigenvalue
branch p, () stays below this level.

wy (1)
gap 1) of Hy

Figure 10: a) The hexagonal lattice G; the fundamental cell Q is shaded; the support
of the guided potential Q is shown by black vertices; b) the numerically obtained
dependence (for w =2, q; =0, g» = 1) of the guided spectrum of H; on ¢ (the guided
band branch s (7)) in the gap I; .

REMARK 5.1. i) Case 3 is not covered by Theorems 2.1 and 2.3. The guided
spectrum of H; in the gap I; and the eigenvalue branches ,uli(t) of H schematically
shown in Fig.8b — Fig.10b were obtained numerically as w =2, gy =3 and ¢, =1 in
Case 1, g1 =3, ¢ =0 1inCase 2, and gq; =0, g» = 1 in Case 3.
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ii) At the first glance, Case 2 and Case 3 can be seen to be equivalent by some
symmetry, so how can the guided spectrum be so different in these cases. This differ-
ence is explained by the presence of a periodic potential W . For example, if we change
the value w of the periodic potential by —w in Case 3, we obtain the similar behavior
of the guided spectrum as in Case 2.

5.3. Square lattice

We consider the square lattice > with periods a;, as, see Fig. 11a. The quotient
graph L2 = (¥,&.), where 7, = {vi,v2,v3,v4}, consists of 4 vertices and 8 edges
(Fig. 11b).

]L2
L2 * (1,0)
Vi V2 \%1 V3 V4
e il (0,0)
as 6y ap Gy
V3 V3 (0,—1)4 1(0.,0) (0,0) y(0.1)
i (0,0)
v V) 1% V) v v v
@) 1 2 ap b) 1 2 ap Vi 1 2

(=1,0)

Figure 11: a) The square lattice . ; the fundamental cell Q is shaded; b) the quotient
graph L2 with edge indices.

Let #, = {vi,v4}. Then the operators H; defined in Subsection 1.3 have the
form

24w -1 -1 0

- -1 24w, O —1 + [(4+wr O
Bo=1 1 0 24w -1 |’ HO‘( 0 4tws)
0 -1 —1 24wy

where w; =W (v;), j € Ng. Let
wip =8, wy =0, wz =4, wyq = 10.
Then the eigenvalues RS Ny, of Hy and ,uf, u2+ of HO+ are given by
uy ~ 177w, ~565 p; ~1030; p, ~1229; upt=4; p =8.
Thus, ;" < g, and p;” < p5 , and the intervals
L= u)#2 and L= uy)#2

are gaps in the spectrum of the unperturbed Schrodinger operator Hy = A+ W on L2,
LetA;€liand A, € 1.
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Case 1. We consider a guided potential Q on L% such that suppQlao= 7, see
Fig. 12a. Then, by Theorem 2.1.i), there exist a guided band branch 5&1)(0 of the
operator family H; = Hy+1Q, t > 0, crossing the level 4, and guided band branches
552) (¢) and 522)0) of H,, t >0, crossing the level A, and in I; and I, these branches
satisfy

sV c w0 @], sP0cuo.uf@],  j=12

where uf(t) are the eigenvalue branches of the operator families H-, t > 0. The
dependence of the guided spectrum of H, on ¢ in the gaps I; and I, is shown in
Fig. 12b.

o(H)t  py ((12) O (g)) uy (1)
L2 L 52.([) G 5 (Z) .
(L)
Uy S (t) ........
ﬂ1+ gap I} of Hy
)

b) ;

Figure 12: a) The square lattice I.?; the fundamental cell Q is shaded; the support
of the guided potential Q is shown by black vertices; b) the numerically obtained
dependence (for w; =8, wo =0, wz3 =4, wy = 10 and g, =n, n € Ny) of the guided
spectrum of H; on ¢ (the guided band branches) in the gaps I} and 1.

o(H;)

pplEEE R R e

W

uz ..........................

u+ gap I} of Hy is also a gap of H;
1

Vi 2 ap

pie e

a)

b)

