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ALTERNATIVE CRITERIA FOR BOUNDEDNESS OF ONE CLASS OF

MATRIX OPERATORS IN WEIGHTED SPACES OF SEQUENCES

AIGERIM KALYBAY ∗ AND AINUR TEMIRKHANOVA

(Communicated by I. M. Spitkovsky)

Abstract. Characterizations of weighted integral Hardy inequalities identify the weights ensur-
ing the boundedness of the Hardy operator on weighted Lebesgue spaces. This analysis has
been extended to the Riemann-Liouville operator and operators satisfying a weaker kernel con-
dition, independently introduced by R. Oinarov [13] and by S. Bloom and R. Kerman [5]. While
Oinarov-type characterizations have been extended to the discrete case, Bloom-Kerman-type
characterizations, which differ, remain unexplored. This paper establishes these alternative char-
acterizations for the discrete case and extends the results to a broader class of matrix operators,
including those satisfying weaker kernel conditions.

1. Introduction

For f � 0 the weighted integral inequality⎛⎝ ∞∫
0

uq(x)

⎛⎝ x∫
0

f (s)ds

⎞⎠q

dx

⎞⎠
1
q

� C

⎛⎝ ∞∫
0

vp(x) f p(x)dx

⎞⎠
1
p

(1)

is a generalization of the famous Hardy inequality. The validity of the inequality (1) is
equivalent to characterization of weight functions u(x) and v(x) , for which the Hardy

operator H f (x) =
x∫
0

f (s)ds is bounded on weighted Lebesgue spaces. This problem

was completely solved for all possible relations between the parameters p and q (for
more details we refer to [11, Theorem 5] and [12]). The replacement of the Hardy
operator by the Riemann-Liouville operator was a further important generalization of
the inequality (1) introduced by V. D. Stepanov in the works [20, 21, 22].

The boundedness on weighted Lebesgue spaces of a more general operator K f (x)=
x∫
0

K(x,s) f (s)ds with a kernel K(·, ·) satisfying the condition: K(x,s) � 0 for x � s > 0

and there exists a number d > 1 such that

1
d

(
K(x, t)+K(t,s)

)
� K(x,s) � d

(
K(x,t)+K(t,s)

)
, ∀ x � t � s > 0, (2)
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was independently established in [13] by R. Oinarov and in [5] by S. Bloom and R.
Kerman. Thus, for 1 < p � q < ∞ and K(·, ·) satisfying the condition (2), in [13] R.
Oinarov found that the inequality

⎛⎝ ∞∫
0

uq(x)

⎛⎝ x∫
0

K(x,s) f (s)ds

⎞⎠q

dx

⎞⎠
1
q

� C

⎛⎝ ∞∫
0

vp(x) f p(x)dx

⎞⎠
1
p

(3)

holds if and only if

sup
z>0

⎛⎝ ∞∫
z

Kq(t,z)uq(t)dt

⎞⎠
1
q
⎛⎝ z∫

0

v−p′(s)ds

⎞⎠
1
p′

< ∞, (4)

sup
z>0

⎛⎝ ∞∫
z

uq(t)dt

⎞⎠
1
q
⎛⎝ z∫

0

Kp′(z,s)v−p′(s)ds

⎞⎠
1
p′

< ∞, (5)

while in [5] S. Bloom and R. Kerman proved that it holds if and only if

sup
z>0

⎛⎜⎝ ∞∫
z

v−p′(s)

⎛⎝ ∞∫
s

Kq(t,s)uq(t)dt

⎞⎠p′

ds

⎞⎟⎠
1
p′ ⎛⎝ ∞∫

z

Kq(t,z)uq(t)dt

⎞⎠− 1
q′

< ∞, (6)

sup
z>0

⎛⎜⎝ ∞∫
z

v−p′(s)

⎛⎝ ∞∫
s

K(t,s)uq(t)dt

⎞⎠p′

ds

⎞⎟⎠
1
p′ ⎛⎝ ∞∫

z

uq(t)dt

⎞⎠− 1
q′

< ∞. (7)

There are numerous works using operators with kernels satisfying (2) in various prob-
lems of Analysis, the most of which refer to both of the papers [13] and [5]. However,
currently the condition (2) is called the Oinarov condition.

Let us turn to the discrete case. For nonnegative sequences f = { fi}∞
i=1 the

weighted discrete inequality has the form

(
∞

∑
i=1

uq
i

(
i

∑
j=1

ai, j f j

)q) 1
q

� C

(
∞

∑
i=1

vp
i fi

p

) 1
p

, (8)

where u = {ui}∞
i=1 and v = {vi}∞

i=1 are sequences of positive real numbers and

(A f )i =
i

∑
j=1

ai, j f j (9)

is a matrix operator with a lower triangular matrix (ai j) , i � j , i, j ∈ N .
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Similarly to the integral case, for ai, j ≡ 1 the operator (9) is the discrete Hardy
operator, and the weighted estimate (8) for this operator was studied for all relations
between the parameters p and q (see [1, 2, 3, 4, 6, 7]).

