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AN EXTENSION OF A HLAWKA TYPE INEQUALITY

HAOCHENG SUN

(Communicated by M. Lin)

Abstract. In this paper, we present an extension of a multiple Hlawka type inequality, which
solves a conjecture of Wang affirmatively [6].

1. Introduction

We use |A] to denote the determinant of a n x n matrix A.
Let A, B be positive definite n x n matrices. It is well known that (e.g. ([4], p.
511))

|A+B| > |A] +|B|. (1)
In 1973, D. J. Hartfiel [2] generalized (1) to
|A+B| > |A|+ |B|+ (2"—2)+/|AB. )

When it comes to three positive defintie n x n matrices, we have ([7], p. 215)
[A+B+C|+|C| > |A+C|+[B+C|. 3)
In 2014, M. Lin [5] generalized (3) to
|A+B+C|+|C|—|A+C|—|B+C| > |A+B|—|A| — |B]. 4)
In 2022, Y. Hong and F. Qi [3] generalized (4) to
|A4+B+C|—|A+B|—|A+C|—|B+C|+|A|+|B|+|C| > (3" —3-2"+3)Y/|ABC|. (5)

By using tensor product, W. Berndt and S. Sra [1] extended (1) and (4) to multiple
version, which is called the Hlawka type inequality.

THEOREM 1. ([1], Conjecture 3.1 and Corollary 3.4) Let Ay,A,---,A; be pos-

itive definite n x n matrices. For each k =1,2,---.m, define
sk(A1,Ag, - Ap) = Y |Ai, +Ai, + -+ A .
1<) <ip <--<ip<m
Then "
];,1(—1)m7ksk(A1,A2r~,Am) > 0. (6)
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In 2024, F. Wang [6] provided an elementary proof of Theorem 1 and proposed
the following conjecture.

THEOREM 2. ([6], Conjecture 1.8) Let A,As,---,Ay be positive definite n x n
matrices. For each k =1,2,---,m, define

k(A1 Az, Ap) = S Ai + A+ + Ay

1< <ip<-<ip<m

Then

M=

m
Z (_l)m_ksk(A17A27 e 7Am) 2 (

k=1 k:

(—1)'"—’<<’Z>k”) ViAiAz A, (D)

1

where (’Z) = (m_Lk'),k,

REMARK 1. It’s easy to see that (7) reduces to (2) when m =2 and to (5) when
m=3.

The main goal of this paper is to prove Theorem 2, which is an extension of the
Hlawka type inequality.

2. Proof of Theorem 2

Note that all the inequalities above are correct not only for positive definite matri-
ces but also for positive semidefintie matrices, as a positive semidefinite matrix can be
seen as a limit of positive definite matrices.

For convenience, we write

m
2 AlaA2a 7A ):S(Ala"'7Am)7

M=

(

(7)) =l

k=1

‘We need a lemma.

LEMMA 1.

(m+1)fru1(n=1)+m+1)fu(n—1) = frur1(n).
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Proof.

(m+1)”f(—1)m+1k< N )k" L 1 i ( )k’“

k=1 m+ k=1
e S (") (P
=(m+ 1>n+é(_l)mﬂ_kkn_l (m: 1) k

m+1
= (1) (m: l)k". O
k=1

Now we are in a position to prove Theorem 2.

Proof. The proof of Theorem 2 is by induction on m and 7.

For m =2 and any n, it follows from the inequality (2).

Suppose the inequality holds for m — 1 and any n.

We use A —1, k=1,---,m, to denote the principal submatrices of order n—1 in
the upper left corner of the matrices A, respectively.

Write
Al 1 0
= (M),
v Gk

Al,n—l+A27n_1+...—|—Am7n_1 oy +0op+--+ oy
(a1 +o0n+- 4 o))" ai+ap+--ap .

