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Abstract. This paper considers the spectral radius of signless p-Laplacian of a graph, which is
a generalization of the quadratic form of the signless Laplacian matrix for p = 2. Let 9,4,
@k and 4¢ be the set of connected graphs of order n with k cut vertices, k cut edges and
fixed diameter d, respectively. The graphs maximizing the signless p-Laplacian spectral radius
among ¥, x, ¥ and 97 are characterized.

1. Introduction

Throughout this paper, all graphs considered here are simple and connected. Let
G be a connected graph with vertex set V(G) and edge set E(G), where |V (G)| =n is
the order of G and |E(G)| = m is the size of G. For two vertices u,v € V(G), denote
u~vif uv€ E(G). Foravertex v € V(G), define Ng(v) = {u € V(G) | u~v} tobe the
neighborhood of v, and dg(v) = |[Ng(v)| is called the degree of v. In particular, denote
the minimum degree, the maximum degree and the average degree of G by 0(G),
A(G) and d(G), respectively. For two vertices u,v € V(G), the distance dg(u,v) of
u and v is the length of a shortest path between u and v. If x € V(G), then G —x
denotes the graph obtained from G by deleting the vertex x and all its incident edges.
If xy ¢ E(G), then G+ {xy} is a graph obtained from G by adding an edge xy. For
X C E(G), G—X denotes the graph obtained from G by deleting all the edges in X .
For S CV(G), let G[S] be the induced subgraph by S, and E(S,V(G)\ S) be the set
of all the edges with one end-vertex in S and the other in V(G)\ S. A vertex (resp.
an edge) in a connected graph G is called a cut vertex (resp. cut edge) if its removal
disconnects G. All other notations not given here are standard in [2], and if there is
no danger of ambiguity, we delete the script G in the notations like dg(v) and write
d(v) = dg(v) unless special statement.

Let A and D be the adjacency matrix and diagonal matrix of G, respectively. The
Laplacian matrix L is defined as L = D — A, which is a linear operator

LR =R, (L)) = 3 (F0) - f(w).
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And the signless Laplacian matrix is defined as Q = D+ A, which is also a linear
operator
Q:RY —R", (Qf)(v) =X (f(v)+f(u)).
u~v
A natural non-linear generalization of Laplacian operator is p-Laplacian. For
p > 1,the p-Laplacian of G is defined as

Ly:R" - R, =3 sign(f(v) — f()|f(v) = f)| ",

u~y

where sign(x) is the sign-function of a number x whichis 1 if x>0, —1if x<0and 0
otherwise. A function f is called an eigenvector of L, corresponding to the eigenvalue
u € R ifit satisfies (L, f)(v) = usign(f(v))|f(v)[P~! for each v € V. In the following,
we always assume that ¢ is the conjugate exponent of p, i.e.,, (p—1)(¢—1)=1.

Recently, the problem of eigenvalue estimates of p-Laplacian on Riemannian
manifolds has been studied by many scholars for its significance in Riemannian ge-
ometry and graph theory. Takeuchi [10] considered the spectrum of the p-Laplacian
on graphs, and proved a Cheeger type inequality and a Brooks type inequality for in-
finite graphs. Amghibech [1] presented several sharp upper and lower bounds for the
largest p-Laplacian eigenvalues of graphs, respectively. Luo, Huang, Ding and Nie [8]
proposed the full eigenvector analysis of p-Laplacian and obtained a natural global em-
bedding for multi-class clustering problems. Wang and Huang [12] deduced an upper
bound of the largest p-Laplacian eigenvalue.

Analogously, as a natural generalization of signless Laplacian, for p > 1, the sign-
less p-Laplacian [1] is defined as the non-linear operator

0p:R" =R, (Q,f)(v) = Y sign(f(u) + ()| f(w)+ f)|P~".

u~y

And a function f is called an eigenvector of Q, corresponding to the eigenvalue A if
(0,f)(v) = Asign(f(v))|f(v)|P~! for each v € V. The energy functional for signless
p-Laplacian Q) is defined to be

Epf= Y, |fu)+fO)7,

uveE

and the 17 norm of a function f is ||f||, = (Zyev |£(V)[?)"/?. The largest eigenvalue
of Q) is

E f ZMV E|f(1/t)—|—f(\/)‘p
Ap= Lo — - :
PRI TR Sy FO)P

In [3], Borba and Schwerdtfeger presented a Perron-Frobenius type property for A, and
deduced several useful inequalities in terms of 4,,.

