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SPECTRA OF GRAPHENES WITH VARIANT EDGES

HIROAKI NIIKUNI

(Communicated by F. Gesztesy)

Abstract. In this paper, we consider a periodic quantum graph corresponding to graphene with
a variant of the zigzag shape of boundaries. The aim of this paper is to compare the spectra
of our graphs with the spectra of quantum graphs with the standard zigzag boundaries. For
this purpose, we utilize a Shnol type theorem and the Cramer’s rule to construct two spectral
discriminants Dy(u,A) and D.(u,1), where g = S' := [-7x,7) is a quasi-momentum of a
corresponding fiber operator and A € R is a spectral parameter. As a result, we derive pictures
of a part of the dispersion relation for our quantum graph.

1. Introduction and main results

From a point of view of topological insulators, it is important to compare the spec-
tral structure of the system in a whole space with the spectral structure of the system in
a half space with boundaries. Indeed, topological insulators are known as materials that
behave as insulators in its bulk (interior) but contain conducting states (edge states) in
their surface (edge). Let k € S! := [—m, ) be a quasi-momentum. In order to construct
a Zo -invariant between bulk and edge Hamiltonians, Graf and Porta [3] dealt with the
k-parametrized bulk Hamiltonian Hgp(k) in ¢£2(Z;CV) and the k-parametrized edge
Hamiltonian H’,, (k) in ¢2(N;CN) acting as

(Hop(k)W)n = A(k) Wyt +AK) W1 + VK)o, nEZ, W= (Yn)rez,
(HEp () W)n = A Wt + AK) Yot +VER) Wy nEN, ¥ = (Y)nen.

Here, the potential V, (k)7V,,j (k) and the hopping matrices A(k) are N x N matrices
satisfying suitable assumptions (see [3]). Since the operators Hgp(k) and Hép(k) play
role of the fiber operators of the discrete Schrodinger operators in Graphene or the
Kane—Male model [4] of topological insulators under the suitable choices of A(k) and
potentials in the case of N =2, Hgp(k) and Hép(k) are considered as a generalization
of a class of fiber operators.

In this paper, we study the spectra of the periodic Hamiltonian H” on Graphene
with variant boundaries (see Fig. 1) from the point of view of the quantum graphs. The
aim of this paper is to compare the spectrum of our Hamiltonian H” with the spectrum
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Fig. 1: The metric graph r for the edge Hamiltonian H’ with the variant boundaries. The
points Ay, By ,Cy k, Dy are denoted by A(n,k),B(n,k),C(n,k),D(n,k).

of the periodic edge Hamiltonian H* in [8] on the Graphene with the standard zigzag
boundaries. Let us state the definition of the main target Hamiltonian H " At first,
we recall that a quantum graph is defined as a triple of a metric graph, a differential
Schrodinger operator, and a suitable vertex condition [1]. We define the metric graph
I’ as the hexagonal lattice with the variant shape of boundaries as seen in Fig. 1. Let
E’ and V’ be the set of edges and vertices of I, respectively: = {Eb,Vb}. For an
edge e € E’, its orientation is given as seen in Fig. 1. A white (black, respectively)
arrow is located on the boundary (in the interior, respectively) of I”. The set of vertices
V" consists of the points A, x, B k,Cpi, Dpi(n=0,1,2,...) and D_y , where k € Z.
Put 7 ={1,2,3,4,5,6} and & = 21U 25U %25, where 21 =Nx ¢ X7, 25 =
{0} x{2,3} xZ, 25 ={(0,1),(0,4),(0,5),(0,6),(—1,3),(—1,5)} x Z. For distinct
points A and B in R?, we denote the segments connecting A and B by AB and AB,
where AB does not contain the edges A and B although AB does contain A and B.
In order to identify which edge is under consideration, we give an address (n, j,k) € Z
for an edge e € E” to derive the one-to-one correspondence between 2 and E” such
as B’ = {enjil (n,j,k) € Z} (see also Fig. 2), where

ek =AniBnks  €npk = BuiAniip  €n3k = Ani14Dnik
ek =CoiDnks  ensk = DuiCoviis €nok = Cor14Bnir1-

We assume that the length of any edge e € E” is 1. For any (n, j,k) € &, we give
the identification e, jx ~ (0,1), where x = 0 and x = 1 corresponds to the initial and
terminal vertices of e, ;. For a function y on I, we denote y restricted on e, x by
¥n,j k- Fix a real-valued potential g € L%(0,1) and suppose that

inf > —oo
csjifet)
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Fig. 2: The metric graph T°.

throughout this paper. In this paper, we study the Schrodinger operator
(H'Y)n j i) = =¥ ) +a)yn (), x€(0,1) = eyjx,  (n,),k) € 2

in the Hilbert space L*(I") = S jxezL? (enjr), where L?(e, ;i) = L*(0,1). Let
y € dom(H”) be imposed the Kirchhoff-Neumann vertex condition at any v € V”\
OT” and the Dirichlet boundary condition on 9T, where dI” be the boundary of I”,
namely, OT” := Uyez (@01 Ue 132 Ue 14x Uk Usx Uosx). More precisely,
the Kirchhoff-Neumann boundary conditions are

Yn124(1) = Yn-134(0) = Yp1£(0), =y 124(1) + ¥ 134(0) + ¥, 4(0) =0 at A,
Y1 x(1) = Yn24(0) = yuex-1(1), _)’27171{(1) +y;/1,2,k(0) —)’27671{—1(1) =0at By,
Yn5k(1) = Yn6x(0) = ynr1,44(0), —y;@k(l) +y//1,6,k(0) +y:1+1,4,k(0) =0at Gy,
Y3k (1) = Ynak(1) = Yn5£(0), =y, 34(1) =¥ ax(1) + 3, 54(0) =0at D, g

for (n,k) € N x Z. On the other hand, the Dirichlet boundary condition is expressed as
y=0 on dI"”. These boundary conditions make H" self-adjoint.

Our operator H > is not periodic in a; := By 1B1,1 but periodic in a := By 1By .
Thus, we give a direct integral decomposition to H” in the direction a, [10]. For
that purpose, we construct a fiber operator Hb(/,L) of H’, where p € S' is a quasi-
momentum. Put 2y = 20U 250U 25, where Z0=Nx ¢, 2 0=1{0} x{0,2},
%0 =1{(0,1),(0,4),(0,5),(0,6),(—1,3),(—1,5)}. Moreover, we define the funda-
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mental domain I} = (Ej,V;) through
Eg={enjol (.)€ 20}, Vo= U {A10:B10,Cu0.Dno} | U{D 10}
neNU{0}

Let oI = Un.j)e 2: €n.j.0 - Hereafter, we abbreviate e, jo to ey, j and apply the similar

rule for y, jo and A, 0,B,,0,Cn0,D,0. We define the fiber operator H b(/,L) in L*(Ty)
as

(H (1)), (x) = =31 ;) + a0y (), x€ (0,1) ~enj,  (n.)) € 2,

where y € dom(H’ (1)) is imposed the vertex conditions

Yn12(1) = ya-13(0) = y2.1(0), =y,_12(1) +y,-13(0) +y,1(0) =0atA,, (1.1)
Yni(1) =yn2(0) = ey, 6(1), =y, 1 (1) +,2(0) —e ™y, (1) =0atB,,  (1.2)
Yns(1) = ¥n6(0) = yur1,4(0), —¥,5(1) +336(0) +3414(0) =0at Gy, (1.3)
Yn3(1) = ¥ua(1) = yu5(0), —y3(1) = y54(1) +,,5(0) =0 at D, (1.4)

and the Dirichlet boundary condition y =0 on 81"%. Put the direct integral decomposi-
tion 7 1= [ L*(T}) %% (see [6, 10] for the definition) and denote by L2, (I”) the set
of all compactly supported function in L?(I”). Then, the operator U : Lgomp(l“b) — A
acting as ‘
(Ufuw) = 3, ™ flxtma), xeTy, pes'
meZ,

is well-defined and is uniquely extended to the unitary operator U : L?(I”) — . This
operator yields the unitary equivalence

D d‘u

UH'U™! = / H(u)5>—

)5

in a similar way to [6, 10]. Since A € 6(H’) is characterize by A € R satisfying

m({u € 8" o(H (1)) N (A —e,A+e)#0}) >0 for any &€ >0 and the Lebesgue
measure m, we hereafter study the spectrum of H b(,u) .

To state our main results, we need notations from the theory of the Hill opera-
tor L := —% +¢q(x) in L2(R) [2, 7, 10], where g is extended to be 1-periodic . For
A €C,let O(x,A) and @(x,A) be the fundamental solutions to —y”+qgy= Ay on R to-
gether with the initial conditions (6(0,1),6’(0,A)) = (1,0) and (¢(0,1),¢’(0,1)) =
(0,1), respectively. For our convenience, we use the abbreviations (6;,6], ¢, ¢]) =
(6(1,1),0'(1,1),0(1,1),¢'(1,14)). Then, the entire function A(A) = m is known
as the spectral discriminant of L. In [10], the result 6(L) = 04c(L) = {A € R| |A(A)| <
1} is established by the theory of the direct integral decomposition of L. Furthermore,

the function A_(1) = @ determines if ¢ is even in the sense of ¢(x) = ¢(1 —x) on
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(0,1). The potential ¢ is even if and only if A_ =0 (see [5, Lemma 3.1(iii)]). More-
over, we define op as the set of all eigenvalues of the Dirichlet problem —y” +qy = Ay
n (0,1) with the Dirichlet condition y(0) = y(1) = 0. This is characterized as op =
{A eR] p(1,1) =0}.
In this paper, we construct the spectral theory of H’ (1) from the point of view of
the functions

Ds(u,1)=d3(u,z)—16sin2% and Dc(u,l):df(u,l)—wcosz%. (1.5)

Here, d,(i,A) and dc(u,A) are defined as d(t,A) = 9A%(A) — A2 (A1) — 1 —4sin* &
and d.(u,A) =9A*(A) — A% (1) — 1 —4cos® & . Moreover, we define

Dy :={AeR\op| Dy(u,1) Dc(u,A) <0},
Dy:={A €R\op| Ds(u,7) De(u, ) > 0},
Ds:={A€R\op| Dy(i,2) >0, De(tt;A) <0},
Dy:={A €R\op| Ds(i,2) >0, De(t, 1) >0}

and give a decomposition Dy = D} UD); , where

DI = {l eR\op

de(p, ) > deostp,  ds(u,2) > 4sing|}

D-

N

:{A €R\ op

do(u, ) < —4cos%, dy(1t, 1) < —4‘sin%‘}.