In the paper [17], there was introduced a discrete analogue of the Oinarov condi-
tion: ai, j � 0 for i � j and there exists a number d > 1 such that

1
d
(ai,k +ak, j) � ai, j � d(ai,k +ak, j), ∀ i � k � j � 1. (10)

Then it was proved that for 1 < p � q < ∞ and ai, j satisfying the condition (10) the
inequality (8) holds if and only if

sup
i�1

(
∞

∑
n=i

aq
n,iu

q
n

) 1
q
(

i

∑
j=1

v−p′
j

) 1
p′

< ∞,

sup
i�1

(
∞

∑
n=i

uq
n

) 1
q
(

i

∑
j=1

ap′
i, j v

−p′
j

) 1
p′

< ∞.

It is obvious that the above two conditions are analogues of the characterizations (4)
and (5) for the integral inequality (3). Wondering whether we could obtain discrete
analogues of the conditions (6) and (7), we have found an alternative criterion for the
validity of the inequality (8) and proved the following theorem.

THEOREM 1. Let 1 < p � q < ∞ and a matrix (ai, j) satisfy the condition (10).
Then the inequality (8) holds if and only if A = max{A1,A2} < ∞ , where

A1 = sup
k�1

⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

aq
i,nu

q
i

)p′
⎞⎠

1
p′ ( ∞

∑
n=k

aq
n,k uq

n

)− 1
q′

,

A2 = sup
k�1

⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nu
q
i

)p′
⎞⎠

1
p′ ( ∞

∑
n=k

uq
n

)− 1
q′

.

Moreover, C ≈ A, where C is the best constant in (8).

In order not to simply transfer the results of S. Bloom and R. Kerman from [5]
to the discrete case, we find necessary and sufficient conditions for the validity of the
inequality (8) for broader classes of matrix operators introduced in [18]. This ensures
that Theorem 1 becomes a corollary of the main result (see Theorem 2). These classes
are also discussed in the recent papers [10] and [23]. The integral version of these
classes was introduced in [14], with the most recent publications using them being [8]
and [19]. Since these classes of integral and discrete operators are broader than the
classes of operators satisfying the Oinarov conditions (2) and (10), we believe they will
be the subject of many future publications.



200 A. KALYBAY AND A. TEMIRKHANOVA

Note that the inequality (8) can be rewritten shorter in the form

‖A f‖q,u � C‖ f‖p,v, (11)

where ‖ f‖p,v ≡ ‖v f‖p =
(

∞
∑
i=1

|vi fi|p
) 1

p

, 1 � p < ∞ , is the norm of the weighted space

lp,v of sequences f = { fi}∞
i=1 of real numbers. Moreover, the validity of the inequality

(11) is equivalent to the boundedness of the matrix operator (9) from lp,v into lq,u .
For a more complete presentation, we also consider the dual inequality

‖A∗ f‖q,u � C‖ f‖p,v, (12)

where

(A∗ f )n =
∞

∑
i=n

ai,n fi, ∀ n ∈ N. (13)

The paper is organized as follows: In Section 2 we provide definitions of classes of
matrix operators, denoted O+

1 and O−
1 . Moreover, there we also collect some auxiliary

statements that we need to prove the main results. Section 3 presents criteria for the
validity of the inequality (11) when the matrix operator (9) belongs to the class O+

1 . In
Section 4 we obtain similar results for the operator (9) when it belongs to the class O−

1 .

2. Auxiliary definitions and statements

In [18] R. Oinarov and Z. Taspaganbetova introduced extended classes of matrices
O±

n , n > 0, and obtained criteria for the fulfillment of the inequality (11) for matrix
operators from these classes. The class O+

1 includes matrices (ai, j) satisfying the
following condition: ai, j � 0 for i � j and there exist a number d > 1, a sequence
of positive numbers {wk}∞

k=1 and a nonnegative matrix (bi, j) , where bi, j does not
decrease in the first index i and does not increase in the second index j , such that

1
d

(bi,kwj +ak, j) � ai, j � d(bi,kwj +ak, j), ∀ i � k � j � 1. (14)

The class O−
1 includes matrices (ai, j) satisfying the following condition: ai, j � 0 for

i � j and there exist a number d > 1, a sequence of positive numbers {wk}∞
k=1 and a

nonnegative matrix (bi, j) , where bi, j does not decrease in the first index i and does not
increase in the second index j , such that

1
d

(ai,k +bk, jwi) � ai, j � d(ai,k +bk, jwi), ∀ i � k � j � 1. (15)

Note that the conditions (14) and (15) cover the discrete analogue of the Oinarov condi-
tion (10) and complement each other. It is not difficult to show that the classes O+

1 and
O−

1 are wider than the class of matrices satisfying the Oinarov discrete condition, since
for wk ≡ 1 and bi, j ≡ ai, j from (14) and (15) it follows (10), i.e., matrices satisfying
the condition (10) belong to the class O+

1
⋂

O−
1 .
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The following simple example illustrates that e.g. the condition (14) is weaker than
the discrete Oinarov condition (10). Suppose that for all i � k � 1 matrices ãi,k satisfy

the discrete Oinarov condition (10), then ai, j =
j

∑
k=1

ãi,k belong to the class O+
1 . Indeed,

for i � n � j � 1 we have that ai, j ≈
j

∑
k=1

(ãi,n + ãn,k) = ãi,n · j+
j

∑
k=1

ãn,k = ãi,n · j+an, j .

