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DAVIS–WIELANDT RADIUS INEQUALITIES FOR

PRODUCTS OF HILBERT SPACE OPERATORS

XIAOMEI DONG ∗ , YUZHEN GUO AND DEYU WU

(Communicated by F. Kittaneh)

Abstract. In this paper, we obtain some upper bounds for the Davis-Wielandt radius of the prod-
uct of two bounded linear operators in a Hilbert space, from which we derive new upper bounds
for the Davis-Wielandt radius of bounded linear operators. By providing some examples, we
show that the upper bounds obtained here are better than the existing upper bounds in some
situations.

1. Introduction

Let B(H) denote the C∗ -algebra of all bounded linear operators on a complex
Hilbert space H with inner product 〈·, ·〉 . For T ∈ B(H) , T ∗ and |T | denote the

adjoint of T and absolute value of T (i.e., |T |= (T ∗T )
1
2 ), respectively. The numerical

range of T ∈ B(H) is defined as [20]

W (T ) = {〈Tx,x〉 : x ∈ H,‖x‖ = 1}.

The numerical radius and the operator norm of T , denoted as w(T ) and ‖T‖ , respec-
tively, are defined as

w(T ) = sup{|〈Tx,x〉| : x ∈ H,‖x‖ = 1}

and
‖T‖ = sup{‖Tx‖ : x ∈ H,‖x‖ = 1}.

The numerical range and numerical radius play an important role in various fields of
operator theory, and attracted many researchers over the years. Due to the importance
of the numerical range and the numerical radius, there have many generalizations of the
numerical range and the numerical radius, see, e.g. [1,10,12,22,25] and the references
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therein. One of these generalizations is the Davis-Wielandt shell and its radius of T ∈
B(H) which are defined as [13, 21]

DW (T ) = {(〈Tx,x〉,〈T ∗Tx,x〉) : x ∈ H,‖x‖ = 1} ⊆ C×R

and

dw(T ) = sup{
√
|〈Tx,x〉|2 +‖Tx‖4 : x ∈ H,‖x‖ = 1},

respectively.
It is not difficult to verify that for T ∈ B(H) , the Davis-Wielandt radius dw(·)

satisfies the following inequality:

max{w(T ),‖T‖2} � dw(T ) �
√

w2(T )+‖T‖4. (1.1)

Recently, a lot of mathematicians have studied the Davis-Wielandt radius inequalities.
For instance, in [11, 14] the authors proved that if T ∈ B(H) , then

dw2(T ) � ‖|T |2 + |T |4‖ 1
2 ‖|T ∗|2 + |T |4‖ 1

2 . (1.2)

Also in [8] proved that

dw2(T ) � 1
2
‖|T |2 + |T ∗|2 +2|T |4‖, (1.3)

dw2(T ) � ‖|T |2 + |T |4‖, (1.4)

dw2(T ) � 1
2
(w(T 2)+‖T‖2)+‖T‖4. (1.5)

In [24] Zamani et. al. proved that

dw2(T ) � 1
2
w(T 2)+

1
4
w(|T |2 + |T ∗|2) (1.6)

+4w2(T )(2w2(T )− c2(T )+2w(T )
√

w2(T )− c2(T )),

dw2(T ) � max{w(T ),w(|T |2)}(w(|T |4 + |T |2)+2w(|T |2B))
1
2 , (1.7)

dw2(T ) � ‖T‖max{w(T ),w(|T |2)}(1+‖T‖2 +2w(T ))
1
2 , (1.8)

where c(T ) = inf{|〈Tx,x〉| : x ∈ H,‖x‖ = 1} . For more results on the Davis-Wielandt
radius inequalities, we refer the readers to [4–7, 9, 15, 18, 23].

In this paper, we give some Davis-Wielandt radius inequalities for the product of
two bounded linear operators. Furthermore, we obtain several new upper bounds for the
Davis-Wielandt radius of bounded linear operators, and show that these upper bounds
are better than the existing ones mentioned above by numerical examples.
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2. Main results

To prove our main results, we need the following well-known lemmas.

