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DAVIS-WIELANDT RADIUS INEQUALITIES FOR
PRODUCTS OF HILBERT SPACE OPERATORS

XIAOMEI DONG™*, YUZHEN GUO AND DEYU WU

(Communicated by F. Kittaneh)

Abstract. In this paper, we obtain some upper bounds for the Davis-Wielandt radius of the prod-
uct of two bounded linear operators in a Hilbert space, from which we derive new upper bounds
for the Davis-Wielandt radius of bounded linear operators. By providing some examples, we
show that the upper bounds obtained here are better than the existing upper bounds in some
situations.

1. Introduction

Let #(H) denote the C*-algebra of all bounded linear operators on a complex
Hilbert space H with inner product (-,-). For T € #(H), T* and |T| denote the

adjoint of T and absolute value of T (i.e., |T| = (T*T)% ), respectively. The numerical
range of T € #(H) is defined as [20]

W(T)={(Tx,x):x€ H,||x|| = 1}.

The numerical radius and the operator norm of T, denoted as w(T') and ||T||, respec-
tively, are defined as

w(T) = sup{[(Tx,x)| : x € H, [|x]| = 1}

and
|7 = sup{||Tx|| : x € H, [|x]| = 1}.

The numerical range and numerical radius play an important role in various fields of
operator theory, and attracted many researchers over the years. Due to the importance
of the numerical range and the numerical radius, there have many generalizations of the
numerical range and the numerical radius, see, e.g. [1, 10, 12,22,25] and the references
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therein. One of these generalizations is the Davis-Wielandt shell and its radius of 7" €
Z(H) which are defined as [13,21]

DW(T) ={((Tx,x),(T*Tx,x)) :x€ H,||x[| =1} CCxR

and

dw(T) = Sup{\/\<Tx,X>\2 +HITx]* :x € H, |Jx]| = 1},

respectively.
It is not difficult to verify that for T € Z(H), the Davis-Wielandt radius dw(-)
satisfies the following inequality:

max{w(T), | T[7} < dw(T) < \/w?(T) + | T|* (L.1)

Recently, a lot of mathematicians have studied the Davis-Wielandt radius inequalities.
For instance, in [11, 14] the authors proved that if T € (H), then

Lo 1
dw*(T) < |[|ITP + [T 217>+ 1T Y2 (1.2)

Also in [8] proved that

1 *
dw(T) < S|[T[2+ T +2[T[Y, (1.3)
aw?(T) < |[[TP + T, (1.4)
1
aw?(T) < S (w(T?)+[IT|*) + I T]I* (1.5)

In [24] Zamani et. al. proved that

avA(T) < 3w + (TP +[7°) 16)

+ 4w (T) (2w (T) — cX(T) 4 2w(T) /w2 (T) — c(T)),

dw? (T) < max{w(T),w( TP} w(IT 1 +T2) + 2w(TPB) . (L7)

dw?(T) < ||T | max{w(T),w(|T2)}(1 + |IT[? +2w(T))2, (1.8)
where ¢(T') = inf{|(Tx,x)| : x € H,||x|| = 1}. For more results on the Davis-Wielandt
radius inequalities, we refer the readers to [4-7,9, 15, 18,23].

In this paper, we give some Davis-Wielandt radius inequalities for the product of
two bounded linear operators. Furthermore, we obtain several new upper bounds for the
Davis-Wielandt radius of bounded linear operators, and show that these upper bounds
are better than the existing ones mentioned above by numerical examples.
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2. Main results

To prove our main results, we need the following well-known lemmas.

LEMMA 2.1. ([19]) Let a,b >0, 0< a <1 and p,q> 1 such that %+§ =1.
Then

(@) a®b'* < oa+(1—a)b< (aa”+(1 —a)b’ﬁ for r>1;

ab b L opr Lpgryt
(b) ab< 5+ % < (a" + ;b7)r for r>1.