Our main results are stated as

THEOREM 1.1. On the spectum of the fiber operator Hb(,u), we have the follow-
ings:
¢ (0) For any u € S', we have op C Gp(Hb(,LL)).
(1) If u e S'\ {0}, then D; C 6(H’(u)).
(2)If u € S'\ {0}, then D, C 6(H’(u)).
(3)If w € S'\{0,£2x}, then D3 C o(H’(1)).
(4)If p € S'\ {0,£7}, then D} C p(H’(u)).

To describe the statements on D, , we put

01 (2A+ ¢p)
1 —e it

mia(A) =
for € S'\ {0}. If g is even, then we note that m, = 0 is equivalentto 3A+A_ =0.
THEOREM 1.2. Assume that yt € S'\ {0,+37,+n} and A € D .
(A) Assume that mip # 0 and 3A+A_ =0.

(1) If 3r < |u| < 7, then A € o,(H’(W)).
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(2) If O < |u| < 37, then A € p(H’(1)).
(B) Assume that mip # 0 and 3A+A_ #0.

(1) If dy— /Dy +dec— /D +8 # 0, then A € p(H’ ().
(2) If dy—/Ds+d.—/Dc+8=0, then A € c,(H’(u))

(C) Assume that mip = 0 and q is even. Then, 3A+ A_ = 0 also holds true. If
In < |u| < m, then A € 6,(H’). Otherwise, A € p(H’(u)).

(D) If miy =0 and q is not even, then A € p(H"(u)).

Our main results relates the dispersion relation for almost every u € S' (except
the case of Dy(t,A) =0 and D.(u,A) = 0). In order to drew the picture, we prepare
the notations:

6 (u) ={A €D |dy—/Ds+d.—/D:.+8=0}.
O(u) ={A e D;|3A+A_=0}.

A ={(hplhe ), p esl\{o,%n,in}}.

2
My = {(/17u)| rebp), Fm<lul< n}.

Then, the picture of dispersion relation for ¢ = 0 is seen in Fig. 3. The picture will
help us to understand the statements of Theorem 1.1 and 1.2. If g is even, mj» =0 is
equivalent to 3A+A_ = 0. Thus, the eigenvalue curve 3A+A_ =0 and m; =0 in
Fig. 3 overlaps each other in the case of ¢ =0.

Next, we would like to compare our results with [8]. In [8], spectral properties are
studied for graphenes with standard zigzag boundaries. Let T'* = (E 3 V%) be the metric
graph corresponding to the half space of the graphene seen in Fig. 4, where Ef and V*
are the set of edges and vertices respectively. Denote by H? the Schrodinger operator on
I'* with the Dirichlet boundary conditions on dT"* and the Kirchhoff-Neumann vertex
conditions at V#\ 9T*. The operator H® acts as —;% 4 ¢ on each (0,1) ~ e € Ef,

where ¢ is the same as the potential of H’. Since there are no periodic bump on the
boundaries, the fundamental domain of H* is half as large as the one of H " Asa result,
spectral discriminant D(u, 4) of the fiber operator H*(11) corresponding to H* can be
simplified instead of (1.5) as

D(u,A) = d*(u, 1) — 16cos %

where d(u,A) =9A?(A) — A% (1) — 1 —4cos® & for A & op and p € S'\ {£x}. This
appears as in the explicit formulae of the eigenvalues

1

m(‘“#ﬂ)i D(u, 1))

ps =
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Fig. 3: The dispersion relation in the case of ¢ = 0.

of the transfer matrix M*(1) defined as

Yar1,10(0,4)\ 4 Yn10(0,4)
(y;il,l,o(oal)) =M 2) <y:,7170(0,l))

for a solution y = (v, jx) on I* to H*(u)y = Ay and A € R\ op. Since M*(1) is a
2 x 2 matrix in contrast to the one for H’ (see (2.1) below), it is relatively easier to

find the eigenspace of V(p+). Prepare the key vector e = (O 1 )T . Then, the function
D(u,A) plays the role of a spectral discriminant:

THEOREM 1.3. (Theorem 2.3 in [8]) Assume that A € R\ op and u € S'\ {+x}.
(I) If D(u,A) <0, then we have |ps|=1, L € 6(H*(u)) and A & o,(H*()).
(I1) If D(u,A) >0, then we have p.p— =1, |p+| # 1 and the followings:
(i) Ife¢ V(py) and e € V(p_), then we have A € p(H*(u)).

(ii) Assume that e € V(p). If |p+| < 1, then we have A € c,(H*(1)). Otherwise,
namely, if |p+| > 1, then we have A € p(H*(u)).

(iii) Assume that e € V(p_). If |p+| > 1, then we have A € c,(H*(i)). Otherwise,
namely, if |p+| < 1, then we have A € p(H"(u)).

The signature of the discriminant D(ut,4) is related in determining whether or not
A & op belongs to the spectrum of the fiber operator H j( W) . In this sense, our results
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o A

Boundaries

Fig. 4: Graphene with standard zigzag boundaries

in this paper (Theorems 1.1 and 1.2) are analogues of Theorem 1.3. In the case without
bumpy boundaries, D(i,A) < 0 is equivalent to |F(u,A)| < 1, where

F(u,A) (9A2(A)—AE(A)— 1 —4c052%>.

- I
4cos 5

Since the asymptotics of 6; and @] are well-known in [9], the behavior of the func-
tion F(u,A) can be stated in §3 in [8]. As a result, we constructed the spectral
band-gap structure of H*(u) and H*. In the case of D(u,A) >0, A € R\ op and
w € S'\ {£x}, the conditions e € V(p;) and |p;| > 1 hold true in the case of
ue (—n,—%n)u(%n,n) and mjlz(k) =0, where M*(1) = (mgj(l))i,jzlﬁg (see [8,
Theorem 2.7]). The variety defined by m%z(k) =0and u € (—n,—%n) U (%n,n:) ap-

pears as eigenvalue curves in spectral gaps of H*(u) (see Fig. 5). For A ¢ op, the

three conditions mjlz(/l) =0, mj2(A) =0 and 6 +2¢| = 0 are equivalent. Compared

with Fig. 3, it looks like there are no difference for eigenvalue curves 6; +2¢] =0
2

(ue(—m, —%n) U(37,m)). The difference between the eigenvalue curves of H* (1)

and H’(u) appears as the varieties .# . In the case of H’(1), the eigenvalue curve
is defined as 3A+A_ =0 and u € (—m—%n) U (%n,n:). Note that the condition
3A+A_ =0 is equivalent to 26, + @] =0.

Let us introduce the content of this paper and explain how new our approach in
this study is. In this paper, we deeply rely on the Cramer’s rule for our spectral analysis
of the fiber operator H’ (1). In Section 2, we study the spectral properties of a transfer
matrix M(A) for H’(u) defined in (2.1). In principle, a non-trivial solution y to H’y =
Ay for A € R\ op can be written explicitly. However, it is more complicated to find
the components of the 4 x 4 matrix because the size of the fundamental domain of r
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Fig. 5: The dispersion relation to H 1 in the unperturbed case ¢ =0

is twice as big as the one of I'*. The first highlight is the block matrix form

M(}) = (‘; e_Z‘B )

(see Lemma 2.1). This helps us to calculate the eigenvalues ps ,pc of the transfer ma-
trix M(A) and the corresponding eigenspaces V(p;5) and V(pF). In Lemma 2.4, the
eigenvectors in V(pZ) are explicitly written for each @ = s,c. In the subsection 3.1,
we find fundamental solutions to H’(it)y = Ay. In the case of A € R\ op, the funda-
mental solutions p and ¢ to H’(u)y = Ay as well as initial conditions py2(0,1) = 0

P02(0,4) =1, q14(0,4) =0, ¢ 4(0,4) =1 are explicitly written as in Lemma 3.4 (2).

As a result, we derive an explicit expression of a non-trivial solution y = (yu.;) (s, j)e %

(1.6)

to H’(u)y = Ay as well as the initial condition

o, 1(0,4) 01 0
Via(0,2) | 2A 0
W 4(0 1) = 0 +c 0 (1.7)
}’14(0 A) 0 1

with constants (c1,c2) € C?\ {(0,0)}. As in Lemma 3.4 (1), the expression includes
the eigenvalues p and p;* such as

(6 A) = ()" ey c+eaniy )+ ()" ey +eanin,)
+ () ey s+ eany )+ ()" ey s+ eanja )
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Here, nﬁ .= nﬁ (x,A) is explicitly written as a linear combination of 6(x,A) and

o(x,A) for j=1,2,3,4,5,6, £ =1,2 and e = s,c. Its coefficients o Lo and ﬁjh
is given in (3.7)—(3.9) by con51der1ng the eigenvector expansion (3.6) of the vectors e
and e; appering the initial condition (see (3.1)). In the subsection 3.2, we construct
infinitely many linearly independent eigenfunctions to the eigenvalue A € op with the
help of the idea in [5]. Recall that A € op is called a flat band. In section 4, we give
the proof of Theorems 1.1 and 1.2. Assume that A € R\ op. In accordance with the
signature of Ds(u,4) and D.(u,A), we have three classes |pSf| =1, |ps| > 1 and
|p£| < 1 for each symbol e = s,c. In the case of Dy(u,A) <0 and D.(u,A) <0, the
absolute value of all eigenvalues are 1: [pE| = |pF| = 1. So, we see that ||yn,;|? 72(0,1)
is uniformly bounded with respect to n € N and any j. Then, we see that all non- tr1V1a1
solution y is a generalized eigenfunction for A € D;. This is the simplest case in the
classifications {D;};—1234. For example, the case of A € D, is more complicated
because [[yn,j|[;2(o,1) might grow exponentially as n — o due to ol =1, Ip7| > 1
and |p.f| < 1 (see Lemma 4.1). If there exists some pair (c1,c2) € C*\ {(0,0)} satisfy-
ing cln;lﬂc(xyl)+cznj_’216(x7/l) =0, namely, (cla et zc,clﬁj 1 C—f—czﬁj 2C) =
(0,0) forall j=1,2,3,4,5,6, then ||ynl|;2(01) is umformly bounded with respect
ton € N and j. The coefficients &, ., @, ..B;; - B;,, are appearing in the vec-
tors e and e, (see (3.7)=(3.9)). There exist unique constants 7,6, € C such
that e, = %, w, and ey, = 5, w, because V(p ) = (wF). As a result, we have
o, ot (=7 ) 2 =0and o, ﬂ,“ (— y;)ﬁjfh:o. To find (8, ,7. ) # (0,0),
we wonder to find the coefficients in the eigenvector expansion (4.2) and (4.3). How-
ever, this is very heavy task. Thus, we utilize the Cramer’s rule. As a result, we derive
a generalized eigenfunction for A € D, .