However, matrices ai, j do not satisfy the Oinarov condition.
The following theorems were proved in [15] and [24], respectively (see also [18]

for general classes O±
n , n > 0).

THEOREM A. Let 1 < p � q < ∞ and a matrix (ai, j) satisfy the condition (14).
Then the inequality (11) holds if and only if A+ = max

{
A+

1 ,A+
2

}
< ∞ , where

A+
1 = sup

k�1

(
∞

∑
n=k

bq
n,ku

q
n

) 1
q
(

k

∑
j=1

wp′
j v−p′

j

) 1
p′

,

A+
2 = sup

k�1

(
∞

∑
n=k

uq
n

) 1
q
(

k

∑
j=1

aq
k, j v

−p′
j

) 1
p′

.

Moreover, A+ ≈C, where C is the best constant in (11).

THEOREM B. Let 1 < p � q < ∞ and a matrix (ai, j) satisfy the condition (15).
Then the inequality (11) holds if and only if A− = max

{
A−

1 ,A−
2

}
< ∞ , where

A−
1 = sup

k�1

(
k

∑
n=1

bq
i,nu

q
n

) 1
q
(

∞

∑
j=k

wp′
j v−p′

j

) 1
p′

,

A−
2 = sup

k�1

(
k

∑
n=1

uq
n

) 1
q
(

∞

∑
j=k

aq
j,k v−p′

j

) 1
p′

.

Moreover, A− ≈C, where C is the best constant in (11).

The main aim of this work is to find new characterizations for the fulfillment of
the inequality (11) for matrix operators belonging to the classes O+

1 and O−
1 . These

new characterizations are alternative to those in Theorems A and B, and they have the
form of characterizations (6) and (7) given by S. Bloom and R. Kerman.

REMARK 1. Above and hereafter, the notation M 	 K means that there exists a
constant α such that M � αK . We write M ≈ K if M 	 K 	 M .

To prove the two lemmas below, we need the following statement proved in [16].

LEMMA A. Let γ > 0 and βk be a positive sequence. Then for all j ∈ N(
j

∑
k=1

βk

)γ

≈
j

∑
k=1

βk

(
k

∑
i=1

βi

)γ−1

, (16)
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and if ∑
k

βk < ∞ , 1 � j < N � ∞ , then

(
N

∑
k= j

βk

)γ

≈
N

∑
k= j

βk

(
N

∑
i=k

βi

)γ−1

. (17)

To prove the main results, let us first prove the following two lemmas.

LEMMA 1. Let 1 < q < ∞ , u = {ui}∞
i=1 , u � 0 and a matrix (ai, j) of the operator

(9) belong to the class O+
1 . Let for f = { fi}∞

i=1

D+ =
∞

∑
n=1

(
un

n

∑
i=1

an,i fi

)q

< ∞.

Then
D+ ≈ D+

1 +D+
2 , (18)

where

D+
1 =

∞

∑
i=1

fi

(
i

∑
j=1

wj f j

)q−1 ∞

∑
n=i

an,ib
q−1
n,i uq

n,

D+
2 =

∞

∑
i=1

fi

(
i

∑
j=1

ai, j f j

)q−1 ∞

∑
n=i

an,iu
q
n,

and the equivalence constants do not depend on f .

Proof. Using (16) and (14) and changing the order of summation, we get

D+ =
∞

∑
n=1

(
un

n

∑
i=1

an,i fi

)q

≈
∞

∑
n=1

uq
n

n

∑
i=1

an,i fi

(
i

∑
j=1

an, j f j

)q−1

≈
∞

∑
n=1

uq
n

n

∑
i=1

an,ib
q−1
n,i fi

(
i

∑
j=1

wj f j

)q−1

+
∞

∑
n=1

uq
n

n

∑
i=1

an,i fi

(
i

∑
j=1

ai, j f j

)q−1

=
∞

∑
i=1

fi

(
i

∑
j=1

wj f j

)q−1 ∞

∑
n=i

an,ib
q−1
n,i uq

n +
∞

∑
i=1

fi

(
i

∑
j=1

ai, j f j

)q−1 ∞

∑
n=i

an,iu
q
n

= D+
1 +D+

2 . �

LEMMA 2. Let 1 < q < ∞ , u = {ui}∞
i=1 , u � 0 and a matrix (ai, j) of the operator

(13) belong to the class O−
1 . Let for f = { fi}∞

i=1

D− =
∞

∑
n=1

(
un

∞

∑
i=n

ai,n fi

)q

< ∞.
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Then
D− ≈ D−

1 +D−
2 , (19)

where

D−
1 =

∞

∑
i=1

fi
i

∑
j=1

ai, ju
q
j

(
∞

∑
k=i

ak,i fk

)q−1

,

D−
2 =

∞

∑
i=1

fi

(
∞

∑
k=i

wk fk

)q−1 i

∑
j=1

ai, jb
q−1
i, j uq

j ,

and the equivalence constants do not depend on f .