LEMMA 2.2. ([3]) Let a,b >0 and o, > 1 such that g+% =1, then

11 m m a b "
apBY 4 a2 — b2 < (= + =)
(@ohyr s pat ~o37 < (547
where 1 :min{é,%} and m=1,2,---. In particular, if o0 = B =2, then
1 1 " m m
(a2b2)" 4+ (—) (a? —b2)?> <27™(a+b)" (2.1)

LEMMA 2.3. ([17]) Let T € #(H) be a nonnegative bounded linear operator
and x € H be any unit vector. Then

(a) (Tx,x)P <(TPx,x), p=1;
(b) (TPx,x) < (Tx,x)P, 0<p<1.

LEMMA 2.4. ([17]) Let T € #B(H) and x,y € H be any vectors. If f,g are
nonnegative continuous functions on [0,e0) which are satisfying the relation f(t)g(t) =
t (t >0), then

(Tx,9)[* < (2T N)x,x) (1T )y,y)-

ﬁ(t)O),then

In particular, if f(t) = g(t)

{Tx, )P < (T hex)(IT[y.y).
LEMMA 2.5. ([17]) Let A,B € B(H) such that |A|B = B*|A|. If f,g are non-

negative continuous functions on [0,0) which are satisfying the relation f(t)g(t) =t
(t €10,00)), then

[(ABx, y)| < r(B)|| £ (|A])xll[l&(|A™ )yl

forevery x,y € H. Here r(B) denotes the spectral radius of B.

Our first main result can be stated as follows.
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THEOREM 2.1. Let A,B € #(H) such that |A|B = B*|A|. If f and g are non-
negative continuous functions on [0,°) satisfying f(t)g(t) =t (t > 0), then

dw?P(AB) < 2P~ 'max{r*”(B), 1} min{B,7}, (2.2)
forall p> 1, where

B = [If*7 (JAl) + (B f* (JA*A|)B)?||2 || g* (A" )

+ (B (|A"A|)B)?||2
y= £ (1A]) + (B*g* (1A"A])B)?|| * | £*7(1A"))

+ (B f2(|A%A])B)2.

Proof. Let x € H be a unit vector. Then

(|(ABx,x)|* + || ABx||*)?

<2771 (|(ABx,x)|* + (A*ABx, Bx)*?)

<207 (PP (B)(F2 (JADx,x) 7 (87 (JA)x, %)
+(B*f*(|A*A|)Bx,x)P(B*g*(|A*A|)Bx,x)?)  (by Lemmas 2.4 and 2.5)

<2771 (max{r*? (B), 1} ((f*" (|A])x,x) (g™ (|A"|)x,x)
+((B"f*(|A*A|)B)x,x)((B"*(|A*A|)B)"x,x)))

<27~ max {7 (B), 1}({f* (|A])x,x)> + ((B* 7 (|A
X (g (14" )x,x)? + ((B'g2(|A*A|)B)x.x)?) 2

<27 Y max{r?(B), LH{(F*" (|A|) + (B* f2(|A*A|)B)*")x,x) *
X ((g*(1A")) + (B'g*(JA"A|)B)*")x.x) 2. (by Lemma 2.3(a))

Now, taking supremum over all unit vectors in H, we get

A"A|)B)x.2)°)?

dw? (AB) < 20~ max {2 (B), 1}||f* (|A]) + (B* f2(|A"A|)B)*"|

* * % 1
x ||g*P(|A*]) + (B*g*(|A*A|)B)*||.
Similarly, we can show that
dw*P(AB) < 27~ max{r?(B), 1} || f*(A]) + (B*g*(|A*A|)B)*” |2
* * % 1
x ||g*P(JA*]) + (B* f*(|A*A|)B)*||2.

This completes the proof of the inequality (2.2). [

REMARK 2.1. In particular, if we take B = in Theorem 2.1, then we get the
inequality in [14, Theorem 3.2], i.e.,

dw? (A) <27~ min{ || £ (|A]) + £ (1ATA] | g7 (]47]) + g* (4% A 2,

2.3)
A2 (A +g* (|A*A]) |2 [|g*(1A%]) + £ (%A 2},

forall p > 1.
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Considering (1) = g(t) = t2 in Theorem 2.1, we get the following corollary.
COROLLARY 2.1. Let A,B € (H) such that |A|B = B*|A|. Then
dw?(AB) < max{r*(B), 1}||A* + (|A|B)*|| 2|||A* 2 + (|A|B)*| 2. (2.4)
REMARK 2.2. In particular, if we take B=1, A =T in the inequality (2.4), then

we get the inequality (1.2). If we take A =1, B =T in the inequality (2.4), then we
have

dw?(T) < max{r*(T), 1}|[I+T*|. (2.5)

Now, we consider an example to show that the inequality (2.5) is better than the
existing ones.