LEMMA 2.1. ( [19]) Let a,b � 0 , 0 � α � 1 and p,q > 1 such that 1
p + 1

q = 1.
Then

(a) aαb1−α � αa+(1−α)b � (αar +(1−α)br)
1
r for r � 1;

(b) ab � ap

p + bq

q � ( 1
papr + 1

qbqr)
1
r for r � 1.

LEMMA 2.2. ([3]) Let a,b > 0 and α,β > 1 such that 1
α + 1

β = 1 , then

(a
1
α b

1
β )m + rm

0 (a
m
2 −b

m
2 )2 �

(
a
α

+
b
β

)m

,

where r0 = min{ 1
α , 1

β } and m = 1,2, · · · . In particular, if α = β = 2 , then

(a
1
2 b

1
2 )m +

(
1
2

)m

(a
m
2 −b

m
2 )2 � 2−m(a+b)m. (2.1)

LEMMA 2.3. ( [17]) Let T ∈ B(H) be a nonnegative bounded linear operator
and x ∈ H be any unit vector. Then

(a) 〈Tx,x〉p � 〈T px,x〉, p � 1;

(b) 〈T px,x〉 � 〈Tx,x〉p, 0 < p � 1.

LEMMA 2.4. ( [17]) Let T ∈ B(H) and x,y ∈ H be any vectors. If f ,g are
nonnegative continuous functions on [0,∞) which are satisfying the relation f (t)g(t) =
t (t � 0) , then

|〈Tx,y〉|2 � 〈 f 2(|T |)x,x〉〈g2(|T ∗|)y,y〉.

In particular, if f (t) = g(t) = t
1
2 (t � 0) , then

|〈Tx,y〉|2 � 〈|T |x,x〉〈|T ∗|y,y〉.

LEMMA 2.5. ( [17]) Let A,B ∈ B(H) such that |A|B = B∗|A| . If f ,g are non-
negative continuous functions on [0,∞) which are satisfying the relation f (t)g(t) = t
(t ∈ [0,∞)) , then

|〈ABx,y〉| � r(B)‖ f (|A|)x‖‖g(|A∗|)y‖
for every x,y ∈ H . Here r(B) denotes the spectral radius of B.

Our first main result can be stated as follows.
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THEOREM 2.1. Let A,B ∈ B(H) such that |A|B = B∗|A| . If f and g are non-
negative continuous functions on [0,∞) satisfying f (t)g(t) = t (t � 0) , then

dw2p(AB) � 2p−1max{r2p(B),1}min{β ,γ}, (2.2)

for all p � 1 , where

β = ‖ f 4p(|A|)+ (B∗ f 2p(|A∗A|)B)2‖ 1
2 ‖g4p(|A∗|)+ (B∗g2p(|A∗A|)B)2‖ 1

2 ,

γ = ‖ f 4p(|A|)+ (B∗g2p(|A∗A|)B)2‖ 1
2 ‖g4p(|A∗|)+ (B∗ f 2p(|A∗A|)B)2‖ 1

2 .

Proof. Let x ∈ H be a unit vector. Then

(|〈ABx,x〉|2 +‖ABx‖4)p

� 2p−1 (|〈ABx,x〉|2p + 〈A∗ABx,Bx〉2p)
� 2p−1 (

r2p(B)〈 f 2(|A|)x,x〉p〈g2(|A∗|)x,x〉p

+〈B∗ f 2(|A∗A|)Bx,x〉p〈B∗g2(|A∗A|)Bx,x〉p) (by Lemmas 2.4 and 2.5)