2. Transfer matrix for the fiber operator H’ (1)

We pick y = (yu,j) (n,j)c 2, € dom(H >(u)), arbitrarily. Let us study the 4 x 4 trans-
fer matrix M(A) = (m;;(4)) defined as

Ynt1,1(0,2) Vn,1(0,1)
y;+11(0vx) y;:1(07l)

’ =M(A ’ N 2.1
wni1a0,2) | MR 02y | PEN @D
y;+174(0,7t) y;74(07l)

and find its eigenvalues p and p by making use of the block matrix.

LEMMA 2.1. Let u € S'\ {0} = [~7,0)U(0,7) and 2 € R\ op. Then, we have

0191 +2A6, P10 +2A¢;
= S me =T
Furthermore, M(A) has the block matrix form (1.6), where
miy mpo
A = 2A1n11—91 l + 2A1n12
(]
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—mii —mi2
B= ; .
—2Amll—916’“ _eiﬂ _ 2Amjy
1 1

Proof. Putting 0, = y,1(0,4), 05, =, 1(0,4), By = yu2(0,4), % = yna(0,1),
Yo = Yna(0,4), 8, =y,5(0,1), we have

and

1, A) =a0(x,A)+oe(x,A),

Y26, A) = Pu0(x, 1) +,,(0,1)9(x,1),

Pus(A) = 0B A) 1 ,5(0.)pLx. ). o
Yna(xA)  =%m0(x,A)+ 10 1),

Yus(6A)  =8,0(x,4) +y,5(0,4)p(x, 1),

Y66, A) = %r10(x,4) +,6(0,1)9(x,4)

due to yu,j(x,4) = yn,j(0,2)0(x, 1) +, ;(0,A)p(x,A) on e, ; for (n,j) € Z. Sub-
stituting these (1.2) and (1.4), we have

— (0] + 1) + ¥, 2(0,4) — e (14101 +y7,6(0,1)9]) =0, (2.3)
— (044101 +,,3(0,2)91) — (161 + %,01) +y.5(0,A) = 0. (2.4)
Note that y;J(O,?L) = (n,j(1,A) — 61y,,;(0,1))/ @1 yields

Oyl — 018 eH B, — 017,
Va0, = 2 =8 02y = POt (2.5)
1 o1
y;s(oﬂ): 6n_61an+17 y;75(0,7t): M (2.6)
@1 (]

Substituting these into (2.3) and (2.4), we have
Ons1+e it = 0,0{ 1 + 01 @] + 24P,
Ol + Yar1 = 101 Q1 + Y, 010] +2A6,

using 0;¢] — 6@ =1 and 6; + @] = 2A. Substituting B, =y, 1(1,A1) = 0,01 + 0,0,
and &, = yn4(1,A) = 7,01 + %,¢1 into these, we derive

Oy 1+e i1 = 0 (6] 01 +2A6)) + 0 (@1 9] +2A9y),
1+ Va1 = Ya(01 01 +2461) +7,(919] +2A¢1).
These yields
(1—e ™)oyi
=05 (6] @1 +2461) + 0, (9191 +2A¢1) — e M {1,(6] @1 +2461) + 7, (91 9] +24¢1)},

(1 - e_iu)YH+1
=— 0y (6] 91 +2A61) — 04 (91 9] +2A01) + 1 (01 @1 + 2A61) + (@101 +2A¢).
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Hence, we have

!/ !
e BLOLE286 gip{ 280
=M == 12 = M34 = "
miz = —e Hmyy, mu = —e Mmyy, my; = —my;, m3y = —mjo. Thus, it turns out

that the components of the 1st and 3rd rows of M(A) are written as in the desired
statement.
Next, we find the components of the 2nd and 4th rows of M(L). Substituting
(2.2) into (1.1) and (1.3), we have
01 = Ypo(1,A) = 3,5(0,4) = (B0 +3,,2(0,2)91) — ¥,,5(0, ),
Yot =Yn1,4(0,4) =, 5(1,4) =3, 6(0,4) = (8,61 +,,5(0.1)91) —¥),6(0, 1)
Inserting (2.5) and (2.6) into these, we obtain

2A -0 2A 2A -0 2A
oc,’,+1:%an+<—l+ ;712)%’,4- mipi l7/,14-<—1+ (;:'14))4,,

2Am3; — O1e* . 2Am 2Amas — 6 2Am
%+1:#O€n+<—e’“+—¢ 32)0:,2—#733 Lyt (—1+ (P34>){,.
1

¢1 1 @1
These combined with m33 = my;, msq = mpp, mpz = —efi“mll, mig = —eii”mlz,
m31 = —myy, m3; = —my; give us the components of the 2nd and 4th rows of M(A)

in the desired form. [

Next, we calculate the eigenvalues of M(A). Since M(A) is the 4 x 4 matrix,
it looks like difficult to achieve the calculation. However, the block form of M(A) in
Lemma 2.1 helps us to carry out the calculation:

LEMMA 2.2. Assume that i € S'\ {0} and A € R\ op. Then, the eigenvalues
of M(Q) are given by

ds(u, L)+ /Ds(u,1) de(1,A) £ \/De(u, 1)
Py = - and p; = =
die” 7 sin & 4e” 7 cosly

Proof. Let E, be the unit matrix of size n and consider the characteristic equation
det (pEs—M(A)) = 0. Our first calculation is

_ i
den(pra () =[P4

B pE,—A
_|pEs—A—e ¥ B —e Bt (pE,—A)
—B pEz—A
| pEr—A—e¥B o

~B pE,—A+e TB

= det (pE, —A —e_iTHB)det (pE, —A+e—i7”B),
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Since the components of A and B are found in Lemma 2.1, we have

(I+e®)1+e %)= (8A2+0/p)  1+e%

det (pEz_A—e_%iB):pz"" in p+ iy
l4+e 72 l+e’7
iy iy
i l—e?)(1—e 2)—(8A%2+6 1—e7
det(pEg—A—l—e_TuB):pz—l—( e )( e )m( + I(Pl)p+ e’_u.
l—e 72 1l—e 72
Now, we have the following elemental results:
14e ¥ = 1+c0s% —zsm% = 2cos? li Zisingcos% = Ze*iTu cosg(;«é 0),

| e = l—cos%—i-isin% zzslnzj +2151n%cos% =2ie™ T smz(;éo)

Using these 4 results, we obtain

4cos? B —8A2— 6] ¢, iu

det (pEz—A—e‘iTHB):pz—k pter,
e~ Tcosﬂ
i 4sin? & —8A2 — @/ i
det (pEz—A+e*7“B):p2+ l(plp—ﬂ“.
Zie’T sin%

The quadratic formula yields the eigenvalues p = p, pF of M(1). O

Put S = {p;F,p; } N{pF,p: }. In the next lemma, we examine if the eigenvalues
of M(A) are simple or not. For the most part, they are simple:

LEMMA 2.3. For almost every L € S' and A € R, we have S =0:
(1) For any u € S'\ {0}, we have S = 0 for almost every A € D .
(2) For any p € S'\ {0}, we have S =0 for every A € D,.

(3) Forany u € Sl\{O,j:%n?}, we have S =0 for every A € Dj3.
(4) For any u € S'\ {0}, we have S =0 for every A € Dy.

Proof. (1) Assume that p;” = p. Hence, we derive

ds(, 1) N, —Dc(p,A)  /=Ds(u,2) _ de(p,A)
sin & cosf sin & cosh

This yields Ds(u,A)Dc(u,A) = d?(u,A)d>(u,A). Put d =d(A) = 9A> — A% — 1.
Substituting D (i, 7L) dz(;,t A)—16sin® & and D (u,A) =d2(u, 1) — 16cos & , we
have d(d — 16sin” & Lcos?£)=0. The asymptotlc d(?L) ~9cos’ VA —1 as [A]| — oo
implies that the set Ly := {4 € Dy| d(d — 16sin® &£ cos? &) = 0} has the Lebesgue
measure 0 for each u € S'\ {0}. So, we have {p,"} N {p.", p. } = @ for almost every
A € Dy. Similarly, we obtain {p; } N {p.;",p. } =0 for almost every A € D;.
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(2) We shall show p;" # p, p. by contradiction. Seeking a contradiction, we
assume p;” = pF. Then, we have d; = 0 and
V _D.\' dc :I: V Dc

= . 2.7
sin & cos & @7

First, we consider the case of it € (0,7). Then, dy = 0 implies that /=Dy = 4sin §.
Substituting this into (2.7), we have 4cos § —d. = +/D.. ThlS squared yields d. =
4cosﬁ . On the other hand, we have d. = d,. — d; = 4sin®> & — 4cos? “ because of
= 0. These results yield 2 cos? % +cos Z —1=0. However this does not have any
root in (0, 7). Next, We consider the case of u € [—m,0). By similar procedure, we
arrive at 2 cos? E — o8 g £ —1=0. This does not have any root in [—7,0). Thus, we
have p;" # pf ,pc . Smce we also have p;” # p in a similar way, we derive S = 0.
The proof of (3) is similar to the one of (2).
(4) We shall show p;~ # p.”,p- by contradiction. Seeking a contradiction, we
assume p;” = pF. Taking part of the real part and imaginary part of the equality, we

have d,(i,A)++/D ,u)L =0and d.(u,A) % /D.(u,A) =0. These mean that d> =

d>—16 sm2 £ and d2 d? —16cos? &, which yield a contradiction sin & = cos & = 0.
Similarly, we have p;” # pE. So, S = (B |