EXAMPLE 2.1. The inequalities in [11, Theorem 2.10], [24, Theorems 2.1, 2.2,
2.5,2.11], [9, Theorem 2.4] and [4, Theorem 4] are shown, respectively, as follows

1 *
AP (T) < ST 7)) + (71T
I . * * *
4 ST 74 8T T2+ 7 87 ).
a3 (T) < WA (TP ) 2 TPw(T),
1 1
A2(T) < Sl TP+ 24T+ 1) =3 ind (1]~ )
1 *
3(T) < S WU R A TR) 4 w((TR - T) (TR 4207+ T P)).
a3 (T) < (T + ) + 202 TPT))
1 *
43T < Smind (] T2+ 20T T+ 7D 42074} — (T e
1
(1) < fr+ i i

Ifwetake T = 8 (l) , then from (2.5) we get dw2(T) < 1, whereas the inequalities in

(1.4), (1.5), (1.6), (1.7), (1.8),[11, Theorem 2.10], [24, Theorems 2.1, 2.2, 2.5, 2.11], [9,
Theorem 2.4] and [4, Theorem 4] give dw?(T) < 2, dw*(T) < 1.5, dw*(T) < 1.25,
aw?(T) < 1.414, dw?(T) < 1.732, dw*(T) < 1.375, dw?(T) < 2.457, dw*(T) < 1.5,
dw?(T) < 1.354, dw*(T) < 1.414, dw?(T) < 1.5 and dw?(T) < 1.25, respectively.
Thus, for this example, the upper bound of dw?(T) in the inequality (2.5) is better than
the existing bounds mentioned above.

Next we obtain the following upper bound for the Davis-Wielandt radius of the
product of two bounded linear operators.
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THEOREM 2.2. Let A,B € #(H) such that |A|B = B*|A|. If f and g are non-

negative continuous functions on [0,) satisfying f(t)g(t) =t (t > 0), then for all
p=1, o, > 1 with é—l—%: 1, we have

1 1
dw?’P(AB) <27 'max{r**(B),1} H X+ BY

) (2.6)

where
X = f2*P(|A]) + (B"f*(|AA|)B)",
Y = gP(|A%]) + (B*¢*(|A"A|)B)"P.

Proof. Let x € H be a unit vector. Then
(1(ABx, x> + [|[ABx][*)?
P~1(|(ABx,x)|* + (A*ABx,Bx)*")
PP (B) (2 (1A x,x)P (2 (1A )x,x)
+(B" f*(|A"A|)Bx,x)P (B"g*(|A"A|)Bx,x)")
<21 (P28) (U1 + G W D

+é<B*f2(|A*A|)Bx,x>I’O‘ + %(B*g2(|A*A)Bx,x>pﬁ> (by Lemma 2.1(b))

<2
<2

o

<2t (Pr8) (Ul + 5 &P
8 PINADBY 50+ 5 (B (A ADEP5) ) by Lemma 2.5)
<2 max{r(8), 1 (5 (A + B2 AA DB
A+ (B (A ADBP) ) or).
Taking the supremum over all unit vectors x € H, we have
avPP(aB) < 2 max(P7(B) 1) | PP + (B A DB
P+ (B ADE) .
This completes the proof. [J

Considering (1) = g(t) = 17, 0= B =2 and p=1 in Theorem 2.2, we get the
following corollary.
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COROLLARY 2.2. Let A,B € AB(H) such that |A|B = B*|A|. Then
1
dw?(AB) < 5max{ﬂ(B), 1}H|A]? + A" ]2 +2(JAIB)||. 2.7

REMARK 2.3. In particular, if we take B=1, A =T in the inequality (2.7), then

we get the inequality (1.3). If we take A =1, B=T in the inequality (2.7), then we get
the inequality (2.5) again.