It is a hot topic to estimate the eigenvalues of graphs in spectral graph theory,
and it is crucial to estimate the largest eigenvalue. There are a lot of works on the
largest adjacency eigenvalues of graphs, see [9] for details. Wang and Huang [11]
obtained the largest signless Laplacian spectral radius of connected graphs with given
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diameter or cut vertices. Xue, Lin, Liu and Shu [13] determined the unique graph with
maximum Ay -spectral radius among all connected graphs with fixed diameter. Lin,
Huang and Xue [6] characterized the extremal graph with maximal A -spectral radius
among graphs with fixed order and cut vertices. Liu, Lu and Tian [7] investigated the
adjacency spectral radius of graphs with given cut edges. Motivated by these works, we
consider the largest signless p-Laplacian eigenvalues of connected graphs with given
number of cut vertices, cut edges or fixed diameter. We obtain the graphs maximizing
the largest signless p-Laplacian eigenvalue A, among all connected graphs of order n
with k cut vertices or k cut edges or diameter d, respectively.

2. Technical lemmas

In this part, we provide some useful lemmas. As a start, we need the Perron-
Frobenius property for A,.

LEMMA 2.1.([3]) For p> 1, let G be a connected graph and  be an eigenvec-
tor for Ay. Then A, >0 and f is either strictly positive, i.e., f(v) >0 forall ve V(G),
or strictly negative. As usual, the strictly positive one is called the Perron vector of Qp.

Moreover, Borba and Schwerdtfeger stated the following properties for the sign-
less p-Laplacian spectral radius.

LEMMA 2.2.([3]) Iftwo vertices u and v are not adjacent in a connected graph
G, then Ay(G) < Ap(G+{uv}).

LEMMA 2.3.([3]) Let p > 1 and G be a connected graph. Then 2P~'d(G) <
Ap(G) < 2P71A(G), where either equality holds if and only if G is regular.

Finally, we need the following two graph transformations which do not decrease

Ap.

LEMMA 2.4. ([4]) Let G = (V,E) be a graph with Perron vector f. For a pair
of vertices u and v and a non-empty subset S C N(u) \N(v), let G' =G —{us|s €
St+{vs|seS}t. If f(u) < f(v), then A,(G) < A,(G).

LEMMA 2.5.([4]) Let G = (V,E) be a graph with Perron vector f. For four
vertices ui,uy,vi,va with uy o uy, vy % vy and u; ~v; for 1 <i <2, let G =
G —{uvi,uova} +{uuz,viva}. If f(ur) = f(v2) and f(uz) = f(v1), then A,(G') >
Ap(G). Furthermore, if one of the two inequalities is strict, then A,(G') > A,(G).

The following result can be deduced from Claims 1-4 of Chen, Feng, Jin and
Lu [4].

LEMMA 2.6. ([4]) For p > 1, given a connected graph G with u € V(G) and
a path Py = x1x3- -+ Xs_1Xs, denote by G(u) the graph obtained by adding an edge

between u and xg;. Assume that a; = %, where 1 <i<s and u = xy41. Let f
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be a Perron vector of Gy(u) corresponding to Ay(Gs(u)). If A,(Gs(u)) > 2P, then the
following facts hold

(i) a; >y for 1 <i<s, where y> 1 satisfying that (1+y)P~ 4+ (1+1/y)P~! =
R

(ii) ajr1 < a; for 1 <i<s—1.

Let G be a connected graph which is not a tree, u,v € V(G) with dg(u),dc(v) >
2. Assume that u and v are connected by a path wo(= v)wy -+ wi_1wi(= u), where
dg(wi) =2 for 1 <i<k—1. Giventwo paths Py = x1xp - Xs_1X5, B = Y1y2°* Yi—1)s,
let G, x,(u,v) be the graph obtained from G by joining one end vertex x; of Ps to u
and one end vertex y; of B to v. Especially, notice that the case for X = 0 means that
u and v are the same vertex and k = 1 means that # and v are adjacent. Inspired by
Theorem 1.2 of Lin, Huang and Xue in [6], we deduce the following lemma.

LEMMA 2.7. For p > 1, let Gy, (u,v) be defined as above. If s —t > max{k+
1,2}, then
Ap(Gs—t p+1(u,v)) > Ap(Gi g (1, v)).

Proof. Let Gy, (u,v) be defined as above and A, = A,(G,(u,v)). By contra-
diction, assume that A, > A4,(Gs_1 xs+1(u,v)). Suppose that f is a Perron vector of
Gy ks (u,v) corresponding to A,. In short, denote v = y, 1. Thus we have the following
claim.

CLAIM 2.1. f(yi) < f(xiy1) for 1 <i<t+1.

Proof. We prove this claim by induction. Firstly, it holds that f(y;) < f(x2).
Since otherwise, if f(y1) > f(x2), thenlet G’ = Gy, (u,v) — {x1x2} + {x1y1 }. Obvi-
ously, G’ = Gs_1 g 4+1(u,v). But by Lemma 2.4, we have 4,(G’) > 4, a contradiction.
In the sequel, we assume that f(y;—1) < f(x;). Now we need to prove that f(y;) <
f(xiz1). If not, we have f(yi) > f(xiy1). Thenlet G’ = Gy xy (u,v) — {xixir1,yim1yi} +
{xiyi,xiy1yi—1}. It is easy to see that G' = Gy x,+1(u,v). Thus by Lemma 2.5, we
have 4,(G’) > A,, a contradiction. This claim holds. I

In the sequel, we divide the remaining part of the proof into three parts.