Proof. Using (17) and (15) and changing the order of summation, we get

D− =
∞

∑
n=1

(
un

∞

∑
i=n

ai,n fi

)q

≈
∞

∑
n=1

uq
n

∞

∑
i=n

ai,n fi

(
∞

∑
k=i

ak,n fk

)q−1

≈
∞

∑
n=1

uq
n

∞

∑
i=n

ai,n fi

(
∞

∑
k=i

ak,i fk

)q−1

+
∞

∑
n=1

uq
n

∞

∑
i=n

ai,nb
q−1
i,n fi

(
∞

∑
k=i

wk fk

)q−1

=
∞

∑
i=1

fi

(
∞

∑
k=i

ak,i fk

)q−1 i

∑
n=1

ai,nu
q
n +

∞

∑
i=1

fi

(
∞

∑
k=i

wk fk

)q−1 i

∑
n=1

ai,nb
q−1
i,n uq

n

= D−
1 +D−

2 . �

REMARK 2. In the proofs we assume that
n
∑

i=m
= 0 for m > n and g0 = 0.

3. Main results for the class O+
1

In this Section we present an alternative criterion for the fulfillment of the inequal-
ity (11) under the condition of Theorem A.

THEOREM 2. Let 1 < p � q < ∞ and a matrix (ai, j) belong to the class O+
1 .

Then the inequality (11) holds if and only if B+ = max
{
B+

1 ,B+
2

}
< ∞ , where

B+
1 = sup

k�1

⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nb
q−1
i,n uq

i

)p′
⎞⎠

1
p′ ( ∞

∑
n=k

bq
n,k uq

n

)− 1
q′

,

B+
2 = sup

k�1

⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nu
q
i

)p′
⎞⎠

1
p′ ( ∞

∑
n=k

uq
n

)− 1
q′

.

Moreover, C ≈ B+ , where C is the best constant in (11).
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Proof. Necessity. Let the inequality (11) hold. Then the dual inequality

⎛⎝ ∞

∑
n=1

v−p′
n

(
∞

∑
i=n

ai,ngi

)p′
⎞⎠

1
p′

� C

(
∞

∑
i=1

∣∣u−1
i gi
∣∣q′) 1

q′
, g � 0, (20)

also holds. From (18) and from the validity of the inequality (11), we have

∞

∑
n=1

fn

(
n

∑
j=1

wj f j

)q−1 ∞

∑
i=n

ai,nb
q−1
i,n uq

i

	
∞

∑
n=1

(
un

n

∑
i=1

an,i fi

)q

� Cq

(
∞

∑
i=1

|vi fi|p
) q

p

< ∞.

Hence, due to (14), it follows that wn ∑∞
i=n bq

i,nu
q
i 	 ∑∞

i=n ai,nb
q−1
i,n uq

i < ∞ for all n � 1.

If we assume that gi =

{
0, 1 � i � k−1,

bq−1
i,k uq

i , i � k,
for k > 1, k ∈ N , then from (20)

we get ⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nb
q−1
i,k uq

i

)p′
⎞⎠

1
p′

� C

(
∞

∑
i=k

bq
i,ku

q
i

) 1
q′

, ∀ k ∈ N.

Due to the relation bi,k � bi,n for n � k , which follows from (14), we obtain

⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nb
q−1
i,n uq

i

)p′
⎞⎠

1
p′

� C

(
∞

∑
i=k

bq
i,ku

q
i

) 1
q′

, ∀ k ∈ N,

which gives that

B+
1 = sup

k�1

(
∞

∑
n=k

bq
n.ku

q
n

)− 1
q′
⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nb
q−1
i,n uq

i

)p′
⎞⎠

1
p′

� C < ∞. (21)

From (18) and from the validity of the inequality (11) we have

∞

∑
n=1

fn

(
n

∑
k=1

an,k fk

)q−1 ∞

∑
i=n

ai,nu
q
i �

∞

∑
n=1

(
un

n

∑
k=1

an,k fk

)q

� Cq

(
∞

∑
i=1

|vi fi|p
) q

p

< ∞.
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Therefore, ∑∞
i=n ai,nu

q
i < ∞ for all n ∈ N . From (14) it follows that ai,n � 1

d ak,n for
i � k . Hence, (

1
d

ak,n

) ∞

∑
i=n

uq
i �

∞

∑
i=n

ai,nu
q
i < ∞,

i.e., ∑∞
i=n uq

i < ∞ for all n � 1.