LEMMA 2.4. Assume that u € S'\ {0}, L € R\ op and S =0. Then, there exists
some X and xF € C? such that V(pF) = (wE) and V(p) = (W), where

+ +
X X;
wo=| w |, wi= w , | ech
eTX: —e7Tx;

Moreover, X and X € C? are explicitly given as follows:
(1) If mip(A) #0, then

Xi:< mip(A)(1—e %) ) Xi:< mia()(1+e %) )
‘ pf—mum( ) ) T \pEemuM)(1+e )

(2) Assume that mip(A) =0. Then,

Xf:< o{p +(1+e%)} )XT:<0),
‘ —{2Am(e” 5 —1)+91(€2 +1)} ‘ 1

(a)If 0 < |u| < %TL’, then

o oi{p; +(1—e7)} . (0
X _<_{—2Am11(l+e 12)—'_91(1_62)})’ X (1)

(b)If 37 < |u| <, then

x,+2< o{ps + (1)} ) x,:(o).
’ [ 28mp(1+e By ro(1—e¥) ) 1
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Proof. First, we show that there exists some x,x= € C? such that V(pC )= (wF)
T
and V(p;) = (w¥), where wt = <xci e7xci> , WT—L = (xf _67x5i> .ForpeC,

N

we consider the linear equation

(pEs —M(1)) (;) —0, x,yeC2

Taking the block form of M () as in Lemma 2.1 into account, we derive

(pE; —A)Xx—e By = o, (2.8)
—Bx+ (pE;—A)y = o. (2.9)

Since the components of B are explicitly written in Lemma 2.1, we have

detB— 2" g
tD= - .
B=m 7
Thus, the relationship
y=e"B Y (pE, —A)x (2.10)

has been established by (2.8). Substituting this into (2.9), we have

{e? B (pEx—A)}? — ExJx =

This yields
{(e ¥B) (pE2—A) ~ Ex}{(e ¥ B) ' (pE2—A) + Ex}x =0, @1
(e ¥B) (B2 M) + E2H(e #B) (pE2—A)~EaJx=0.  Q12)

Let us recall from the proof of Lemma 2.2 that
e p are solutions to det (pEs — A — e~ * B) =0, and

e pi are solutions to det (pE, — A + e_%B) =0.

Let us discuss x for p = p, respectively. By (2.12), we have

(e EB) (b B =) + (e EB) (i Ea—A) = Eax=0.  (213)

Due to §=0, we have det (pE —A+e ¥ B) 0. Multiplying (2.13) by e~ ¥ B(p2 E -
A+e 7 B)"le~ 7B from the left, we have

(pFEs—A—e P B)x=o. (2.14)

Let x* € C2 be an eigenvectorof A+e 2" B . Then, we have (0 Ey—A)X; = e~ ¥ Bxt.
Thus, we have B~ (p¥E, — A)xt = eTx. This combined with (2.10) yields
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V(pF) = (w). Similarly, V(pi) = (W), where x;- € C? is an eigenvector of A —
e_%B . Note that we use (2.11) instead of (2.12). Except this part, the same procedure
brings us V(p;") = (w).

Hereafter, we find an explicit formulae of X;—L and xf as in (1) and (2). In order
to prove (1), we assume that mjp; # 0. To find xf, we consider the solution x :=

(x1 )Q)T € C? to (2.14). Due to det (pZE» —A—e T B) = 0, it follows by (2.14)

that {p= —my(1 —e’%)}xl +mp(—1+e” 1 7 )xy = 0. By virtue of myp #0 and u €
S\ {0}, we have
i
pi—mn(l—e7)
mp(1—e %)

Xy =

and x in (1). We also obtain x as in (1) by solving (p E),—A+e 7 B)x =o.
Next, we shall show (2). So, assume that mjy, = 0. Then, it follows by
A & op that @] +2A =0 and hence 6; +2¢] = 0. This is why we have

0 +(p/ 2 0 _(p/ 2 1
ot~ a2 =9 (AFI) - (ALY Lo gi - (301} =0,

Owing to this, we have dc(p,A) = —1—4cos? & and D.(u,1) = (1 —4cos? %)2_. It
in

follows by || < 7 that /D.(i,A) = 4cos? & —1(>1). So, we have p = — =~

1
2cos g

_ i
and p, = —2e% cos %. Therefore, we have

p—mn(l—¢ ¥)=p +(1+e¥)=0, p+(1+e¥)£0, pr —mu(1-e %) £0.

Since (p 7 E;—A— e’iTuB)x = 0 is equivalent to x; = 0, we have x; in (2). We also
have x! in (2) because (p; E; — A — e~ % B)x = o is equivalent to

2Am11(e_% — l) + 91(6%i + l)

xiH{pd + (L+e)hn =
1
On the other hand, d,(u,A) = —1 —4sin® & 7 and /Ds(u,4) =1 —4sin? & |
(a) Assume that 0 < |/.1| < §7t. Then, we have \/Ds(u,A)=1— 4sm , which
i i
yields p,” = Die't sin% and p; = ’:; . Therefore, we have
>SH g

i

pj+1_e%:p;_mn(1+e%):o, p;r—mn(l—ke*%l);éo p;—|—1—e%7é0.

These are why (p,” — A+ *%B)x =oand (p, —A+e T B)x = o0 yield xT in (a).

u
< 7. Then, we have p;" = and p; = —2ie'T sin &

(b) Assume that 2 U< |u 251n

Therefore, we obtain
pi—mu(l+e ) =p; +1-eT =0, pll—eT 20, p; —mu(l+e 7)#0.

Thus, (p," —A+e” ZB)x—oand (py —A+e ZB)x—oyleldx in(b). O
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3. Fundamental solutions to H’(u)y = Ay.

In this section, we consider the equation to H’(u)y = Ay. In the first subsection,
we deal with the case of A € R\ op. In the second subsection, we discuss the case of
AE Op.

3.1. Fundamental solutions in the case of L € R\ op.

Throughout this subsection, we consider A € R\ op. The aim of this subsection
is to find fundamental solutions p = (pn.;). ¢ = (qn,j) to H’(u)y = Ay as well as the
Kirchhoff-Neumann boundary condition and the initial conditions

p1.1(0,4) o q1,1(0,1) 0
PLaA) | f2A g¢,04) | o
p1a(0,2) =e; = 0 and 41.4(0.2) =e = ol 3.1
P/174(0:7L) 0 q’174(0,7t) 1

respectively. These conditions are chosen in terms of the following lemma.

LEMMA 3.1. Let A € R\ 0p and 1 € S'. Then, any solution y to H’(i)y = Ay
as well as the Kirchhoff-Neumann boundary conditions (1.1)—(1.4) and the Dirichelt
boundary condition y =0 on 81"% satisfies y(,,(0,A) = —y(5(1,A). Moreover, we
have y 1(0,A) = 2Acy and y1,1(0,A) = c1¢ if y satisfies y672/(0,7t) =c €C.

Proof. Pick a y satisfying (1.1)—(1.4) and the Dirichlet boundary condition, arbi-
trarily. Then, we have

202(x,4) =02(0,2)0(x,4) +¥0,(0,1)9(x, 1) =y2(0,4)9(x,2). 3.2)

Using the Kirchhoff-Neumann boundary conditionat A, we have y93(0,4) =y92(1,2)
= ¥02(0,4) @1 . Substituting this into

y073('xva‘) :y073(072’)9('x72’) +y673(072’)(p(x72’)7 (33)

we have yo3(x,4) = y5,(0,4)910(x, 1) +y53(0,4)@(x,A4). It follows by (3.3) that
0=y03(1,4) = y0,(0,4) 9101 +3(0,4) 1. Because of A & op, i.e., @1 # 0, we
have

¥03(0,4) = —¥52(0,1)6;. (3.4)

So, we derive yg 3(1,4) = y,(0,4)910] + (=4 ,(0,2)61) @y = =y ,(0,4).

Next, we assume that y satisfies y(,(0,A) = c. Taking the Kirchhoff-Neumann
boundary condition at Ay, we have y| (0,4) =y, ,(1,4) —¥3(0,4) = (,(0,4) 9] +
¥h2(0,4)01 =2Acy because of (3.2) and (3.4). Atlast, we have yy 1(0,A) =yo2(1,4) =
¥02(0,4)01 =c11 by 3.2). O
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It turns out by Lemma 3.1 that p satisfies the initial conditions p»(0,A4) =0,
Po2(0,A) =1 (as well as pg3(1,4) =0 and pg5(1,4) = —1). For any solution y €
dom(H"(u)) to H’(u)y = Ay, it follows by Lemma 3.1 that there exist some cy,c € C
such that y satisfies the initial condition (1.7). Conversely, for any c¢1,c; € C, a solu-
tion y to H b(/.1)y = Ay satisfying (1.1)-(1.4) and (1.7) satisfies the Dirichlet boundary
condition on @I . Thus, p and ¢ are fundamental solutions to H”(it)y = Ay. Next, we
give an explicit formula to the above fundamental solution p and ¢ to H’(u)y = Ay.
Since 6(x,A) and @(x,A) are the fundamental solutions to —y” +¢gy = Ay, there exist
O j1sBnji1>0n j2: Bn,j2 € C for each (n, j) € Zp such that

Pnj= an7j719(x,7t) +[3,,7j,1(p(x,l) and qn.j = (Xn’jge(x,z,) +Bn,j72(p(x,7t). 3.5

The next aim is to determine the coefficients o, j 1,Bu.j,1,00,j2,Bnj2 explicitly. To
this aim, we furthermore introduce M, (1) and M_(A) defined as follows:

y;l,Z(OaA‘) y771(0al)
yn.2(07l) ynl(07l)

, — M. (A :
na(0.2) | =MEA L 0.2) |
y;’3(07/l) )’274(07/1)
y775(0,l) yn,l(ovx’)
Yn5(0,1) Y1 (0,2)

: —M_ (A ,
Wne(0,2) P Sna(0,2)
¥, 6(0,2) ¥ 4(0,2)

The components of M, (A) and M_(A) are explicitly given as follows:

LEMMA 3.2. Assume that A € R\ op and u € SL. Then, we have

01 01 0 0
mi—=0t my, 0 m3 mig
Mi(A) = o1 o1 o1 ¢
miy mip mi3 mig
B 0
oML~ M2 q,l(l mi3) 1 o M4
and
6, 01 0 0
m3| m3y m=0f my _ g
MJF()L) = 1 1 1 1 ,
- m3y ms; ms3 msq
eM—Oimy Lin _ O _6 _6
(] ¢ D1 m32 (] ms3 D1 M34

where the components of M(A) = (m;;(A)) are explicitly given in Lemma 2.1.