Case 1: k=0.

Notice that N(v) \ {ys,xs} # 0 since dg(v) > 2. Let G’ = Gy, (u,v) —{wv|we
NOW)\ {yr, x5} +{wxi2 | w € NW)\ {yr, x5} }. Clearly, G’ = G,y g s+1(u,v). From
Claim 2.1, we know that f(v) = f(yr+1) < f(x+2). Thus by Lemma 2.4, we have
Ap(G') > A, a contradiction.

Case?2: k=s—t—1.

Notice that N(v) \ {y;,w1} # 0 since dg(v) > 2. Let G' = Gy, (u,v) — {wv |
w € NW)\ {yr,wi}} + {wxiio | w € N(v) \ {yr,w1}}. Clearly, G’ = Gs_ ps11(u,v).
From Claim 2.1, we have f(v) = f(v,+1) < f(x;22). Thus by Lemma 2.4, we have
Ap(G") > Ap, a contradiction.
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Case3: 1 <k<s—t—-2.
First we show the following claim.

CLAIM 2.2, f(wi) < f(xr4244) for 0 <i< k.

Proof. We prove it by induction. Firstly, we have f(wo) = f(vr41) < f(x42)
according to Claim 2.1. Next we assume that f(w;_;) < f(x+1+;). Now if f(w;) >
FGa244), let G' = Gy (u,v) = {wv [ w € NOW)\ {ye,wi b} — oo, wiciwi o+
{wxep2 | we NW)\ {yr, w1 }} + {4 10wi, Xe24iwi1 }. Itholds that G' = Gy_j g 41 (u,v).
Armed with f(v) = f(yi+1) < f(x42) in Claim 1, we deduce that 1,(G") > A4, ac-
cording to Lemmas 2.4 and 2.5, a contradiction. Thus f(w;) < f(x4+24;) holds. We
completes the proof. [

From Claim 2.2, it follows that f(wy) < f(x424%). Moreover, according to the
definition of G, (u,v), we have A, > 27 by Lemma 2.2. Thus we have f(wy) =
fu) > f(xs) = f(xr424%) by Lemma 2.6 and s > 1 + 2+ k, a contradiction. The proof
is completed. [J

Notice that Chen, Feng, Jin and Lu [4] deduced the corresponding result of Lemma
2.7 for the case of k= 0.

3. Graphs with cut vertices

In this part, we determine the graph which attains the maximal signless p-Laplacian
spectral radius among all graphs with fixed number of cut vertices. Let &, ; be the set
of all connected graphs with n vertices and k cut vertices. By G, we denote the
graph which is obtained from K,_; by adding pendent paths P, ,---,P, , of almost
equal lengths (i.e., |li —{;| <1 for 1 <i,j <n—k) to all vertices of K,,_;. Clearly,
Guk € 9, k. Next, we will show that G, ; is the maximal graph (graph with maximal
signless p-Laplacian spectral radius) in the set &, ;.

THEOREM 3.1. Among all connected graphs with n vertices and k cut vertices,
the maximal signless p-Laplacian spectral radius is uniquely attained at G, .

Proof. Assume that G attains the maximal signless p-Laplacian spectral radius
among all connected graphs with n vertices and k cut vertices. By Lemma 2.2, we have
Ap(G) < Ap(G+e) for e ¢ E(G). We deduce that each cut vertex of G connects exactly
two blocks and each of these blocks are all cliques. Suppose that all the blocks of G are
Ky Kays o Koy, - Without loss of generality, we assume that a; > ar > - > ag+1 =

2. Obviously, 0 <k <n—2. When k=0, we have G=K,, = G, o. When k=n—2,
we have G= P, = G, ,,—>. When 1 <k <n— 3, we have the following claims.

CLAIM 1. There does not exist a cut vertex of G connecting two cliques K, and
Kuj with a; > 3 and a; > 3.

Proof. By way of contradiction, assume that v is the cut vertex of G belonging
to both K, and K,;. Choose v; € V(Ky), vj€ V(Kaj), vi,vj # vo, without loss of
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generality, suppose that x,; > x,,;. Since a;,a; > 3, we have Ng, (vi)\{vo} #0. Let
G =G—{wj|v € Nk, (vj)\{vo}}—i—{vvl |v € Nk, (vi)\{vo}}. ObV10usly, G and G

have the same number of cut vertices. Thus we have Ap(G') > A,(G) by Lemma 2.4, a
contradiction. [

CLAIM 2. a1 23 and ay =a3 = =agy = 2.