Now we assume that gi =
{

0, 1 � i � k−1,
uq

i , i � k,
for k > 1, k ∈ N . Then from (20)

we have ⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nu
q
i

)p′
⎞⎠

1
p′

� C

(
∞

∑
i=k

uq
i

) 1
q′

, ∀ k ∈ N,

which gives that

B+
2 = sup

k�1

(
∞

∑
n=k

uq
n

)− 1
q′
⎛⎝ ∞

∑
n=k

v−p′
n

(
∞

∑
i=n

ai,nu
q
i

)p′
⎞⎠

1
p′

� C < ∞. (22)

From (21) and (22) we get

B+ = max
{
B+

1 ,B+
2

}
� C. (23)

Sufficiency. Let B+ < ∞ . Using the Hölder inequality, we obtain

D+
1 =

∞

∑
i=1

fi

(
i

∑
j=1

wj f j

)q−1 ∞

∑
n=i

an,ib
q−1
n,i uq

n

� ‖v f‖p

⎛⎝ ∞

∑
i=1

v−p′
i

(
i

∑
j=1

wj f j

)p′(q−1)( ∞

∑
n=i

an,ib
q−1
n,i uq

n

)p′
⎞⎠

1
p′

=: J+
1 ‖v f‖p. (24)

Applying the Abel transformation to J+
1 , we find

J+
1 =

⎛⎝ ∞

∑
i=1

∞

∑
k=i

v−p′
k

(
∞

∑
n=k

an,kb
q−1
n,k uq

n

)p′

Δ−
(

i

∑
j=1

wj f j

)p′(q−1)
⎞⎠

1
p′

, (25)

where Δ−Fn = Fn−Fn−1 . From B+
1 < ∞ we have

∞

∑
k=i

v−p′
k

(
∞

∑
n=k

an,kb
q−1
n,k uq

n

)p′

� (B+
1 )p′

(
∞

∑
j=i

bq
j,iu

q
j

) p′
q′

.



206 A. KALYBAY AND A. TEMIRKHANOVA

Applying this relation to (25) and using the notation Δ+Fn = Fn−Fn+1 , we deduce

J+
1 � B+

1

⎛⎜⎝ ∞

∑
i=1

(
∞

∑
k=i

bq
k,iu

q
k

) p′
q′

Δ−
(

i

∑
j=1

wj f j

)p′(q−1)
⎞⎟⎠

1
p′

= B+
1

⎛⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎣
∞

∑
i=1

⎧⎪⎪⎨⎪⎪⎩
∞

∑
s=i

Δ+

(
∞

∑
k=s

bq
k,su

q
k

)⎛⎝Δ−
(

i

∑
j=1

wj f j

)p′(q−1)
⎞⎠

q′
p′
⎫⎪⎪⎬⎪⎪⎭

p′
q′
⎤⎥⎥⎥⎥⎦

q′
p′
⎞⎟⎟⎟⎟⎟⎟⎠

1
q′

(we use the Minkowski inequality)

� B+
1

⎡⎢⎢⎣ ∞

∑
s=1

Δ+

(
∞

∑
k=s

bq
k,su

q
k

)⎧⎨⎩ s

∑
i=1

Δ−
(

i

∑
j=1

wj f j

)p′(q−1)
⎫⎬⎭

q′
p′
⎤⎥⎥⎦

1
q′

= B+
1

[
∞

∑
s=1

Δ+

(
∞

∑
k=s

bq
k,su

q
k

)(
s

∑
j=1

wj f j

)q] 1
q′

.

Applying the Abel transformation, taking into account that bγ − aγ ≈ bγ−1(b− a) for
b � a � 0, γ > 0, and ak,s 
 bk,sws for k � s , we obtain

D+
1 	 B+

1

⎛⎝ ∞

∑
s=1

fs

(
s

∑
j=1

wj f j

)q−1 ∞

∑
k=s

ak,sb
q−1
k,s uq

k

⎞⎠
1
q′

‖v f‖p = B+
1 (D+

1 )
1
q′ ‖v f‖p. (26)

From (18), (24) and (26), we get

D+
1 	 B+

1 (D+)
1
q′ ‖v f‖p 	 B+(D+)

1
q′ ‖v f‖p. (27)

Now let us evaluate D+
2 . Using the Hölder inequality, we obtain

D+
2 =

∞

∑
i=1

fi

(
i

∑
j=1

ai, j f j

)q−1 ∞

∑
n=i

an,iu
q
n � ‖v f‖pJ

+
2 , (28)

where

J+
2 =

⎛⎝ ∞

∑
i=1

v−p′
i

(
i

∑
j=1

ai, j f j

)p′(q−1)( ∞

∑
n=i

an,iu
q
n

)p′
⎞⎠

1
p′

.
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We estimate J+
2 in the same way as J+

1 . Applying the Abel transformation, we find

J+
2 =

⎛⎝ ∞

∑
i=1

∞

∑
k=i

v−p′
k

(
∞

∑
n=k

an,ku
q
n

)p′

Δ−
(

i

∑
j=1

ai, j f j

)p′(q−1)
⎞⎠

1
p′

. (29)

From B+
2 < ∞ we have

∞

∑
k=i

v−p′
k

(
∞

∑
n=k

an,ku
q
n

)p′

� (B+
2 )p′

(
∞

∑
s=i

uq
s

) p′
q′

.