In the next theorem, we obtain another upper bound for the Davis-Wielandt radius
of the product of two bounded linear operators.

THEOREM 2.3. Let A,B € #(H) such that |A|B = B*|A|. If f and g are non-
negative continuous functions on [0,0) satisfying f(t)g(t) =t (t > 0), then for all

p =1, we have
dw* (AB) < 27> max{r*’ (B), 1} (| f*"(|A]) + g*(|A*|) + (B* f*(|A*A|)B)*"

+(B'¢*(|A*A|)B )2”\\—“1ﬁlf1€1( )—Hlﬁlfléz( )

where

E1(x) = (7 (1ADxx) T — (g% (A" x,x) 7 )2,
E(x) = (B f2(JA"A|)B)Px,x) T — ((B*g>(JA*A|)B)*Px,x) % ).

Proof. Let x € H be a unit vector. Then

(I(ABx,x)[* + |ABx]||*)”
(|<ABx x>\2p—|—< *ABx, Bx)zp)
(PP B)(f2 (JA])x, x)P (g (|A*[)x,x)P
+(B* f*(|A*A|)Bx, x)" (B*g*(|A*A|)Bx,x)”)
<277 (PP (B) (P (JA])x,x) (877 (JA*|)x, x)
+((B*f*(|A*A|)B)Px,x)((B*¢* (|A*A|)B)x,x))
<27 2max{r*?(B), 1} ({(f*7(|A])x,x) + (g*7 (JA*])x,x)
(P (ADxx) T — (g (1A )x,x) )2
+((B* f*(|A*A|)B)*x,x) + ((B*g*(|A*A|)B)* x, x)
—(B(AADB)x, )} — (B'gX(A"A])B)x,x)2)?) . (by Lemma 2.2)

<2P-
<20”

Now taking the supremum over all unit vectors x € H, we deduce the required inequal-
ity, O

Considering f(1) = g(t) = 17 and p =1 in Theorem 2.3, we get the following
corollary.
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COROLLARY 2.3. Let A,B € AB(H) such that |A|B = B*|A|. Then

dw?(AB) <= max{r*(B), 1}|||A]* + |A*|> + 2(B*|A|*B)?|| (2.8)

N —

1
— = inf ((JAPx,x)7 — (JA"[Px,x)?)?,
2 |lx[|=1

which is an improvement of the inequality (2.7) in Corollary 2.2.

REMARK 2.4. In particular, if we take B=1, A =T in the inequality (2.8), then
we have

1 . 1 L
(1) < ST+ T F+ 20T = inf (TP d = (7 Pro) )2
X||=
which is an improvement of the inequality (1.3). If we take A =1, B=T in the
inequality (2.8), then we get the inequality (2.5) again.

In order to prove our next result, we need the following lemma.

LEMMA 2.6. ([16]) Let x,y,e € H with |le|| =1 and o € C\{0}. Then
1
[(x,e){e,y)] < W(max{1,|a— LIy I+ 1Ges ) )- (2.9)

THEOREM 2.4. Let A,B € B(H). Then for . € C\{0} and p > 1, we have

max{1,|1

- 1
dw?’ (AB) <27 ol} IBI* -+ |A™*7 | + —w(A*[P[B*F) + |AB||* ) .
2|e]

o
Proof. Let x € H be a unit vector. Then

|(ABx,x)|*”

= |(Bx,A"x)[*

< 1B || A%

= (|B[x,x)" (|A" [Px,x)"

< (1B, x) (x, | A% )|

1 \ :
< o (max{ L, |1 — o[ H[BPPI|A* 7|l + (|B[*Px, |A*[2Px)])

o]
1 /max{l,|1—«a
< L (max{bIL=ally panya e 4 anPris e 0|
o] 2
max{17\1—a|} 4 %14 1 2 2
L E L) T O M L R LY
ol o]
max{1,|1 -« . 1 .
<MLL oy pan aepor) - Lanprispe).
el o]
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Therefore
(I(ABx, x)[* + [|ABx]|*)”
<277 1(|(ABx,x)[*? + || ABx]|*)

1,]1 1
or—1 <M||B4p+|f4 |4p||_|_| o]

Taking the supremum over all unit vectors x € H, we have

N

w(A"P2[BI) + ||AB||4P) .

max{1, |l —

al} 4 4 1
B + |A** | + —
e IIB AT+

dw?P(AB) < 277! (
o

WA PPIBPP) + AB“P) .