Proof. Suppose that a; > a; > 3. Hence, we have aj =n+k— Zf;rzl a<n—k—1.
By Claim 1, we have A < a; <n—k— 1. Thus we have 1,(G) <27 'A< 2P ' (n—k—
1) by Lemma 2.3. However, by Lemma 2.2, we have A,(G) > 4,(G, ) > Ap(K,—¢) =
27~ (n —k—1) since G, x contains K, as a proper subgraph, a contradiction. [J

According to Claim 2, we know that G is a graph constructed by attaching some
pendent paths to a clique K, ;. Then by Lemma 2.7, we obtain that G= GX. [
THEOREM 3.2. Let T=27"'(n—k—1). If k <}, then

T

A,p(Gn7k) <T+ W
Proof Since k < 5, Gy is the graph with V(G 1) = {vi,v2,---,va}, Gul[{vi, -

Vi— k}] K,_; and v,_ 2k+iVn—k+i € E(G ) fori=1,---,k. Let 2,17 = lp(Gmk) and

)

f be the Perron vector corresponding to 7L . By symmetry, f(vi) =--- = f(vh_2k),
Sp—ops1) == f(vy—t) and f(vn_kH) = .-+ = f(v,). For convenience, let x =
fO1) == fnat), y=fVnokr1) == fvas) and z= f(vypy1) =+ =

f(vy), respectively. Hence, from eigenfunctions we have that
ApxPt = (n—2k — 1) (x+x)P~ + k(x+y)P~1,
Apy?~ ! = (n=2k)(x + )P+ (k= )y + )P+ (2P
)Lpzp_l = (y+Z)P—17
this leads to
Ap=2"Yn—2k—1)+k(1+2)P71
Ap=(n=2k)(1+2)P~ 1427 k= 1) + (1 +2)P~!
Ap= (141 1,

From (p—1)(¢g—1) =1, the first and the third equations, we have that
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Combining with the second equation, we obtain

2k
Ay = & k- 1)+

- Grteen) ] O

Let

h(t) = n—2k +2p_1(k—l)+

[1 - (W)qﬂﬂ = (%)q_l]p_l.

It is easy to check that A(z) is a monotone decreasing continuous function on (27~ (n—
2k —1)+k,+oo).

Let 7= A,(K,—«) =271 (n—k—1). Obviously, T > 2P~ (n—2k—1)+k. More-
over, by Lemma 2.2, 4, > 7. Hence,

Ay =hig) <h(0) =2 (1= 20427 )+ ey = T
and our proof is complete. [J
THEOREM 3.3. Let n—k be a fixed constant and T =2P""(n—k—1). If 4 <
k< n—3, then
nETwl( nk)zf+ﬁ~

Proof. Since 5 <k <n—3, G, is the graph obtained from K, ; by unifying
each of its vertex v; with one pendent vertex of the path P, where i —1 j| <1 and
1 <i,j <n—k. For convenience, write G, ; = G717f{'"7l)1—k' Since n — k is a constant,
the signless p-Laplacian spectral radius of G, ; is an increasing function of order n of
Gy and A, = A,(G, i) <277 'A(G, &) by Lemma 2.3, which implies that lim 7Lp =1

exists. Let [ =max{l;| 1 <i<n—k}. Then 4,(G/ L k) <A (G )smce Gzl

n k
is a subgraph of Gl7 . Now we consider the graph G ol where the vertices of P; are
labelled as uy,u,,---,u; such that u; = v; for some i. By symmetry, let f(u;) be the

eigen-component of f on vertex u; for 1 <i <[, where f is the Perron vector of G;’k .

corresponding to A, (G} ) Then, from eigenequations, we have that

nk o\ _ Fly_p)\P~1 f) \P!
/IP(le"J)_<1+.f(u;j)> +(1+f<uzf1>> ;

—1
Ap(GPE ) =20 (n—k—1)+ (1 + '—f(”';l))p
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By Lemma 2.6, for 1 < j</—1, {f%f)l) } is a decreasing sequence and ;’z;*)‘) >,
J\uj fu;

where 7> 1 satisfying that (1-+%)?~'+(1+1/9)?"' = 1,(G* ). Hence, lim Huje)

n—too S(})
exists. Set 0 = lim 20+
n— oo fuj)

A=(1+1/o)P '+ (1+0o)P71,
A=1+(1+1/o)P 71,

where T =2P"!(n—k—1). Hence, (1+0)’" ! =1. Itleadsto 6 =19 ' —1 as
(p—1)(g—1)=1. Therefore, A = (1+1/0)’P '+ (1 +o)P =1+ W and
our proof is complete. [J

. Taking limits on n, we have that

Combining Theorems 3.1, 3.2 and 3.3, we have the following result.