Using this relation and applying the Minkowski inequality to (29), we obtain

J+
2 � B+

2

[
∞

∑
n=1

Δ+
( ∞

∑
s=n

uq
s

)( n

∑
j=1

an, j f j

)q] 1
q′

(we use the Abel transformation and bγ −aγ ≈ bγ−1(b−a) for b � a � 0, γ > 0)

= B+
2

(
∞

∑
n=1

Δ−
(

n

∑
j=1

an, j f j

)q ∞

∑
s=n

uq
s

) 1
q′

≈ B+
2

⎛⎝ ∞

∑
n=1

an,n fn

(
n

∑
j=1

an, j f j

)q−1 ∞

∑
s=n

uq
s

⎞⎠
1
q′

(we take into account that an,n 	 as,n for n � s)

	 B+
2

⎛⎝ ∞

∑
n=1

fn

(
n

∑
j=1

an, j f j

)q−1 ∞

∑
s=n

as,nu
q
s

⎞⎠
1
q′

. (30)

From (18), (28) and (30) it follows that

D+
2 	 B+

2 (D+
2 )

1
q′ ‖v f‖p 	 B+

2 (D+)
1
q′ ‖v f‖p � B+(D+)

1
q′ ‖v f‖p. (31)

Then from (18), (27) and (31) we deduce

(D+)
1
q =

(
∞

∑
n=1

uq
n

(
n

∑
i=1

an,i fi

)q) 1
q

	 B+‖v f‖p.

i.e., the inequality (11) holds with the estimate C 	 B+ , where the constant C is the
best in (11), which together with (23) gives that C ≈ B . The proof of Theorem 2 is
complete. �

In the proof of Theorem 2, the validity of inequality (11) is established on the
basis of the validity of the dual inequality (20). Thus, from Theorem 2 we obtain the
following statement.
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THEOREM 3. Let 1 < p � q < ∞ and a matrix (ai, j) belong to the class O+
1 .

Then the inequality (12) holds if and only if (B+)∗ = max
{
(B+

1 )∗,(B+
2 )∗
}

< ∞ , where

(B+
1 )∗ = sup

k�1

(
∞

∑
n=k

uq
n

(
∞

∑
i=n

ai,nb
p′−1
i,n v−p′

i

)q) 1
q
(

∞

∑
i=k

bq
i,kv

−p′
i

)− 1
p

,

(B+
2 )∗ = sup

k�1

(
∞

∑
n=k

uq
n

(
∞

∑
i=n

ai,nv
−p′
i

)q) 1
q
(

∞

∑
i=k

v−p′
i

)− 1
p

.

Moreover, C ≈ (B+)∗ , where C is the best constant in (12).

4. Main results for the class O−
1

In this Section we consider the inequality (12) for the matrix operator (13) from
the class O−

1 . The validity of the inequality (11) for this class follows from the validity
of the inequality (12) as a corollary.

THEOREM 4. Let 1 < p � q < ∞ and a matrix (ai, j) belong to the class O−
1 .

Then the inequality (12) holds if and only if (B−)∗ = max
{
(B−

1 )∗,(B−
2 )∗
}

< ∞ , where

(B−
1 )∗ = sup

k�1

⎛⎝ k

∑
n=1

v−p′
k

(
n

∑
i=1

an,iu
q
i

)p′
⎞⎠

1
p′ ( k

∑
n=1

uq
n

)− 1
q′

,

(B−
2 )∗ = sup

k�1

⎛⎝ k

∑
n=1

v−p′
k

(
n

∑
i=1

an,ib
q−1
n,i uq

i

)p′
⎞⎠

1
p′ ( ∞

∑
n=k

bq
n,k uq

n

)− 1
q′

.

Moreover, C ≈ (B−)∗ , where C is the best constant in (12).

Proof. Necessity. Let the inequality (12) hold. Then the dual inequality⎛⎝ ∞

∑
n=1

v−p′
n

(
n

∑
i=1

an,igi

)p′
⎞⎠

1
p′

� C

(
∞

∑
n=1

∣∣u−1
n gn

∣∣q′) 1
q′

, g � 0, (32)

also holds. From the validity of the inequality (12) it follows that ∑n
i=1 uq

i < ∞ for all
n ∈ N .