� 2p−1 (
max{r2p(B),1}(〈 f 2p(|A|)x,x〉〈g2p(|A∗|)x,x〉

+〈(B∗ f 2(|A∗A|)B)px,x〉〈(B∗g2(|A∗A|)B)px,x〉))
� 2p−1 max{r2p(B),1}(〈 f 2p(|A|)x,x〉2 + 〈(B∗ f 2(|A∗A|)B)px,x〉2) 1

2

× (〈g2p(|A∗|)x,x〉2 + 〈(B∗g2(|A∗A|)B)px,x〉2) 1
2

� 2p−1 max{r2p(B),1}〈( f 4p(|A|)+ (B∗ f 2(|A∗A|)B)2p)x,x〉 1
2

×〈(g4p(|A∗|)+ (B∗g2(|A∗A|)B)2p)x,x〉 1
2 . (by Lemma 2.3(a))

Now, taking supremum over all unit vectors in H , we get

dw2p(AB) � 2p−1 max{r2p(B),1}‖ f 4p(|A|)+ (B∗ f 2(|A∗A|)B)2p‖ 1
2

×‖g4p(|A∗|)+ (B∗g2(|A∗A|)B)2p‖ 1
2 .

Similarly, we can show that

dw2p(AB) � 2p−1 max{r2p(B),1}‖ f 4p(|A|)+ (B∗g2(|A∗A|)B)2p‖ 1
2

×‖g4p(|A∗|)+ (B∗ f 2(|A∗A|)B)2p‖ 1
2 .

This completes the proof of the inequality (2.2). �

REMARK 2.1. In particular, if we take B = I in Theorem 2.1, then we get the
inequality in [14, Theorem 3.2], i.e.,

dw2p(A) �2p−1min{‖ f 4p(|A|)+ f 4p(|A∗A|)‖ 1
2 ‖g4p(|A∗|)+g4p(|A∗A|)‖ 1

2 , (2.3)

‖ f 4p(|A|)+g4p(|A∗A|)‖ 1
2 ‖g4p(|A∗|)+ f 4p(|A∗A|)‖ 1

2 },
for all p � 1.



DAVIS-WIELANDT RADIUS INEQUALITIES 225

Considering f (t) = g(t) = t
1
2 in Theorem 2.1, we get the following corollary.

COROLLARY 2.1. Let A,B ∈ B(H) such that |A|B = B∗|A| . Then

dw2(AB) � max{r2(B),1}‖|A|2 +(|A|B)4‖ 1
2 ‖|A∗|2 +(|A|B)4‖ 1

2 . (2.4)

REMARK 2.2. In particular, if we take B = I , A = T in the inequality (2.4), then
we get the inequality (1.2). If we take A = I , B = T in the inequality (2.4), then we
have

dw2(T ) � max{r2(T ),1}‖I +T4‖. (2.5)

Now, we consider an example to show that the inequality (2.5) is better than the
existing ones.

EXAMPLE 2.1. The inequalities in [11, Theorem 2.10], [24, Theorems 2.1, 2.2,
2.5, 2.11], [9, Theorem 2.4] and [4, Theorem 4] are shown, respectively, as follows

dw2(T ) � 1
4
w2(|T |+ i|T∗|)+

1
4
w(|T ||T ∗|)

+
1
8

min{‖|T |2 + |T ∗|2 +8|T |4‖,‖|T |2 + |T ∗|2 +8|T∗|4‖},
dw2(T ) � w2(|T |2 −T )+2‖T‖2w(T ),

dw2(T ) � 1
2
w(|T |2 +2|T |4 + |T ∗|2)− 1

2
inf

‖x‖=1
(‖Tx‖−‖T∗x‖)2,

dw2(T ) � 1
4

(
w((|T |2 +T )2)+w((|T |2−T )2)+w(|T |2 +2|T |4 + |T ∗|2)) ,

dw2(T ) � (w(|T |4 + |T |8)+2w2(|T |2T ))
1
2 ,

dw2(T ) � 1
2

min{‖(|T |+ |T∗|)2 +2|T |4‖,‖(|T |+ |T∗|)2 +2|T∗|4‖}− c(|T |)c(|T ∗|)

dw2(T ) �
∥∥∥∥1

4
(|T |+ |T∗|)2 + |T |4

∥∥∥∥ .