THEOREM 3.4. For any graph G € 9, such that k <n—3 and ©=2""'(n—
k—1), we have

AP(G) <T+ W

4. Graphs with cut edges

In this part, we determine the graph which attains the maximal signless p-Laplacian
spectral radius among all graphs with fixed number of cut edges. Let ¥* be the set of
all connected graphs with order n and k cut edges. By G¥, we denote the graph ob-
tained from K,_; by adding k independent vertices to one vertex of K,_;. Let K; ; be
a star with vertex set V(K x) = {vo,v1,---, v}, Where vy is the center of the star. Let
K(ao,{ai,---,ar}) be a graph obtained from K| ; by replacing v; with clique K, (a; >
1,i=0,1,---,k) and E[K(ag,{a, -, a})] = (U (E(Ky)) U{vovi | i =1,2,--- ,k}.
Denote

k
k= {K(ao,{al,---7ak}) ta; > 1(0<i<k),2a,-=n}.
i=0

Obviously, Gk = K(n—k,{1,---,1}).
N——
k

THEOREM 4.1. Among all connected graphs with n vertices and k cut edges, G~
is the unique graph that attains the maximal signless p-Laplacian spectral radius.

Proof. Pick G € 9* such that Ap(G) is as large as possible. Let Ey = {e1, ez, -, e}
be the set of the cut edges of G. By Lemma 2.2, each component of G — E| is a clique.

If k=0, then G = K,, and the theorem holds naturally. Hence, we may assume that
k > 1. Denote the components of G—E| by K,,,Kq,,---,K,, , where ap,ay,---,a; are
the numbers of the vertices of these components, respectively. Then ag+a;+---+a; =
n.

Let V,, = {v € V(K,,) : v is an end vertex of the cut edges of G}.

In the sequel, we will prove some claims.
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CLAIM 1. |V, |=1 for 0<i<k.

Proof. By way of contradiction, suppose that |V,,| > 1 for some i,0 <i < k. Let
u,u’ € V,, and assume that f(u) > f(u'). Denote N(u')\ N(u) = {wl,wz7 c Wt
Then s > 1 since u' € V,,. Let G' = G — {u'wy, -, u'ws} + {uwy, -, uws}. And
G' € 9%. By Lemma 2.4, A,(G') > A,,(G), a contradiction. Therefore, [V,,|=1. O

CLAIM 2. G e k.

Proof Suppose that G ¢ #;}. Then there exist v € V(K,,) and V' € V(Kq;),0 <
< ki # j such that [N(v) \ V(Ky)| = 2 and [N(V')\V(Kq,)| = 2. Accordmg to
Clalm 1, we have {v} =V,, and {V/ } Va;- Without loss of generality, we may assume

that (') < f(v). Denote N(¥)\ (V (Ko )U{v}) = {21z} . Thus 1 > 1 by [N()\
( " )|>2 Let G =G—{Vz1,--,Vz}+{vz1,--,vz}. Clearly, G’ € 4*. We have
(G) Ap(G) by Lemma 2.4, a contradiction. [

By Claim 1, suppose that V,, = {v;},0 <i < k. By Claim 2, we may assume that
vov; € E(G),1 < j < k. Without loss of generahty, we may assume that a; > a;_1 >
czazl.

CLAIM 3. G=K(ap,{1,---,1,n—ag—k+1}).
——
k—1
Proof. Assume that a; > 1 for some i, 1 <i<k—1. Thus q; > 1. Without loss
of generality, assume that f(vi) > f(v;). Denote N(v;)\ {vo} = {wi,---,wq—1}. Let

G =G—{viwi, - ,viwg 1} + {viw1, -+ ,viwg—1}. Clearly, G’ € 4¥. By Lemma 2.4,
we have 1,(G’) > 24,(G), a contradiction. [

CLAIM 4. ap=n—k.

Proof. Obviously, ap=n—(a;+a +---+ay) < n—k. Suppose that ap <n—
k. Thus a; > 1 by Claim 3. Denote N(vk)\{vo} = {wi,---,wg—1} and N(vp)\

o =z, zag—1 - IE f(vi) = f(vo), let
G' =G —{vovi, -, VOVk—1,Y021, " * s V0Zag—1} F {VAVI, -+, VKVk— 1, V21, -+, ViZag—1 } -
If £(v) < f(0), Tt
G' =G —{viwi, -, viwa—1} + {vowr, -+, vowg,—1}-

Then in either case, G’ € 4%. By Lemma 2.4, we have 4,(G’) > 2,(G), a contradic-
tion. [

Combining Claims 3 and 4, we deduce our result. [
Now we would like to state the following proposition, which will be used in the

proof of Theorem 4.2.