If we assume that gi =
{

uq
i , 1 � i � k,

0, i > k,
for all k ∈ N , then from (32) we have

⎛⎝ k

∑
n=1

v−p′
n

(
n

∑
i=1

an,iu
q
i

)p′
⎞⎠

1
p′

� C

(
k

∑
n=1

uq
n

) 1
q′

, ∀ k ∈ N,
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which yields that

(B−
1 )∗ = sup

k�1

⎛⎝ k

∑
n=1

v−p′
n

(
n

∑
i=1

an,iu
q
i

)p′
⎞⎠

1
p′ ( k

∑
n=1

uq
n

)− 1
q′

� C < ∞. (33)

From (19) and from the validity of the inequality (12), we get

∞

∑
i=1

fi

(
∞

∑
k=i

wk fk

)q−1 i

∑
j=1

ai, jb
q−1
i, j uq

j � Cq

(
∞

∑
i=1

|vi fi|p
) q

p

< ∞.

Due to the condition ai, j 
 bq−1
i, j wi , the latter gives that wi ∑i

j=1 bq
i, ju

q
j 	∑i

j=1 ai, jb
q−1
i, j uq

j
< ∞ for all i � 1.

Now we assume that gi =

{
bq−1

k,i uq
i , 1 � i � k,

0, i > k,
for all k ∈ N . Then from (32) we

deduce ⎛⎝ k

∑
n=1

v−p′
n

(
n

∑
i=1

an,ib
q−1
k,i uq

i

)p′
⎞⎠

1
p′

� C

(
k

∑
i=1

bq
k,iu

q
i

) 1
q′

, ∀ k ∈ N.

Due to of the relation bk,i � bn,i for k � n , which follows from (15), we obtain

(B−
2 )∗ = sup

k�1

⎛⎝ k

∑
n=1

v−p′
n

(
n

∑
i=1

an,ib
q−1
n,i uq

i

)p′
⎞⎠

1
p′ ( k

∑
n=1

bq
k,nu

q
n

)− 1
q′

� C < ∞. (34)

From (33) and (34) we have

(B−)∗ = max
{
(B−

1 )∗,(B−
2 )
}

� C. (35)

Sufficiency. Let (B−)∗ < ∞ . Using the Hölder inequality, we obtain

D−
1 =

∞

∑
i=1

fi
i

∑
j=1

ai, ju
q
j

(
∞

∑
k=i

ak,i fk

)q−1

� ‖v f‖p

⎛⎝ ∞

∑
i=1

v−p′
i

(
i

∑
j=1

ai, ju
q
j

)p′( ∞

∑
k=i

ak,i fk

)p′(q−1)
⎞⎠

1
p′

=: J−1 ‖v f‖p. (36)

Let us estimate J−1 . Applying the Abel transformation, we find

J−1 =

⎛⎝ ∞

∑
i=1

i

∑
k=1

v−p′
k

(
k

∑
j=1

ak, ju
q
j

)p′

Δ+

(
∞

∑
k=i

ak,i fk

)p′(q−1)
⎞⎠

1
p′

.
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Using (B−
1 )∗ < ∞ , we get

J−1 � (B−
1 )∗

⎛⎜⎝ ∞

∑
i=1

(
i

∑
n=1

uq
n

) p′
q′

Δ+

(
∞

∑
k=i

ak,i fk

)p′(q−1)
⎞⎟⎠

1
p′

= (B−
1 )∗

⎛⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎣
∞

∑
i=1

⎧⎪⎪⎨⎪⎪⎩
i

∑
s=1

Δ−
(

s

∑
n=1

uq
n

)⎛⎝Δ+

(
∞

∑
k=i

ak,i fk

)p′(q−1)
⎞⎠

q′
p′
⎫⎪⎪⎬⎪⎪⎭

p′
q′
⎤⎥⎥⎥⎥⎦

q′
p′
⎞⎟⎟⎟⎟⎟⎟⎠

1
q′

(we use the Minkowski inequality)

� (B−
1 )∗

⎡⎢⎢⎣ ∞

∑
s=1

Δ−
(

s

∑
n=1

uq
n

)⎧⎨⎩ ∞

∑
i=s

Δ+

(
∞

∑
k=i

ak,i fk

)p′(q−1)
⎫⎬⎭

q′
p′
⎤⎥⎥⎦

1
q′

= (B−
1 )∗
[

∞

∑
s=1

Δ−
(

s

∑
n=1

uq
n

)(
∞

∑
k=s

ak,s fk

)q] 1
q′

(we apply the Abel transformation and bγ −aγ ≈ bγ−1(b−a) for b � a � 0, γ > 0)

� (B−
1 )∗
[

∞

∑
s=1

Δ+

(
∞

∑
k=s

ak,s fk

)q s

∑
n=1

uq
n

] 1
q′

≈ (B−
1 )∗
⎡⎣ ∞

∑
s=1

as,s fs

(
∞

∑
k=s

ak,s fk

)q−1 s

∑
n=1

uq
n

⎤⎦
1
q′

(we take into account that as,s 	 as,n for s � n )

� (B−
1 )∗
⎡⎣ ∞

∑
s=1

fs

(
∞

∑
k=s

ak,s fk

)q−1 s

∑
n=1

as,nu
q
n

⎤⎦
1
q′

. (37)