If we take T =
(

0 1
0 0

)
, then from (2.5) we get dw2(T ) � 1, whereas the inequalities in

(1.4), (1.5), (1.6), (1.7), (1.8), [11, Theorem 2.10], [24, Theorems 2.1, 2.2, 2.5, 2.11], [9,
Theorem 2.4] and [4, Theorem 4] give dw2(T ) � 2, dw2(T ) � 1.5, dw2(T ) � 1.25,
dw2(T ) � 1.414, dw2(T ) � 1.732, dw2(T ) � 1.375, dw2(T ) � 2.457, dw2(T ) � 1.5,
dw2(T ) � 1.354, dw2(T ) � 1.414, dw2(T ) � 1.5 and dw2(T ) � 1.25, respectively.
Thus, for this example, the upper bound of dw2(T ) in the inequality (2.5) is better than
the existing bounds mentioned above.

Next we obtain the following upper bound for the Davis-Wielandt radius of the
product of two bounded linear operators.
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THEOREM 2.2. Let A,B ∈ B(H) such that |A|B = B∗|A| . If f and g are non-
negative continuous functions on [0,∞) satisfying f (t)g(t) = t (t � 0) , then for all
p � 1 , α,β > 1 with 1

α + 1
β = 1 , we have

dw2p(AB) � 2p−1max{r2p(B),1}
∥∥∥∥ 1

α
X +

1
β

Y

∥∥∥∥ , (2.6)

where

X = f 2α p(|A|)+ (B∗ f 2(|A∗A|)B)pα ,

Y = g2pβ (|A∗|)+ (B∗g2(|A∗A|)B)pβ .

Proof. Let x ∈ H be a unit vector. Then

(|〈ABx,x〉|2 +‖ABx‖4)p

� 2p−1 (|〈ABx,x〉|2p + 〈A∗ABx,Bx〉2p)
� 2p−1 (

r2p(B)〈 f 2(|A|)x,x〉p〈g2(|A∗|)x,x〉p

+〈B∗ f 2(|A∗A|)Bx,x〉p〈B∗g2(|A∗A|)Bx,x〉p)

� 2p−1
(

r2p(B)
(

1
α
〈 f 2(|A|)x,x〉pα +

1
β
〈g2(|A∗|)x,x〉pβ

)

+
1
α
〈B∗ f 2(|A∗A|)Bx,x〉pα +

1
β
〈B∗g2(|A∗A|)Bx,x〉pβ

)
(by Lemma 2.1(b))

� 2p−1
(

r2p(B)
(

1
α
〈 f 2pα(|A|)x,x〉+ 1

β
〈g2pβ (|A∗|)x,x〉

)

+
1
α
〈(B∗ f 2(|A∗A|)B)pαx,x〉+ 1

β
〈(B∗g2(|A∗A|)B)pβx,x〉

)
(by Lemma 2.3(a))

� 2p−1 max{r2p(B),1}
〈(

1
α

( f 2pα(|A|)+ (B∗ f 2(|A∗A|)B)pα)

+
1
β

(g2pβ (|A∗|)+ (B∗g2(|A∗A|)B)pβ )
)

x,x

〉
.

Taking the supremum over all unit vectors x ∈ H , we have

dw2p(AB) � 2p−1 max{r2p(B),1}
∥∥∥∥ 1

α
( f 2pα(|A|)+ (B∗ f 2(|A∗A|)B)pα)

+
1
β

(g2pβ (|A∗|)+ (B∗g2(|A∗A|)B)pβ )
∥∥∥∥ .