PROPOSITION 4.1. Let G be a star with n+ 1 vertices. Then the only real eigen-
values of G are 0,1 and (1+n9~1)P~1,
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Proof. Denote by V(G) = {v,v{,va,--,vs}, where dg(v) = n. Denote by f an
eigenvector of G corresponding to the signless p-Laplacian eigenvalue A. Thus we
have

(FO) + flv)P ™

-

Af)Prt =

i=1

and
AfO)P Y= (f) + f)P' for i=1,--,n.
Since (p—1)(¢—1) =1, we have
ATt =D f(v)=f() for i=1,---,n

Thusif A =1, we have f(v) =0. Andif f is a vector satisfying that 37, f(v;)?"1 =0
and f(v) =0, then f is an eigenvector of G corresponding to the eigenvalue 1.
Now assume A # 0, 1, thus f(v;) = (4971 — 1)~ f(v), which implies that

FO) +fE)P ™ =Afo)P =a@e ! =1~ V)t

Then we have

AP =naArt = )P )P

which implies that
AT =1 4471,

Besides, for a real number ¢ # 0, we have f is an eigenvector corresponding to the
eigenvalue O if f satisfies that f(v) =c and f(v;) = —c fori=1,2,---,n. O

Now we prepare to give the upper bound of 2, (G).

THEOREM 4.2. Let Gﬁ be defined as above, then we have

h 1y p-1
h(T) = T+ T, iflgkgn_l_(lﬂngil)q"’ :
2,(GY) < (o= T-1)
B N7 1 — (Lt )P _
h(T)a ifn—1 5 <k<n-—3.
where Tit) = (n—k— 1) —=2 kD) ___ oy e g gp (g k- 1)

[(t_zpfl(n_k_z))qfl_l}lk (ﬂ]*l_l)pfl ’

and v = (1+ (n—1)7-Hr=1,

Proof. For short, let A = 4,(GX). Let f be the eigenvector corresponding to A
whose entries are labelled as x,y,z at vertices in G’,j of degree n—k—1,n—1, 1,
respectively. Since GX contains a complete subgraph of order n — k and a star K 1n—1s
by Lemma 2.2, we have A > max{7,7'}. Here 7 = A,(K, ) =27 '(n—k—1),
v = Ap(Kino1) = (1 + (n—1)47 1)~ follows from Lemma 2.3 and Proposition 4.1,
respectively.

. 1 (n—1)-1\ P71 o

Now we can check thatif 1 <k<n—1-— <f> sthen t > 7' if n—

-1\ Pl
1_<1+(n+>"> <k<n-—3,thent<T7.
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Moreover, from eigenequations, we have that

A=20"1(n—k—2)+ (1+2)"",
A=(—k—1) (1+;—C)’H +k<1+§>p71,
A=(1+2)P
Solving these equations, we have that
A—2r"Yn—k-2) kA
(A =20 1(n—k—2))-1—1]""" R

A=m—k—1)

It is easy to check that

) — ok 1—2""(n—k-2) kt
Ho)=l—k=l) -2 k2 1 @ DT

is an monotone decreasing continuous function on (27~ !(n —k —2) 4 1, 4-o0).
Notice that T>27"!(n—k—2)+1. Hence, A >max{t,7'} >27 " '(n—k—2)+1.

Thus we have ~
. h(t), ift>1;

A=h(A) << .
h(t), ift<17.

Let g(G) = A2(G) be the signless Laplacian spectral radius of any graph G. We
have the following corollary.

COROLLARY 4.1. For any connected graph G with order n and k cut edges, we
have

k . n .
q(G <{2n—k—2+m, lflgkgi—l,

n—k—1 k eon
n—l—l—m-i-m, lf§—l<k<n—3.

5. Graphs with diameter d

In this part, we determine the graph which attains the maximal signless p-Laplacian
spectral radius among all graphs with fixed diameter. Let ¢¢ be the family of all
connected graphs of order n and diameter d. Given a positive integer a, let P, =
X1X2- - Xs—1Xs and B = y1y2---y,—1y; be two paths with a = s +¢. Let K{;“ be a
graph obtained from a complete graph K,,_, by joining all vertices of K, _, to an end
vertex xg of Py and an end vertex y; of B,. Denote by J#* = {Ks’ffd\s—kt =d,s,t >1}.
It is easy to see that KJ; ¢ € #* C 42,

FACT 5.1. Let G = Kﬁfd € 4 be the maximal graph. Then f(y;11) > f(x;)
and f(xiy1) > f(yi) for 1 <i<min{s,7} —1.
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Proof. If f(x1) = f(y2), then G’ = G — {yiy2} + {x1y1} is a graph in JZ* that
has larger signless p-Laplacian spectral radius than G by Lemma 2.4. Hence, f(y2) >
f(x1). Similarly, f(x2) > f(y1).

If f(x3) = f(y3), then G’ = G —{x1x2,y2y3} + {x1y3,%2y2} is a graphin .#™* that
has larger signless p-Laplacian spectral radius than G by Lemma 2.5. Hence, f(y3) >
f(x2). Similarly, f(x3) > f(y2). The same discussion can be repeatedly applied to
show that Fact 5.1 holds for 3 <i< min{s,t}—1. O

FACT 5.2. Let G = Kﬁfd € " be the maximal graph. If f(x;) > f(v;), then
FOes—1) > fi1)5 3 f(ve) > f(x5), then f(yi—1) > f(xs1).