From (19), (36) and (37), we obtain

D−
1 	 (B−

1 )∗(D−
1 )

1
q′ ‖v f‖p 	 (B−

1 )∗(D−)
1
q′ ‖v f‖p. (38)

Now we estimate D−
2 . Using the Hölder inequality, we find

D−
2 =

∞

∑
i=1

fi

(
∞

∑
k=i

wk fk

)q−1 i

∑
j=1

ai, jb
q−1
i, j uq

j � ‖v f‖pJ
−
2 , (39)
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where

J−2 =

⎛⎝ ∞

∑
i=1

v−p′
i

(
∞

∑
k=i

wk fk

)p′(q−1)( i

∑
j=1

ai, jb
q−1
i, j uq

j

)p′
⎞⎠

1
p′

.

Let us estimate the value of J−2 in the same way as J−1 .

J−2 =

⎛⎝ ∞

∑
i=1

i

∑
k=1

vp′
k

(
k

∑
j=1

ak, jb
q−1
k, j uq

j

)p′

Δ+

(
∞

∑
k=i

wk fk

)p′(q−1)
⎞⎠

1
p′

� (B−
2 )∗

⎡⎢⎣ ∞

∑
i=1

(
i

∑
k=1

bq
i,ku

q
k

) p′
q′

Δ+

(
∞

∑
k=i

wk fk

)p′(q−1)
⎤⎥⎦

1
p′

= (B−
2 )∗

⎛⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎣
∞

∑
i=1

⎧⎪⎪⎨⎪⎪⎩
i

∑
s=1

Δ−
(

s

∑
k=1

bq
s,ku

q
k

)⎛⎝Δ+

(
∞

∑
k=i

wk fk

)p′(q−1)
⎞⎠

q′
p′
⎫⎪⎪⎬⎪⎪⎭

p′
q′
⎤⎥⎥⎥⎥⎦

q′
p′
⎞⎟⎟⎟⎟⎟⎟⎠

1
q′

(we use the Minkowski inequality)

= (B−
2 )∗
(

∞

∑
s=1

Δ−
(

s

∑
k=1

bq
s,ku

q
k

)(
∞

∑
k=s

wk fk

)q) 1
q′

(we apply the Abel transformation and bγ −aγ ≈ bγ−1(b−a) for b � a � 0, γ > 0)

= (B−
2 )∗
(

∞

∑
n=1

Δ+

(
∞

∑
k=s

wk fk

)q s

∑
k=1

bq
s,ku

q
k

) 1
q′

≈ (B−
2 )∗
⎛⎝ ∞

∑
s=1

ws fs

(
∞

∑
k=s

wk fk

)q−1 s

∑
k=1

bq
s,ku

q
k

⎞⎠
1
q′

(we take into account that bs,kws 	 as,k for s � k )

	 (B−
2 )∗
⎛⎝ ∞

∑
s=1

fs

(
∞

∑
k=s

wk fk

)q−1 s

∑
k=1

as,kb
q−1
s,k uq

k

⎞⎠
1
q′

	 (B−
2 )∗(D−

2 )
1
q′ . (40)

From (19), (39) and (40) it follows that

D−
2 	 (B−

1 )(D−
2 )

1
q′ ‖v f‖p 	 (B−

1 )(D−)
1
q′ ‖v f‖p. (41)



212 A. KALYBAY AND A. TEMIRKHANOVA

Thus, from (19), (38) and (41) we deduce

(D−)
1
q =

(
∞

∑
n=1

uq
n

(
∞

∑
i=n

ai,n fi

)q) 1
q

	 (B−)∗‖v f‖p,

i.e., the inequality (12) holds with the estimate C	 (B−)∗ , where C is the best constant
in (12), which together with (35) gives that C ≈ (B−)∗ . The proof of Theorem 4 is
complete. �

In the proof of Theorem 4, the validity of inequality (12) is established on the
basis of the validity of the dual inequality (32). The inequality (32) is an inequality
of the form (11), then from Theorem 4 we obtain the following statement, which is
an alternative criterion for the fulfillment of the inequality (11) under the conditions of
Theorem B.

THEOREM 5. Let 1 < p � q < ∞ and a matrix (ai, j) belong to the class O−
1 .

Then the inequality (11) holds if and only if B− = max
{
B−

1 ,B−
2

}
< ∞ , where

B−
1 = sup

k�1

(
k

∑
n=1

uq
n

(
n

∑
i=1

an,iv
−p′
i

)q) 1
q
(

k

∑
n=1

v−p′
n

)− 1
p

,

B−
2 = sup

k�1

(
k

∑
n=1

uq
n

(
n

∑
i=1

an,ib
p′−1
n,i v−p′

i

)q) 1
q
(

k

∑
i=1

bq
k,iv

−p′
i

)− 1
p

.

Moreover, C ≈ B− , where C is the best constant in (11).
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