Proof. The statements can be shown in a similar way to Lemma 2.1. [

Let P~ and P be the projections to the eigenspace V(pF) and V(p>) of the
eigenvalues p and p; of the transfer matrix M(A), respectively. Assume that
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dimV(pZ) = dimV(p;") = 1. Putting ;. = Pre;, ef, = Pre|, €5, = Prey, &5, =
P*e,, we consider the decompositions

ep=e/ . +e e +e and e =ej.+e, . +e; +e . (3.6)
For j =1,2,3,4,5,6, {=1,2 and e = s,c, wedeﬁnea ., and ﬁﬂ.
+ + + + T +
(e Bire e Bive) =e¢i (3.7
(510 Brte Tipa Bia) =My (M)ef,, (3.8)
+ + + +
(0570 Bsie 00 ﬁ6,/ﬁ,-) =M_(Ae,. (3.9)

Then, we have an explicit formula of the coefficients o, j1,Bu.j,1,0n,j.2,Bn,j2 Of the
fundamental solutions p and ¢:

LEMMA 3.3. Let A € R\ op and pu € S'\ {0}. Assume that dlmV(p ) =
dimV (p;") = 1. Then, the fundamental solutions p = (py ;) and q = (qn ;) to H’ (1)y =
Ay as well as (1.1)—(1.4) and (3.1) are given by (3.5) where

afhj 11— (pc ) /,l,c (p ) /,1 c (ps ) /1 K} (ps ) ;l s (310)
(

Buji=(p )" 15,,1,¢ P )" 1ﬁ,u (P )" lﬁ,ls (P "_1ﬁ/1s7 G.1D)
(Xn’j72: (pj)n 1 j2C (pc )n 1 j2C (pj_)n 1 j25 (ps ) 1_257 (312)
Buio = (01 Byt (07 Braat (07 By 4 () By (B13)

Proof. Let y be the solution to Hb(u)y = Ay as well as (1.7) and (1.1)—(1.4). By
the definition of the transfer matrix M(A), we have

(710, 2) 3, 1(0,4) y04(0, 1) ¥, 4(0,2)) "
= M1 (A) (y11(0,4) ¥4, (0,4) y14(0,4) ¥, 4(0,4)) "
= M"il( )(Clel +6‘292)
=M (A)(ef +e e +el )M T (A)ef +e; +ef +er
= ()" (eref +eae] )+ ()" erey e )
+(p) T el Feaes )+ (pg )" (erer e ).
This combined with (3.7) yield
ynl(o A«)—Cl{(pc )" le (pc) le (ps) 115 (ps) le)}

+62{(pc ) /72¢ (pc ) j (ps ) /2s (pS ) JZs)}
(3.14)

j(0,4) = er{(p)" lﬁ,u (P )" Byt (P B+ (o) B )Y

+62{(pc) j2C (pc )n 113]26 ( )n ! j2s+(ps_)n_1 ;2,5)}
(3.15)
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for j=1,4. Recall that y, ;(x,A1) = p, ;j(x,A) (yuj(x,A) = gn ;(x,A), respectively) if
(c1,¢2) = (1,0) ((c1,¢2) = (0,1), respectively). Since y, j(x,A) =y, ;(0,1)0(x,A) +
y;J(O,?L)(p(x,?L), (3.10)—(3.13) are valid for j =1,4.

We next deal with the case of j = 2,3. Taking the definition of M(A) and M, (1)
into account, we have

(y02(0,4) ¥, 5(0,4) ya3(0,4) ¥,5(0,1)) "

=M ()M (2) (y1.1(0,4) ¥, (0,4) y1.4(0,2) ¥, 4(0,4))

= (p)"N(erMy (Aef  + My (M)es,) + (p7 )"~ (1M (A)ey, + eaM (A)es,)
+(p )" MM (Al + My (A)ed,) + (p )" (e1M i (A)er + M (A)ey,).

Therefore, we see that (3.14) and (3.15) are valid for j = 2,3. After all, (3.10)—(3.13)
are valid for j = 2,3. On the other hand, it follows by using M(A) and M_(A) that
(3.10)—(3.13) are valid for j =5,6.

The results in Lemma 3.3 also can be expressed as follows:

LEMMA 3.4. Assume that 2 € R\ op, u € S'\ {0} and diimV (pF) =dimV (p;")
= 1. Let y = (Yn,j) (n,j)ez, be the solution to Hb(u)y = Ay aswell as (1.7) and (1.1)-
(1.4).

(1) Forne N and j=1,2,3,4,5,6, we have

(6 2) = (p5)" ey et eanfy ) + ()" ey o +eamjn,)

+ (Ps*)"_l(cmj{m +ean, )+ (Ps_)"_l(cm;l,s+0277j_,2,5),
where n;f&. = nf&.(x,l) = Ocﬁ’.e(x,?t) +[3ﬁ’.(p(x,7t) for £=1,2 and e =s,c.
(2) The fundamental solutions p = (pn,j)(n,j)c 2, and q=(qn,j)(n.j)c % t0 H(u)y
= Ay as well as (3.1) and (1.1)—(1.4) are expressed as

a6 A) = ()" o+ (0 )"y (0 I (o) N

n—1,,—

anj(5,A) = () e+ (o) e+ (05 T+ (0) N

These expression will be used in the proof of our main theorems.

3.2. Eigenfunctions to H’(u) in the case of A € op

In this subsection, we construct infinitely many linear independent eigenfunctions
{¥n}men to H >(1) in the case of A € op. The result here is an analogy constructed
by Korotyaev and Lobanov for carbon nanotubes [5].

Put ¢ = ¢/(1,A) and n =1— e c* for each u € S' and A € op. For each
m € N, we define the function ¥, = (‘I‘E,'f o )) on I as follows:

(i) If n =0, then we put ¥ (x, 1) = @(x, 1), ¥ (x,1) = co(x,A),
P (1) = o), PO (x, 1) = So(x,1) and YL (x,1) = 0 otherwise.
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(i) If 1 #£ 0, then we put ¥V (x,1) = no(x,1), T (x,1) = co(x,A

)s
P () = o), P (xA) = Sed), P A) = o),
w2 1) = ceteo(nd). Wi @A) = —e(d). W) =
—c(x, 1), PU (1) = —2p(x,1) and ¥ (x,1) = 0 otherwise.

THEOREM 3.5. For A € op, u € S' and m € N, we have ¥, € dom(H’ (1))
and H’(W)¥,, = A, In particular, ). € Op is an eigenvalue to H’() with infinite
multiplicities and compactly supported eigenfunctions.

Proof. Tt follows by straightforward calculations that ¥, satisfies (1.1)—(1.4) and
the Dirichlet boundary condition on dT” . Moreover, it is clear that \P,,, solves H’(it)y =
Ay for A €op. O

4. Proof of Theorems 1.1 and 1.2

In subsection 3.2, Theorem 1.1 (0) has been already proven. Thus, we prove The-
orem 1.1 (1)—~(4) and 1.2. Let y # 0 be the one in Lemma 3.4. Since |a+b+c+d|* <
4(|al*+|b|* +|c|* + |d|?) for any a,b,c,d € C, we have

|22(o.1)
< 4\p‘,“|2("_1)|\c1n;1’6 + C2n;2,c| ‘22(071) +4|PJ|2("_1)H6177;1,C + C2n;2,c| ‘22(071)

+4|p5 |2n D ‘|C1n.:17s+c2n.:27s 2 (071)+4|p;‘2(n71)|‘clnjjl,.\'+C2nj7,27.\"|22(0’1)'
4.1

Hymj

Proof of Theorem 1.1 (1). For each u € S'\ {0}, we fix A € D; satisfying S =
0. It follows by Dy(u,A) <0, D.(u,A) < 0 and Lemma 2.2 that |p;"| = |p| =
1. Put C(u,A,c1,c2) = 16max{\|cm,i1,+cznjiz 2,1yl j=1,---,6,0 =5,c} > 0.
Taking y # 0 in Lemma 3.4, we have ||y,,j|\L2 ) S c(u, /l ,c1,¢2) forany n € N and

J by (4.1). Thus, |[y,,;|| is uniformly bounded on n €N and j. Since y satisfies the
sub-exponential growth condition in the Shnol type theorem [1], we have D; \ L; C
o(H’(u)), where L; is seen in the proof of Lemma 2.3. Since the Lebesgue measure
of Ly is 0, we have D; C o(H’(1)). O

4.1. Proof of Theorem 1.1 (2) and (3)

In the proof of Theorem 1.1 (1), we derived the uniformly boundedness of
[y, JHL2 ©.1) due to |p| = |p£| = 1. Since the part changes in other cases, the proofs

of Theorem 1.1 (2)—(4) and 1.2 turn to be more complicated. In this subsection, we
shall give the proof of Theorem 1.1 (2) and (3).