This completes the proof. �

Considering f (t) = g(t) = t
1
2 , α = β = 2 and p = 1 in Theorem 2.2, we get the

following corollary.
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COROLLARY 2.2. Let A,B ∈ B(H) such that |A|B = B∗|A| . Then

dw2(AB) � 1
2

max{r2(B),1}‖|A|2 + |A∗|2 +2(|A|B)4‖. (2.7)

REMARK 2.3. In particular, if we take B = I , A = T in the inequality (2.7), then
we get the inequality (1.3). If we take A = I , B = T in the inequality (2.7), then we get
the inequality (2.5) again.

In the next theorem, we obtain another upper bound for the Davis-Wielandt radius
of the product of two bounded linear operators.

THEOREM 2.3. Let A,B ∈ B(H) such that |A|B = B∗|A| . If f and g are non-
negative continuous functions on [0,∞) satisfying f (t)g(t) = t (t � 0) , then for all
p � 1 , we have

dw2p(AB) � 2p−2 max{r2p(B),1}(‖ f 4p(|A|)+g4p(|A∗|)+ (B∗ f 2(|A∗A|)B)2p

+(B∗g2(|A∗A|)B)2p‖− inf
‖x‖=1

ξ1(x)− inf
‖x‖=1

ξ2(x)),

where

ξ1(x) = (〈 f 4p(|A|)x,x〉 1
2 −〈g4p(|A∗|)x,x〉 1

2 )2,

ξ2(x) = (〈(B∗ f 2(|A∗A|)B)2px,x〉 1
2 −〈(B∗g2(|A∗A|)B)2px,x〉 1

2 )2.

Proof. Let x ∈ H be a unit vector. Then

(|〈ABx,x〉|2 +‖ABx‖4)p

� 2p−1 (|〈ABx,x〉|2p + 〈A∗ABx,Bx〉2p)
� 2p−1 (

r2p(B)〈 f 2(|A|)x,x〉p〈g2(|A∗|)x,x〉p

+〈B∗ f 2(|A∗A|)Bx,x〉p〈B∗g2(|A∗A|)Bx,x〉p)
� 2p−1 (

r2p(B)〈 f 2p(|A|)x,x〉〈g2p(|A∗|)x,x〉
+〈(B∗ f 2(|A∗A|)B)px,x〉〈(B∗g2(|A∗A|)B)px,x〉)

� 2p−2 max{r2p(B),1}(〈 f 4p(|A|)x,x〉+ 〈g4p(|A∗|)x,x〉
−(〈 f 4p(|A|)x,x〉 1

2 −〈g4p(|A∗|)x,x〉 1
2 )2

+〈(B∗ f 2(|A∗A|)B)2px,x〉+ 〈(B∗g2(|A∗A|)B)2px,x〉
−(〈(B∗ f 2(|A∗A|)B)2px,x〉 1

2 −〈(B∗g2(|A∗A|)B)2px,x〉 1
2 )2

)
. (by Lemma 2.2)

Now taking the supremum over all unit vectors x ∈H , we deduce the required inequal-
ity. �

Considering f (t) = g(t) = t
1
2 and p = 1 in Theorem 2.3, we get the following

corollary.
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COROLLARY 2.3. Let A,B ∈ B(H) such that |A|B = B∗|A| . Then

dw2(AB) �1
2

max{r2(B),1}‖|A|2 + |A∗|2 +2(B∗|A|2B)2‖ (2.8)

− 1
2

inf
‖x‖=1

(〈|A|2x,x〉 1
2 −〈|A∗|2x,x〉 1

2 )2,

which is an improvement of the inequality (2.7) in Corollary 2.2.

REMARK 2.4. In particular, if we take B = I , A = T in the inequality (2.8), then
we have

dw2(T ) � 1
2
‖|T |2 + |T∗|2 +2|T |4‖− inf

‖x‖=1
(〈|T |2x,x〉 1

2 −〈|T ∗|2x,x〉 1
2 )2,

which is an improvement of the inequality (1.3). If we take A = I , B = T in the
inequality (2.8), then we get the inequality (2.5) again.