This completes the proof. [

Considering oo =2, p =1 in Theorem 2.5, we get the following corollary.

COROLLARY 2.4. Let A,B€ #(H). Then

1 * 1 *
dw?(AB) < |[BI* + |A*[*]| + Fw(A *IB?) + | AB|". (2.10)

~

REMARK 2.5. By letting A = B =1 in Corollary 2.4, we obtain
1 . 1 B
aw? (1) =2= Z[[|B[* + A" ||| + Sw(|A"[*|B) + | 4B
Therefore, the inequality of Corollary 2.4 is sharp.

REMARK 2.6. In particular, if we take B =1, A =T in Corollary 2.4, then we
have

1 1
dw(T) < Z 1+ [T + Zw( T ) + T (2.11)
If we take A =1, B=T in Corollary 2.4, then we have
2 1 4 1 2 4
dw™(T) < Z T+ 1]+ 5w(TF) + T (2.12)

EXAMPLE 2.2. The inequalities in [24, Theorems 2.13, 2.14] and [9, Theorem
2.4] are shown, respectively, as follows

dw?(T) < max{||T|1%, | T|[*} + vV2w(|T T),

dw?(T) < Sw(IT[F+|TP) +w(I T = T1) +V2w(ITPT),

»—AN|>—

dw?(T) < smin{ | (|T]+ 77 + 2T (T + 1T + 2|71} = c(ITDe(IT7)).

[\
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If we consider T = (g 8) , then from (2.12) we get dwz(T) < 22.25, whereas the
inequalities in (1.6), (1.7), (1.8), [24, Theorems2.13, 2.14] and [9, Theorem 2.4] give
dw?(T) < 260, dw*(T) <24, dw*(T) <24, dw*(T) < 27.314, dw?(T) < 27.314
and dw?(T) < 24, respectively. Thus, for this example, the upper bounds of dw?(T)

in (2.12) is better than the existing bounds mentioned above.

Next we need the following lemma.

LEMMA 2.7. ([2]) Let x,y,e € H with ||e|| = 1. Then

Ewlr.

1+o 1—
[{x,e) e P < —= [P IyI1” +
orevery 0<oa<land p>1
Jf ry p

Now we prove the following theorem by applying the lemma 2.7.

THEOREM 2.5. Let A,B€ B(H). Thenfor 0< o <1 and p > 1, we have

(14+a «
dw? (AB) < 277! ( 1B+ 47 47+ 15wl P8P + AB“P).

Proof. Let x € H be a unit vector. Then

|<ABx,x>\2p
= \(Bx,A*x)\zp
< ||Bx||*P||A%x]|*P

= [(|B2x,x) (x, |4 [Px) P

1+a %

< 5 lIBPl|P A" 2o+ 122 3 2 |(1Brx, A% 2x)|
l+a X -«

< 5 ({(BIMxx)? + (A", x)P) + — = [{[B[*Fx, |A*[*7x)]
l+a l—a, , ..

<~ ((B[* +|A"[*)x, >+—\<|A [*7|B[*Px,x)]

l+a —o
< ——[[1B[*" +|A* |4”||+ 2 w(A*[*P|B|).