LEMMA 4.1. Assume that A € Dy and |1 € S'\{0}. Then, dc(,A) < —4cos 'y,
=1, |p | > 1, |pS| < 1 and pfpe =1 hold true.
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Proof. We first prove d.(11,A) < —4cos 4 . Since Dc(u,A) >0, one of de(p,A) >
4cos and d.(u,A) < —4cosk holds true. Let us prove the former does not hold true
by contradiction. Seeking a contradiction, we assume the former holds true. It follows
by Ds(1,A) < 0 that

’sm—’ <IN A% — 1—4sin2% < 4’sm—’
This together with 0 < |u| < 7 yields

9A2—A2_<< |sm—|+1) <(V2+1)%
On the other hand, it follows by d.(t1,A) > 4cos 4 that

9A? — A2 > <2c0s%+ 1)2 > (V2+1)%,

which is a contradiction. This is why d.(i,A) < —4cos 4 only holds true.
It turns out by Lemma 2.2 and D,(u,A) < O that

;

VA2 (u,A) + (=Dy(u, 1)) 16sin %:

pil= 4|sin%’ N 4|sin%’

It follows by dc(1,4) < —4cos’ <0 that

_dc(.uaa‘) + \/dg(.ual) - 16COS2% S 4008% +0

=1.
I3 I3
4c:os4 4c:os4

p. | =

This combined with

= de(UA) +/De(p,A) de(u,A) — /De(p,4) 16cos® &
Pe pL' m = o U =1
4e 4 cos e cosf 16cos” 7

yields [pf| < 1. O

Although we utilize the Shnol’s type theorem in [1] to prove D> C 6(H’ (1)) for
w € S'\ {0}, itis not clear due to the results in this lemma ( [p| =1, [p. | > 1, |p | <
1, especially ) for that there exist some (cy,c2) € C?\ {(0,0)} satisfying ||y, ||? 200
is uniformly bounded on n € N and j = 1,2,3,4,5,6. The highlight of this paper is the
followings:

e We utilize the Cramer’s rule to determine (cy,c;) € C?\ {(0,0)} producing
a non-trivial y which has uniformly bounded norm ||y, ;|| 1001y On (n,j) and

solves H’(1)y = Ay as well as (1.1)—(1.4) and (1.7).
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Recall (3.6), Lemma 2.3 and 2.4. Then, there exist the coefficients v, 7., i,

Yo, 6,8, 8,7, 8; € C of the eigenfunction expansions
e =e tej +ef te =Wy wo+yIw W, 4.2)
er=ej . +e . +e +e; =8 Wi+ wo +8 W +6 7w, (4.3)

LEMMA 4.2. Assume that & € Dy and u € S'\ {0}. Then, we have y; # 0 and
0, # 0 in the eigenfunction expansion (4.2) and (4.3).

In order to make our discussion clear, we shall show Theorem 1.1 (2) using Lemma
4.2 before the proof of the lemma.

Proof of Theorem 1.1 (2). Fix A € Dy and p € S\ {0}. If follows by e} . =y, W,

and e, . = 8. w, that 6. e .+ (=Y )e, . =o. This combined with (3.7)=(3.9) give us
the relationship

5 a]lc ( YC) /2c_0 and 5 ﬁ]lc ( %7)[3.;27020
forany j=1,2,3,4,5,6. Therefore, we have
6 n;lc(x 2’) ( ) /2c(x A’)

forall j =1,2,3,4,5,6 because 77]/ (x,A) = 0a; “9()6 A) +[3M.(p(x A)(, which is
defined in Lemma 3.4). Thus, it turns out by (4. 1) that
Hyn jHiZ 0,1)
<4lpS P8 7200 T 4105 P V118 0] o= v Iz
pc 77,71 c YC 77, 2,c L2 ()1 ps c 771,1,5 YC 77,727s (
+4‘ps ‘2 n=1) Hac nj,l,s_% j,2,.\'HL2(0’1)

forany n € N and j = 1,2,3,4,5,6. According to Lemma 4.1, we have |[pf| =1,
lpe | > 1, [pd[ < 1. So, this [[ynll;2(0) is uniformly bounded on n € N and j =

1,2,3,4,5,6. Note that our y is the solution to Hb( )y = Ay as well as (1.1)—(1.4) and
the Dirichlet boundary condition

(yl.,l(oal) y/ll(oaa‘) y1,4(072’) }/174(0,21) )T = 6;31 + (_yg)eZ

By virtue of ¥~ # 0 and 8. # 0, this y is non-trivial. The existence of such y yields
the sub-exponential condition in the Shnol’s theorem [1]. [

As seen in the proof of Theorem 1.1 (2), Lemma 4.2 plays the role to tune the
volumes of channels (c1,c2) € C?\ {(0,0)} to make a non-trivial wave y satisfying
the sub-exponentially growth condition. In order to finish the proof of Theorem 1.1
(2), we need to prove Lemma 4.2. To prove . # 0, we consider the linear equation
(4.2) whose the argmented coefficient matrix (w w, w] w_ | e;). Although all
vectors w,,w. ,w, w, e are explicitly given in Lemma 2.4 and (3.1), elementary
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row operations of the matrix seem to be not practical. However, it is enough to find
Y. # 0 in order to find our desired wave. Thus, the Cramer’s rule can be an effective
tool. Introduce new notations

e = (;Pi) and e, = (?) (4.4)

Proof of Lemma 4.2. We show Y. # 0. It follows from Lemma 2.3 that all eigen-
values p;7,p;,pF,po are distinct. Thus, w,w. ,w;, w, are linearly independent.
Applying the Cramer’s rule, we have

_ det (W] e; w]w,)

¢ det (wS we wiwy)

In order to prove y. # 0, it suffices to show that det (w} e; w;” w, ) # 0. It follows
by Lemma 2.4 that

+ ot + - + + ot
+ + - Xc el X s Xc el Xy Xy
det (W, et wy wo)=| w o ow | =, m ,ow oy
eTX] 0 —eZTX] —eTXx 2eTx eZe] 0 o
. All A12 - .
Since An O™ |A12||A21| holds true for any 2 x 2 matrices Aq1,A12,A2; and the
21

2 x 2 zero matrix O, we have

7o i=det (w) ep wi wy) =2e" |x] x; | x |xf el . (4.5)

Since w, and w; are linearly independent, so x; and x; are. So, |x; x| } #0.
Let us show }xj e/ | # 0 by straightforward calculations. We claim that m, # 0.
Seeking a contradiction, we assume that m;, = 0. This yield 2A+ ¢{ =0 and 9A? —
A?=0. So, we have dy(i,A) = —1 —4sin’& and D,(u,A) = (—1 —4sin® &) —
16sin® =4 sin® £ —1)% > 0, which contradicts A € D,. Thus, we use Lemma 2.4
(1). Substituting m;; and m, obtained in Lemma 2.1 into x,” obtained in Lemma 2.4

(1), we have
8A% + 0/ ¢
Ix¢ of | = o (— o).
l+e 7

Substituting 1 + et =20 ¥ cos & and 8A2+ 6/¢; = 9A? — A2 — 1 here and then
using Lemma 2.2, we have

|xF eH:WL(dC—\/lTH—&:OSZE). (4.6)
4e” 4 cos 4

Seeking a contradiction, we assume d. — /D +8 cos? % =0. Squaring d.+8 cos? % =

/De, we have d. = —1 — 4cos’ % and 9A%Z — A2 = 0. The latter contradicts A € D,.

As a result, we have d. — /D, + 8cos’ & #0. This combined with A € op and (4.6)

yield | xf e/ | #0. So, we have 7 #0.
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Secondly, we prove 8. # 0. In a similar way, we have

det (W) e; Wi w, ) = 2eT |Xjr X, } x myp(1 —e*%).

Note that |x; x; | # 0 by the linearly independence of wy" and w; . Furthermore,
myy # 0 has already been proven. Thus, we have 6. #0. O

Here, the proof of Theorem 1.1 (2) has been completed. The proof of Theorem 1.1
(3) can be shown in a similar way to Theorem 1.1 (2). We set materials for the proof of
Theorem 1.1 (3) without their proofs.

LEMMA 4.3. Assume that A € D3 and p € S'\{0,£3n}. Then, dy(u,A) >

Alsin|, [pE|=1, |p| > 1, |ps | <1 and pps =1 hold true.

The proof of this lemma has done in a similar way to Lemma 4.1. The reason why
we need the assumption [ # j:%n is due to Lemma 2.3. Namely, we have distinct 4
eigenvalues p=, p in the additional assumption.

LEMMA 4.4. Assume that & € D3 and p € S'\ {Q:l:%ﬂ:}. Then, we have vy #
and 8; # 0 in the eigenfunction expansions (4.2) and (4.3).

The proof of this lemma has done in a similar way to Lemma 4.2. For readers’
sake, we only record the followings:

det (W:r W: e W:) zzei# | Xj- X; ’ X % (ds—|—\/Ds+85in2 E) 7é 0.
die3" sin% 4
det (W) w, e; w,) = 2¢% |xF x| xmyp(1 +eii7u) #0.

Proof of Theorem 1.1 (3). Considering the solution y to Hby = Ay as well as
(1.1)—(1.2) and

(y1.1(0,2) 1 1(0,4) y1.4(0,24) ¥ 4(0,4) )T =5e1+(—7 e

and taking into account Lemma 4.3 and 4.4, we obtain a non-trivial solution satisfy-
ing the sub-exponential growth condition in [1]. The detail is similar to the proof of
Theorem 1.1 (2). O

4.2. Proof of Theorem 1.1 (4) and 1.2.

In the last subsection, we deal with the case of 2 € Dy and u € S'\ {0}. The
following cases do not happen:

e the case of d.(i,A) > 4cos 4 and dy(u,A) < —4[sink|.

o the case of d.(u,A) < —4cosk and ds(u,A) > 4|sin§|.
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So, we have Dy = D UD; . To begin with, we explain the reason why we split the
subsections.

LEMMA 4.5. Assume that |1 € st S\ {0}.
(i) If L € D}, then p," ps =pr pe =1,
(i) If A € Dy , then py ps =plpe =1,

>0
<1,

F>1,
<1,

<1,
o>,

S <1.
| >1.