Figure 13: a) The square lattice I.; the fundamental cell Q is shaded; the support
of the guided potential Q is shown by black vertices; b) for each ¢ > 0 there is no
guided spectrum of H; in I} and I, (w; =8, wo =0, w3 =4, wg =10 and ¢q; =1,
92=q3=0, q4 =4).
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Case 2. Let suppQlo= {vi,v4}, see Fig. 13a. Since ¥, = {vi,v4}, then, by
Theorem 2.3, for each ¢ > 0 the guided Schrodinger operator H, = Hy +¢Q has no
guided spectrum in the gaps I; and I, of Hy, i.e., I} and I are also gaps of H, for
each 7 > 0 (see Fig. 13b). Note that in this case the eigenvalue branches ;" () and
;' (t) are constant. Thus, no eigenvalue branches uf (t) of H* appear in the gaps I;
and I».

Case 3. Finally, let suppQlo= {v2,v3}, see Fig. 14a. The dependence of the
guided spectrum of H; on ¢ in the gaps I; and I, is shown in Fig. 14b. There exist

exactly one guided band branch 531)(t) of the operator family H;, = Hy+1tQ, t > 0,

crossing the level A;, and two guided band branches 5(12) (¢) and 522)(t) of H,t>0,
crossing the level A;, andin I; and I, these branches also satisfy

S0 C O @], SO0 0], =12

In this case the eigenvalue branch p, (¢) stays below the level ;.

]LZ

ol T 1 ]

b)

Figure 14: a) The square lattice I.7; the fundamental cell Q is shaded; the support
of the guided potential Q is shown by black vertices; b) the numerically obtained
dependence (for wi =8, wp, =0, w3 =4, wy=10and g1 =q4 =0, ¢p =2, g3 =3)
of the guided spectrum of H; on ¢ (the guided band branches) in the gaps I; and .

REMARK 5.2. Case 3 is not covered by Theorems 2.1 and 2.3. The guided spec-
trum of H, in the gaps I} and I, and the eigenvalue branches ujt (r), j=12, of
H;* schematically shown in Fig.12b — Fig.14b were obtained numerically as g, = n,
neNy,inCase l; g1 =1,g=¢g3=0,qa =4 inCase 2;and g1 =q4 =0, go =2,
q3 = 3 in Case 3, where g, = Q(v,)), n € Ny.



632 0. POST AND N. SABUROVA

A. Appendix: well-known properties of self-adjoint operators

In this section we formulate some well-known properties of self-adjoint operators
needed to prove our results.

PROPOSITION A.1l. i) Let A, be a sequence of uniformly bounded operators. If
Apy — Ay for y in some dense subspace, then A, converges to A strongly (see,
Lemma 1.14 in [39], pp.50-51).

ii) Let A and A, be bounded operators, and let C be a compact operator. If A,
converges to A strongly, then A,C converges to AC in norm (see, e.g., Problem 32 in
[6], p.91).

iii) Let A and A,, be bounded self-adjoint operators. If A, convergesto A strongly,
then c(A) C '}51010 o(A,). If A, convergesto A in norm, then 6(A) = nlgrolo o (A,) (see,
e.g., Theorem 6.38 in [39], p.156).

iv) Let A and A, be bounded self-adjoint operators and A,, convergesto A strongly.
Then if a,b € R, a <b, and (a,b)N0(A,) =D forall n, then (a,b) NG (A) = & (see,
e.g., Theorem VII1.24 in [37], p.290).

v) The Birman-Schwinger principle. Let Hy be a self-adjoint operator, and
A € R\ 6(Hy). Suppose Q >0 is a bounded operator with Q'/>(Hy — 1)~ com-
pact. Then the Birman-Schwinger kernel K = Q'/*(Hy — A1)~'Q"/? is compact and
the following are equivalent:

1) A is an eigenvalue of Hy —tQ of multiplicity m;

2) t=1 is an eigenvalue of K of multiplicity m
(see, e.g., Proposition 1.5 in [5], p.63).

vi) Let A,B be self-adjoint (p x p)-matrices. Then for each n € N, we have

M(A) +A41(B) < Ly (A+B) < A,(A) + A,(B),

where A1(A) < ... < A,(A) are the eigenvalues of A arranged in non-decreasing order,
counting multiplicities (see Theorem 4.3.1 in [22], p.181).
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