Then
Al +Ary+--+A, = (

By the definition of Schur complement,
AL +As+ - + Ay
‘Al,n—l +A27n—1 +-e +Am7n—1‘
— (01t ot 4 0m) (Arg-1 + Azt o+ Aun1) 7 (00 02+ O),

=ai+art-- +an

Al CaAl o
|Ak,n71| k kn 17
Define
A = (Akm*—l ) fflk ) .
o O AL, 0%
Then

2?=1Ak,n—l Zk 1 ‘Xk )

A A+ AL =
e " (XRey ow)™ Xpn lakAkn 1 0%

Since A, and its Schur complement (= 0) are positive semidefinite, A} are all
positive semidefinite matrices.
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Notice that

AL +As+ - + Ay XA )
A1 +Asp 14 FAna1l S Akt

m m m m
A vt Ay oA A ( > ol o (Y o) (X A ) (Y ak)>
k=1 k=1 k=1 k=1

| AT +AY - A
mn—1
’ ‘Al,n—l +A27n—1+"' +Am7n—1‘

‘Al,nfl +A2,n71 + - +Am,n71|<

=|A1p-1+Ar 1+ +A

=[A] + A5+ + A,

Similarly,

|Ai, +Ai, +--- +A; ] LAyl )

A.._1+A.._1+...+A.7_1< —
| i1,n ig,n ij;h | |A,-17n71+Ai2,n71+"'+Aik7n71| i |Aij,n—1|

=|A}, +AL 4 AL (1< <ip < <ipg<m)
By Theorem 1, we know
S(A},AS, - AL) > 0.

It’s equivalent to

m d ‘A’|
>y (—1)m* Y ‘Ai17n—1+Ai2,n—l+"'+Aik~,n—1|<z A; ) 1]
ijn—

k=1 1< <ip<--<ix<m J=1

). 8)

The inequality (8) is the most important inequality in our proof.
When n = 1, the inequality (7) reduces to Theorem 1 as f;,(1) = 0.
Suppose Theorem 2 is true for m and n — 1. We consider m and n.

We have
Aiy | A,
|Ai, 1] |Aiyn—1]
R R Y
A1 [Ama-t1] 27 1Ajn-1]

where J = {1,2,....m} — {ij, iz, -, ix}.
Denote the right part of inequality (8) by 1.
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By calculation,

m

I= 2(_1)"’1*16 2 |Ai1,n—l +Ai2,n—l +"'+Aik,n—l‘
k=1 1<ip <ip<---<ip<m
( A Al A )
ALn-1] [Ama-t1] = 1Ajn-1]
|A1‘ ‘Am‘
=S Al.n717A2,n717"'7Am,n71 ( +-+ )
(A ) AL n-1] |Amn1]
! m—1—k A
+ 2, (=1) > \An?nfl+Aiz,n71+“'+Aik,n71\(Z 1 )
k=1 1<iy <ip<-+<ix<m jeJ‘ j7n—1‘
A [Am|
=S(A1n—1.A2 -1, Apn— ( )
( 1,n—1,32n—1 m,n 1) ‘Al,n71|+ +|Am,n71|
Ay
+S(A2,n—laA37n—la"'7Am7n—1) | ‘
AL n—1]
A
+S(Al,n717A3,n717"'aAm,nfl) | ‘
A2 1]
|Am|

+'"+S(A1,n717A2,n717'"7Am71,n71)‘A 1‘~
mn—

And by assumption,

A A
I)ﬁﬂ(n_l)r(/‘Al,nflAlnfl"'Am7n71‘( ‘ 1‘ +- 4 ‘ m‘ )

‘Al,n—l| |Am.,n—l|
m—1 ‘Al‘
+ fno1(n—=1) "/ A2 1A3 01 - A1
A1 n—1]
_ A
+ fn—1(n—=1) "N/ |AL 143 0—1 - A1 A2
|A2 1]
m—1 |Am|
+- At fui(n—1) |A1,n71A2,n71"'Amfl,n71|‘A T

And by basic inequality,

13 mf(n—1) 3/ JAx Ayl 4 mfos(n— 1) Y/TAL Ay
= fm(n) V Ay A

We are done. [

We have an interesting corollary.
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COROLLARY 1. Let Ay,Ay,---,Ay be positive definite n X n matrices. Then

gfu > S A+ An) Y14

i<j
+f3(n) D Y NAAA] A+ fu(n) VA1 AL - Al
i<j<t

Proof. Notice that

Al +As+ -+ Ayl

:S(A17A27"'7Am)+ Z S(Aip'"aAim,l)
1< <ip <<y 1<
+ 2 S(Ail""’Aimfz)+"'+2S(Ai)~
1<i|<ir<...<ipy—o<m i=1
Then use Theorem 2. [
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