These results can be shown in a similar way to Lemmas 4.1 and 4.3. From the point
of view of Lemma 4.5, there are 2 terms in (4.1) which might grow exponentially. The
possibilities yield the difference between this and the previous subsections Since the
proof of Theorem 1.1 (4) is relatively easy to deal with, we discuss it first.

LEMMA 4.6. Assume that 2 € D} and p € S'\ {0}. Then, we have vy # 0,
vE#£0, 87 #0 and 8 # 0 in the eigenfunction expansions (4.2) and (4.3).

Proof. Unlike the case of A € D, (see Lemma4.11 below), we cannot fail to have
mpp #0if A € DI . To make sure it, we assume that m, = 0 seeking a contradiction.
Then, we have 2A+ @] and hence 9A% — A2 = 0. Substituting this into d.(u,A) >
4cost, we have 0=9A2 — A2 > (2cosk +1)? > (V24 1)%. So, we have my, #0.
In a similar manner to Lemma 4.2, we have

et X+
= det (W) w; e w;):—L dy+ /D +851n2ﬁ> (4.7)

[}

2ie” ¥ sin (
et X+ -
7 i=det (e w, W w, )= —M (d + /D¢ + 8cos? %) . (4.8)
2¢™ 4 cos 4
5 i=det (wfw. eaw, )= 204 |x x| (e -4 1)myy #0, 4.9)
5F :=det (ex w, wi w,) = 204 |x x; | (e -4 1)myy #0. (4.10)

We claim that d 4 /Dy + 8sin’ £ +#0 and d.+ /D +8cos? & # 0. In fact, we have
9A% — A2 =0 in both cases of dy+/Ds +8sin? & = 0 and d. + /D, +8cos’ & = 0.
We reuse the fact that 9A> — A> = 0 contradicts d. > 4cos & .

So, we have det (w) w_ e; w;) # 0 and det (e; w, w w; ) # 0. It turns out by
the Cramer’s rule that 1" #0, y,” #0, 8 #0 and §;" ;é 0. D

Next, we are interested in whether or not we can find (cy,cz) € C?\ {(0,0)} satis-
fying cin;y . +canfy . =cinj +eanj, =0 forall j=1,2,3,4,5,6 from the point
of (4.1). = ‘ ‘ ‘

LEMMA 4.7. Let A € D} and p € S'\ {0,£n}. Then, we have 8. ;" — v 8" #
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Proof. Recall the notations 7, 7,8;", 8+ from (4.7)~(4.10). Since Lemma 2.3

(4) means det (w7 w, w w{) # 0, it suffices to show that 5y + 6y #0.
Using 1 4e~ T e os4 and 1 —e ¥ =2jet sin &, we have

SO 4 8 =20 mungn | X7 Xy || x¢E %7 | (—dy— /Dy —d.— VDe - 8).
Since de(u,A) > 4cost, dy(u,A) > 4|sink|, Dy(u,A) >0 and D.(u,1) >0, we

have
—dy—+/Dsg—d.—+/D.—8 <0.

Moreover, we derived mi2(A) # 0 in Lemma 4.6. Thus, we have 81y — v 8. +#
0. O

LEMMA 4.8. Let A € D} and u € S'\ {0,£x}. Then, there is no pair (cy,c2) €
C?\{(0,0)} satisfying cm;.fhc—i—czn;fzﬁ = cm;fm—l—cznjfzﬁs =0forall j=1,2,3,4,5,6.

Proof. Tt follows that e/ = g; ey, and e} = gq e by ef, =y wh, e =
6+wj“, el . ijc , eZC = 6w}, (4.2), (4.3) and Lemma 4.7. Substituting eLS =

5+ e28 and e . 6* ezc into (3.7)—(3.9), we have
T T
(x;rl ° ga;,rlo’ ﬁjJ,rl,o - g 2,00
77/,1.: jlo (‘x72’)+ jTl’o(P('x?A‘)
% ot +
= S (02.0(02) 4B p(x.0))

+
_ 2% nh. 4.11)

for @ =s,c. So, we have 5,1 jlc — 126—5 njls 7/;’17;5’5:0 forall j.

Seeking a contradiction, we assume that there is some pair (c1,c2) € C?\ {(0,0)}
satisfying clnj et C2n;2,c = Cln;ﬁ,s + C2n;2,s =0 forall j=1,2,3,4,5,6. Substi-
tuting 8 nj) . =¥ le+2c into 8 (i . +eany,.) =0, we have 17 + 28 =
0. Substititing §;*n;", (= y'n;,, into & (cinj  +canj,,) =0, we have ¢y +
cz(SS+ = 0. It follows by Lemma 4.7 that ¢; = ¢, = 0. After all, there does not exist
such a pair. [

Taking the result and (4.1) into account, we are wondering if |[y,,;||?

2(0.1) might
not be uniformly bounded on n € N and j =1,2,3,4,5,6. To make sure it, we prepare
the followings:

LEMMA 4.9. Assume that A € D} and p € S'\ {0,£x}. Forall (ci,c;) € C*\
{(0,0)}, we have (c1yF + 28, c1v +¢28,") # (0,0).
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N
Proof. In the case of ¢| # —%cz, it directly means the result. So, we show that

. + +
Y +edt #£0if ¢ = —%cz and c¢; # 0. Assume that ¢; = —%cz and ¢; # 0.

Then, our goal is to show that —8.¥;" + 8,7y # 0, which has been already derived in
the previous lemma. [J

Proof of Theorem 1.1 (4). Substituting (4.11) into the expression in Lemma 3.4
(1), we have

+
i) = (0 e i e+ (0 eimyy e
+\n—1 ')/+ —\n—1 — _
+(ps ) ( 6+ +C2)nj2s (p\ ) (Clnj,l,s+cznj,2,s)'

Taking its L?(0, 1)-norm, we have the estimates

| ‘yn.,j| ‘22(0’1)

w1 (1Y + a8 a1 (1Y b 2
= l(pf) 1(%) Nhet (P 1(%) N o
2 s 12(0,1
+o(lpd ") +o(|p; D)
wet | c1yd + b uet | C1vd + bt 2
> ||pf ! % [In ,2¢\|L201 ! % [In ,2s|\L2(0.,1)

+o(lpd P V) +o(pfPY).

as n — oo. Since the coefficients ¢; 7" +c,8; and ¢1%" + 28, do not equal to 0 si-
multaneously for any (cy,c2) € C?\ {(0,0)} due to Lemma 4.9, we see that ||y, /| |i2(0 D
grows exponentially as n — oo in any cases where

A lpl > Ipf1(>1) G [pf|=Ipf1(> 1) GiD) (1 <)pf| < |ps .

So, y is neither an eigenfunction nor an generalized eigenfunction. As a result, we have

Aep(H (1), O
Next, we discuss the proof of Theorem 1.2. We prepare two classes:
oxa={AeD,|mp(A)#0} and op={A€D,|mp(A)=0}.

In both cases, it is a key to examine whether or not the coefficients 6,0, ,%. , 7
vanish in the expansion (4.2) and (4.3) because of Lemma 4.5 (ii). First, we study the
first class o4 .

LEMMA 4.10. Let A € 64 and pu € S'\ {0}. Then, we have 5, # 0 and §; #0.
Furthermore, we have the followings:

CIFBA+A_=0and 3n < |u| < 7, then y; =0 and y; =0.

CIFBA+A_=0and 0 < || < 37, then y; =0 and y; #0.

CIFBA+A_ #0, then v, #0 and v, #0.
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Proof. In a similar way to (4.7)—(4.10) in Lemma 4.6, we have

Mo | xF x;
7. =det (WS w, wle))= % (ds—\/Ds+8sin2E), (4.12)
2ie” ¥ sin} 4
Mo | x5 x;
7 =det (W ey w w, ) = M (dc — /D, +8cos? E) , (4.13)
26’% cosf 4
57 :=det (W) w. wiey) = 20t |xfx; |(1+e # 2 )mypp #0, (4.14)
57 i=det (W ey wf w; )= 20 % |xf x| (1 —e_%)mlg #£0. (4.15)

Due to A € 04, we are dealing with the case of mj» # 0. Thus, we have 5. # 0 and
O, # 0 by (4.14) and (4.15) utilizing the Cramer’s rule.
We claim the following assertions:

(1) ds—+/D; + 8sin?

£ =0 is equivalent to 9A% —A? =0 and %717 <|ul<m
(2) de—+/Dc+8cos® & =0 is equivalent to 9A% — A2 =0.

First, we prove (1). Assume that d VD + 8sin2% = 0. Squaring /Dy = d; +
8 sin’ “, we have dy = —1 —4sin® &, namely, 9A2 — A2 = 0. This is why D, =
(4sin® & — 1)2. Substituting this 1nto VDy = d;+8sin’ &, we have —1 +4sin® & =
|4sin® & i , which yields —1 4—4sin2 £>0. Hence, 37 < |u| < 7. Due to D, >0,
we have to exclude the case of |u| = 37t Therefore we have 37'L' < |ul < w. Con-
versely, we assume that 9A% — A2 =0 and 2 2r < |u| < . Itfollows by 9A* —A? =0
that d =—1—4sin’ & and D, = (4sin? & — 1), It turns out by 37: < |u| < 7 that
4sin*2 —1>0. So, Wederlved \/_—|—8sm2” =—1—4sin’ & — (4sin & — 1)+
8sin’ ’“‘ = 0. Therefore, we obtain (1).

Next, we prove (2). Assume that d. — /D, + 8 cos? % = 0. In the case, we have
d, = —1— 4cos? %. This implies 9AZ — A2 = 0. Conversely, we assume that 9AZ —
A% =0. Then, we have d. = —1 —4cos’* & and D. = (4cos’> & —1)2. Forany u €
S\ {0} =[~m,0)U(0,7), we have 4cos? & > 1. Thus, we have /D, =4cos® § —
So, we obtain d. — /D¢ + 8cos? & =0.