Proof. Let G' = G — {xsxy—1,y¥r—1} + {xye—1,3%1}. If f(x;) > f(v) and
f(xs—1) < f(y—1), then by Lemma 2.5, A,(G’) > 4,(G), which is a contradiction.

Similarly, if f(y,) > f(xs), then f(y,—1) > f(x5—1). O

FACT 5.3. Let G = Ks'"t_d € " be the maximal graph. If f(y;) > f(x,), then
t>s.

Proof. Using a similar method as Claim 3 in [4], we know that A ;)E’X* )1) =1 ;y(’y* )1) for

1 <i<min{s,t} —1.1If s >, then ()Ex’z) = f(y( )1) Combining with Lemma 2.6, we

have {CE’;; > %ﬁ)) = fE 3 for 1 <i<min{s,7} — 1 =t— 1. Therefore, f(y;) > f(x;)
for 1 <i<t— 1. Together with Fact 5.1, we obtain f(xs) > --- > f(y) > f(x) >

FOi-1) > fa1) > fi—2) > fx—2) > > f(y2) > f(x2) >f(y1) > f(x1), which
contradicts the fact that f(y;) > f(x,). O

Now we can propose the following proposition.

PROPOSITION 5.1. Let G = K;’;d € A" be the maximal graph. Then |s—t| < 1

Proof. Without loss of generality, assume that r > s. By way of contradiction,
suppose that 7 > s+ 2. Then by Fact 5.3, we have f(y;) = f(x;).

If f(yr) = f(x;). then by F6sf = Fot < 2285 we have f(xi) > f (i) for 1 <i<s.

Together with Fact 5.1, we obtain
Fs) > fys) > flxs—1) > f(ys—1) >+ > fx1) > fn).
Moreover, f(ys+1) < f(yi—1) < f(y) = f(xs). Let

G =G- {x.\'xs—laysys+l} + {x.v})s’xs—l.))s+l}-

By Lemma 2.5, we have A,(G’) > 4,(G*), which yields a contradiction.

If f(y,) > f(x,), then by repeating the same discussion as in the proof of Fact 5.2,
we have f(y,—;) > f(x;—;) for 1 <i<s—1. Now, if f(y,_i_1) < f(xs—;) for any
0<i<s—1,then

FOe) > f(xs) > fi-1) > flxs—1) > > fi—sr1) > f01) > f(yi—s) = f(02),
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the last inequality holds as t > s+ 2. Hence f(x;) > f(y2), which contradicts to
Fact 5.1. Hence, there exists some i such that f(y,_;_1) > f(xs—;). Especially, taking iy
to be the minimum index such that f(y,_;—1) > f(x,—;). Notice that iy # 0. Otherwise,
if ip = 0, then we have f(y;—1) > f(xs). Denote by V(K,_4) = {wi,wa2, -, Wp_a},
where n—d > 2 since s,t > 1. Let G' =G —{xyw; |2<i<n—d} +{y—1wi |2<i<
n—d}. Clearly, G' € #*. According to Lemma 2.4, we have 4,(G’") > A,,(G), which
derives a contradiction. Thus it holds that 1 < iy < s— 1. Based on this, we have

FOiigr1) > fxsigr1) > fi—ig) > fVr—ig—1) = f(xs—ig)-

Let G' = G — {Xy—ig41X5—igs Vi—igVi—ig— 1 } +{Xsig+ 1r—ig— 1, Xs—ig¥1—iy } - By Lemma 2.5,
we have A,(G’) > 24,(G), which is a contradiction. [J

PROPOSITION 5.2. Let 2 < d <n—2. If G is the maximal graph in 9!, then
Gex.

Proof. Let Py = ujuy---uqugy1 be the diametrical path of G that connecting
uy and uy. 1. Denote S =V (G)\ V(P;+1). Obviously, S# 0 by n>d+ 1. Since G is
connected, E(S,V(P;41)) #0. For s € S, let Np,,, (s) = {u; € V(Py11) | su; € E(G)}.
By Lemma 2.2, the set S induces a clique K,_4_; in G.

CLAIM 1. For any vertex s € S, Np,.,(s) = {uj,uir1,uiy2} for some 1 <i <
d—1.

Proof. It is easy to see that |[Np,,, (s)| < 3, otherwise, P is not the diametrical
path. If [Np,  (s)| <2, then we may add an edge to G which connecting s and a
vertex in P such that the diameter keeps unchanged. However, adding new edges to G
increases the signless p-Laplacian spectral radius of G by Lemma 2.2, a contradiction.
Thus we have |Np,. (s)| = 3. Let Np,, (s) = {u;,uj,u;}. Without loss of generality,
assume that i < j < k. If k> i+ 2, then P is not the diametrical path. Hence, we have
j=i+1and k=i+2. SoClaim 1 holds. O

CLAIM 2. Forany s,t € S with s #t, Np,, (s) = Np,,, (t).