Therefore
(I(ABx, x)[* + || ABx]||*)”
<277 1(|(ABx,x) [P + || ABx]|*)

g1+
<ot (LR e 15 S B + 4B ).
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Taking the supremum over all unit vectors x € H, we have

1+o

dw2P<AB><zP1( 1B+ 4 o 4 L5 <|A*2P|B|2P>+AB4P)

This completes the proof. [l

REMARK 2.7. If wetake B=1, A=T and p =1 in Theorem 2.5, then we have

I+o *
dw?(T) < ——[lI+[1[* H+Tw<IT %)+ ITII*. (2.13)

Ifwetake A=1, B=T and p =1 in Theorem 2.5, then we have
1+a -«
dw*(T) < — = IT|* + 11|+ ——=w(IT[*) + I T]*. (2.14)

In particular, if we take o = 0 in inequalities (2.13) and (2.14), then we get the inequal-
ities (2.11) and (2.12), respectively.

Our final result for the Davis-Wielandt radius of the product of two bounded linear
operators can be stated as follows.

THEOREM 2.6. Let A,B € %(H). Then forall p>1, o, > 1 with L +ﬁ I,
we have

1 1
dwP (AB) <2771 (H E|B|2I’°‘ + B |A* PP + (B*|A|*B)?P

— inf 5(x)) :

[lxll=1

where
5(x):min{é7%} ((|B|2p°‘x x)3 — (|A* PP x) )2.

Proof. Let x € H be a unit vector. Then

|(ABx,x)|*”

= |(Bx,A*x)|?"

< || B[P || A"x]|*

= ([B*x,x)"(|A" P, x)”
< (B, x) (|A* [P x, x)

< (1BPPx ) (|A° PP )P
< Lgpre l 2By ) mind L L 2pa, y5 i areBy b))’
< G UBPP )+ (A PP —mind = b (8P )t — (4P
— 1 |B|2Pa+l|A*|2pl3 x.x ) —min l l <<|B|2p06x x>% _<‘A*‘2Pﬁx x>%>2.
ﬁ b (x7ﬂ b )
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Therefore

(|{ABx,x)|* + [|[ABx|[*)”
<277 (|(ABx,x) [P + (B|A|*Bx,x)*")

o (o)
“mind 25 b (0Bt = (APPR) ) (B AR ) )

1 1
<ot (H a\B|2P°‘ + E\A*F”ﬁ + (B*|A|*B)?”

— inf 5(x)) .

[lx=1

Now taking the supremum over all unit vectors x € H, we deduce the required inequal-
ity. O

Considering oo = 3 =2 and p =1 in Theorem 2.6, we get the following corollary.
COROLLARY 2.5. Let A,B € #(H), then
1
aw?(AB) <5 [||BI* +]A"[* +2(B"|A"B)’| (2.15)

4xx7— 4xx%2.
~ 50 (1B = (4" .0 )

REMARK 2.8. In particular, if we take B=1, A =T in the inequality (2.15), then
we have

dw?(T) < H1+\T*\4+2\T| H_Eulﬁlf( L= (T [*x,x)2)7. (2.16)

If wetake A =1, B=T in the inequality (2.15), then we have

dwA(T) < ||I+3\T\4|| - 5 inf, ((IT[*x,x) 2 —1)% 2.17)

EXAMPLE 2.3. The inequalities in [8, Theorems 2.2] and [11, Theorem 2.10,
2.13] are shown, respectively, as follows

dw?(T) < l«{vvz(TJrT*T) +w?(T —T*T)},
WA (T) < 1 WA (T +17) + (| T][7)

1 . *
g min{[[[T + 7"+ 8|T |, |72 + |77+ 87|},

dw?(T) < min{w?(Re(T) + i|T|*) + |[Im(T)||*, w? (Im(T) +i|T|*) + ||Re(T)||*}.
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) O) , then from (2.16) and (2.17) we get dw?(T) < 1.5 and

dwz(T) < 2, whereas the inequalities in (1.2), (1.4), (1.5), [8, Theorems 2.2] and [11,
Theorem 2.10, 2.13] give dw?(T) < 18.438, dw?(T) < 19.999, dw*(T) < 18.992,
dw*(T) < 21.354, dw?(T) < 18.370 and dw?(T) < 18.499, respectively. Thus, for
this example, the upper bounds of dw2(T) in (2.16) and (2.17) are better than the
existing bounds mentioned above.
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