Since mp, = 0 is equivalent to 3A—A_ =0, we see that 9A — A> =0 is equiva-
lentto 3A—A_ =0 for A € 4. Therefore, we have [,_Iland [10J

Proof of Theorem 1.2 (A) and (B). Assume that y € S'\ {0,£37,+7} and A €
04 . First, we prove (B). Assume that 3A+A_ # 0. Lemma 4.9 yields

~ ~ 3i
—O, ¥ +6, 7 = ZeTpmlg(pl | X! xy | }xj X, } (ds—/Dy+d:.— /D +8).
Then, we have the followings:

(a) If A satisfies dy — /Dy +d. — /D +8 # 0, we have (c1y, + 28, ,c17, +
28,7) # (0,0) forany (cy,c2) € C*\ {(0,0)}.
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(b) If A satisfies dy — \/Ds+d. —+/D.+8 =0, we have 6,7, —&; 7. =0.

The statement (a) can be proven in a similar way to Lemma 4.9.
If A satisfies dy —+/Ds +d.— /D + 8 # 0, we obtain the estimate

n—1l€1% +625
il = [loc 1™t | =22 iy o
n—1l€1% +625 _
—lpy | ! - Hn,-,z,s (0,1)

+ollpe ) +o(|ps 1)

in a similar way to the proof of Theorem 1.1 (4). So, we have (B-1).

Assume that A satisfies dy — /D5 +d. — /D, + 8 = 0. Recall that y. 74 0 and
% #0 fromLemma4.10. Using 5. ¢; .— 7. ¢, . =0, wehave 6. ;| . — % @, . =0
and 673 szc—O forall j=1,2,3,4,5,6. So, we have San o= Ye N =0

e
for all j. In a similar way, we also have 6; 1, . — ¥ N i2s =0 forall j. Substituting

J.ls
o, = )):;5; into &My . — % Njo. =0, we derive & Nj1c— % N, =0 for all
J. Therefore, we have (c1n; +C277]2L7€1771 1s T e2N;jn,) = (0,0) for (c1,¢2) =
(8, ,—7 ) # (0,0). For such a pair (c1,c2), we have [¥ll,2 (ry) < Fee. So, we have
A € 6,(H"(11)). Hence, (B-2) has been established.

Next, we prove (A). We discuss the case of 3A+A_ =0 and 0 < |u| < %717 Then,
we recall o =0 from Lemma 4.10. This implies e . =o. Thus, it turns out by

(3.7—(3.9) that o 1¢—ﬁ 1L—0 for j =1,2,3,4,5,6. This yields n 1 =0 for all
j=1,2,3,4,5,6 (see Lemma 3.4 (1)). Therefore, we have the estlmates

Cc1Ys +025 2

o

‘nl

2 —n— -2 -
i Baony = (o " leallnya el Bao — o5 o

+ollpe ) +o(|ps 1)

Due to 7, # 0, we see that (cz,c1% +c28; ) # (0,0) for any (c1,c2) € C*\ {(0,0)}.
So, we have A € p(H’(1)).

At last, we deal with the case of 3A+A_ =0 and 27 < |u| < 7w (Note that
27 < |u| < 7 can be permitted.). In the case, we derived 7. =0 and ¥ = 0. Then,

we have n1;;, . =0 and n;, . =0. Looking at Lemma 3.4 (2), we have

Jile JiLis

HpnjHLZ 0,1) (|pc ‘2 n=1) Hn;LcHiZ(o,l) + |Ps+|2("_1)HTl;fl,sHiz(o,l))

This means that A is an eigenvalue of H b (1) and p is an eigenfunction corresponding
to A. (On the other hand, ¢ is neither an eigenfunction nor a generalized eigenfunc-
tion.) This is why we derive A € o,(H’(1)). O

Finally, we discuss the proof of Theorem 1.2 (C) and (D). Since all discussions
so far was corresponding to the case of mj; # 0, we were using Lemma 2.4 (1) as
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eigenspaces for the transfer matrix M(A). From now on, we utilize the expression in

Lemma 2.4 (2) under the setting A € op. Recall that A € op is equivalent to @] +2A =

0, namely, @] = —ﬂ.

LEMMA 4.11. Assume that A € op and p € S'\ {0}. Then, 87 # 0.
(1) The potential q is even if and only if Y, =
(2-a) Assume that 0 < |u| < %77: Then, v; #0 and 6, =0

(2-b) Assume that 37'L' < |u| € m. Then, 6; #0. Moreover, q is even if and only if
Y. =0.

Proof. We calculate the 2nd row of x in Lemma 2.4 (2). Using mj; in Lemma
2.1, we have
. !
2Amy(e” 7 —1)+91(€2 +1) = f( 1 +291cosﬂ)
2cos & 7 4

i u 1
=261e% | cos— +
e ( 4 8cosﬂ>

iu
2

because of ¢] = —%. Since p +1+e? = Ty(Zcos 7 5-—) #0, we have

2cos
|x e | = 361(p1e% cos%.

Hence, we see that | X el+ | =0 is equivalent to 6; =0, which is moreover equivalent

to A_ =0 because of @] = —% . Recall that A_ plays the role to determine whether or

not ¢ is even. This is why (4.4) and (4.5) mean that 7. = 0 is equivalent to g is even.
Next, we prove that 8, # 0. Note that

o, i=det (WS ex w/ w,) = 204 |xf x| oi(ps +1 +e%). (4.16)

This combined with p; + 1 +e¥ #£0 yields 8, #0.
Finally, we show (2-a) and (2-b) using the expressions in Lemma 2.4 (2). If 0 <
lu| < %n, then we have the following statements, which mean (2-a):

+

det (w) w, wie) =2¢"|xf x; ||e; ef |#0,

det (wi wo w) e2) =2 [x! x: [[e; e | =0.
If %rc < |u| € &, then we have

o i=det (wi w, wie) =2¢M | x x| [x] €] |, (4.17)

5 =det (W w, wi ) = —2¢M|xF x| |x] e |. (4.18)

A
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Since we have |x;" e/ | = —36, (plieiTH sin 4, we see that 7, = 0 if and only if ¢ is
even. It follows by |x" €5 | = @1 (p;" +1 —eT)#£0 that 87 #£0. O

Proof of Theorem 1.2 (C) and (D). Assume that € S'\ {0, %7, +7} and A €
op. Recall |p;"| <1, |pf| <1, |ps|>1, |p;|>1 fromLemma45 (ii). We prepare
the following class1ﬁcat10ns for the proof:

(C-1) gisevenand 0 < |u| < %n. (C-2) g is even and %n <|u|<m.
(D-1) gisnotevenand 0 <|u| < 3m. (D-2)qisnotevenand 37 < |u|< 7.

Consider the case (C-1). Then, it follows by Lemma 4.11 that 7. =0, v #0,
0. #0 and §; = 0. Therefore, we have €] . = e, = o in the eigenfunction expansion
(4.2) and (4.3). This implies by the notations (3.7)—(3.9) that OF = [3]*1 .= a;2 =
[3] 25 = =0 for all j=1,2,3,4,5,6. Recall the definition of n L from Lemma 3.4
(1). As aresult, we have 1, .(x,A) =0 and 1, (x,A) =0 for j=1,2,3,456.
Therefore, we have

il 0.y = llet (s )"~ 150 +e2(p )" 75 701 +ollpe P Y) +ollps 1)

as n — oo by Lemma 3.4 (1). Forany (cq,¢2) € C*\ {(0,0)}, ||y, jHLz ) ErOWS expo-

nentially in all cases (i) |p; | > |p. [(> 1), (i) |ps | =|p- |(>1) and (111) (1<)lps | <
|p- |. Since any non-trivial solution can be neither a eigenfunction nor a generalized
eigenfunction, we have A € p(H’(u)).

Consider the case (C-2). By Lemma4.11, we have . =0, 7, =0, 6. #0 and
0, #0. Then, we have n;; .(x,A) =0 and n;; (x,A) =0 forall j=1,2,3 4 3,6.

J.1lc JsLs
Substituting these into Lemma 3.4 (2), we have p,; = ()" ~'n}, .+ (p))"~'n}f, ;.

This yields [|p||;2(r+) <o which means that A € o, (H >(u)) and p is its corresponding
eigenfunction.
We deal with the case (D-1). In this case, we have ¥ #0, . #0, 67 #0 and

8, =0. Then, we have 1, ((x,A) =0. On the other hand, it follows by 7w, =

e .#0and 5-w, =e, #0 thate; = géez_ .- From the point of view of the no-

tations in (3.7)-(3.9), we have o . = va and B which yield

5 %ize
Nite= 5%77;2&- for j =1,2,3,4,5,6. Thus, we have

jlc:5 j2C’

it [ Y +C266_ - —\n— -
|22(0.,1) =l(p.) 1( 1 o _) Niset(ps) 1C177j,1,s‘|22(0,1)

+o(lps ") +o(lp PY)

||yn7j

as n — oo, For any (c1,c2) € C*\ {(0,0)}, we see that (c;y +c28,,¢1) # (0,0).
Thus, |[yn,jl[12(0,1) grows exponentially as n — oo in all cases (i) |ps | > [p, [, (ii)

5| = lp. | and (iii) [p;| < |p, | Hence, we have A € p(H’(u)).
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Consider the case (D-2). At last, we finish so many classifications. In the case,
we have 7o #0, 77 #0, 8. #0 and §; # 0. Then, we have ;. = 5%:17].__2_6 and

M, = %n;zs. Hence, it follows by Lemma 3.4 (1) that

(6 A) = ()" ey o+ eajn ) + ()" e+ eany,)

et (1Y b\ g (e s
T e R e C = E

Our last task is to show that (c1y + 20, ,c1Y; +¢20; ) # (0,0) for any (cj,c2) €
C2\{(0,0)}. Seeking a contradiction, we assume that these exists some (c1,c;) €
C?\ {(0,0)} satisfying c17 +c26, = c1% +c28; =0. This is equivalent to . 5, —
Yo 5. =0. Substituting (4.5), (4.16), (4.17) and (4.18) into this, we have cosu = 0.

c

This does not hold true for %717 < |u| < m. Therefore, we have (c1y, + 20, ,¢c1%s +
c26;7) # (0,0) for any (c1,cz) € C2\ {(0,0)}. As aresult, we see that the L?(0,1)-
norm of any non-trivial solution y in Lemma 3.4 growth exponentially. Namely, A €

p(H (). O
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