Proof. By Claim 1, we set Np,. (s) = {u;,uir1,ui12} and Np, (t) = {uj,ujy1,
uji2}. By way of contradiction, suppose that Np,  (s) # Np,,, (), which means that

|NPd+1 (s) nNPd+l (t)‘ <2

Notice that sz € E(G) since S induces a clique, and so we have [Np,,, (s)\Np,,, (t)| =
2 (otherwise, it will contradict the fact that the diameter of G is d). Without loss of
generality, assume that Np, (1) = {ujp1,ui2,ui13} and f(ui13) > f(u;). Let G’ =
G — {su;}+ {su;+3}, and G' € 4. We have A,(G') > 4,(G) by Lemma 2.4, a contra-
diction. [J

Combining Claims 1 and 2, we deduce the result. [l
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THEOREM 5.1. Among all connected graphs of order n and diameter d, the max-
imal graph is obtained by the following graphs:

the complete graph K,,, if d =1,
the graph K" ¢ if d>2.

141141

Proof. When d = 1, the complete graph K, is the unique graph with order n and
diameter 1, then the conclusion holds. When d =n—1, P, = Ktld L4 is the unique
2013

graph with order n and diameter n — 1, the conclusion holds. When 2 < d <n—2,
we have G € #* by Proposition 5.2. According to Proposition 5.1, we deduce that

G= Kf;Jd(dl . Thus, we obtain our result. []
2013

Disclosure statement. No potential conflict of interest was reported by authors.

Acknowledgements. The authors would like to thank the anonymous reviewers
for their careful reading and providing valuable suggestions and comments on an ear-
lier version of this paper, which improves the presentation greatly. This work is sup-
ported by NSFC (Nos. 11871479, 12001544, 12071484), Natural Science Foundation
of Hunan Province (Nos. 2021JJ40707, 20181J2479, 2020JJ4675), Shanghai Univer-
sity Young Faculty Grant (No. B3A010023045014) and Youth Foundation of Shanghai
University of International Business and Economics (No. 24QN010).

REFERENCES

[1] S. AMGHIBECH, Bounds for the largest p-Laplacian eigenvalue for graphs, Discrete Math. 306,
2762-2771 (2006).

[2] J. A. BONDY, U. S. R. MURTY, Graph Theory with Applications, Macmillan Press, New York (1976).

[3] E. M. BORBA, U. SCHWERDTFEGER, Eigenvalue bounds for the signless p-Laplacian, Electron. J.
Combin. 25, 18 pp. (2018).

[4] Z.Y. CHEN, L. H. FENG, W. JIN, L. LU, The signless p-Laplacian spectral radius of graphs with
given degree sequences, Bull. Malays. Math. Sci. Soc. 46, 15 pp. (2023).

[5] Z. Y. CHEN, L. H. FENG, W. J. L1U, L. LU, The signless p-Laplacian spectral radius of graphs
with given matching number, Linear Multilinear Algebra 71, 2366-2374 (2023).

[6] H. Q. LIN, X. HUANG, J. XUE, A note on the Ay -spectral radius of graphs, Linear Algebra Appl.
557, 430-437 (2018).

[71 H. Q. L1u, M. Lu, F. TIAN, On the spectral radius of graphs with cut edges, Linear Algebra Appl.
389, 139-145 (2004).

[8] D.J.Luo, H. HUANG, C. DING, F. P. NIE, On the eigenvectors of p-Laplacian, Mach. Learn. 81,
37-51 (2010).

[9] D. STEVANOVIC, Spectral Radius of Graphs, Elservier, Academic Press (2015).

[10] H. TAKEUCHI, The spectrum of the p-Laplacian and p-Harmonic morphisms on graphs, Illinois J.
Math. 47, 939-955 (2003).
[11] J. F. WANG, Q. X. HUANG, Maximizing the signless Laplacian spectral radius of graphs with given

diameter or cut vertices, Linear and Multilinear Algebra 59, 733-744 (2011).



THE SIGNLESS p-LAPLACIAN SPECTRAL RADIUS OF GRAPHS WITH GIVEN PARAMETER 157

[12] Y.-Z. WANG, H. M. HUANG, Eigenvalue estimates of the p-Laplacian on finite graphs, Differential
Geom. Appl. 74, 11 pp. (2021).

[13] J. XUE, H. Q. LIN, S. T. L1u, J. L. SHU, On the Ay -spectral radius of a graph, Linear Algebra
Appl. 550, 105-120 (2018).

(Received October 1, 2023) Zhouyang Chen
School of Mathematics and Statistics

Hunan University of Finance and Economics

Changsha 410205, P. R. China

Peng-Li Zhang

School of Statistics and Data Science

Shanghai University of International Business and Economics
Shanghai 201620, P. R. China

e-mail: zpengli0626@163.com

Operators and Matrices
www.ele-math.com
oam@ele-math.com