In order to prove our next result, we need the following lemma.

LEMMA 2.6. ([16]) Let x,y,e ∈ H with ‖e‖ = 1 and α ∈ C\{0} . Then

|〈x,e〉〈e,y〉| � 1
|α| (max{1, |α −1|}‖x‖‖y‖+ |〈x,y〉|). (2.9)

THEOREM 2.4. Let A,B ∈ B(H) . Then for α ∈ C\{0} and p � 1 , we have

dw2p(AB) � 2p−1
(

max{1, |1−α|}
2|α| ‖|B|4p + |A∗|4p‖+

1
|α|w(|A∗|2p|B|2p)+‖AB‖4p

)
.

Proof. Let x ∈ H be a unit vector. Then

|〈ABx,x〉|2p

= |〈Bx,A∗x〉|2p

� ‖Bx‖2p‖A∗x‖2p

= 〈|B|2x,x〉p〈|A∗|2x,x〉p

� |〈|B|2px,x〉〈x, |A∗|2px〉|
� 1

|α|
(
max{1, |1−α|}‖|B|2p‖‖|A∗|2p‖+ |〈|B|2px, |A∗|2px〉|)

� 1
|α|

(
max{1, |1−α|}

2
‖|B|2p‖2 +‖|A∗|2p‖2 + |〈|A∗|2p|B|2px,x〉|

)

=
max{1, |1−α|}

2|α| 〈(|B|4p + |A∗|4p)x,x〉+ 1
|α| |〈|A

∗|2p|B|2px,x〉|

� max{1, |1−α|}
2|α| ‖|B|4p + |A∗|4p‖+

1
|α|w(|A∗|2p|B|2p).
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Therefore

(|〈ABx,x〉|2 +‖ABx‖4)p

� 2p−1(|〈ABx,x〉|2p +‖ABx‖4p)

� 2p−1
(

max{1, |1−α|}
2|α| ‖|B|4p + |A∗|4p‖+

1
|α|w(|A∗|2p|B|2p)+‖AB‖4p

)
.

Taking the supremum over all unit vectors x ∈ H , we have

dw2p(AB) � 2p−1
(

max{1, |1−α|}
2|α| ‖|B|4p + |A∗|4p‖+

1
|α|w(|A∗|2p|B|2p)+‖AB‖4p

)
.

This completes the proof. �

Considering α = 2, p = 1 in Theorem 2.5, we get the following corollary.

COROLLARY 2.4. Let A,B ∈ B(H) . Then

dw2(AB) �1
4
‖|B|4 + |A∗|4‖+

1
2
w(|A∗|2|B|2)+‖AB‖4. (2.10)

REMARK 2.5. By letting A = B = I in Corollary 2.4, we obtain

dw2(I) = 2 =
1
4
‖|B|4 + |A∗|4‖+

1
2
w(|A∗|2|B|2)+‖AB‖4.

Therefore, the inequality of Corollary 2.4 is sharp.

REMARK 2.6. In particular, if we take B = I , A = T in Corollary 2.4, then we
have

dw2(T ) � 1
4
‖I + |T ∗|4‖+

1
2
w(|T ∗|2)+‖T‖4. (2.11)

If we take A = I , B = T in Corollary 2.4, then we have

dw2(T ) � 1
4
‖|T |4 + I‖+

1
2
w(|T |2)+‖T‖4. (2.12)

EXAMPLE 2.2. The inequalities in [24, Theorems 2.13, 2.14] and [9, Theorem
2.4] are shown, respectively, as follows

dw2(T ) � max{‖T‖2,‖T‖4}+
√

2w(|T |2T ),

dw2(T ) � 1
2
(w(|T |4 + |T |2)+w(|T |4−|T |2))+

√
2w(|T |2T ),

dw2(T ) � 1
2

min{‖(|T |+ |T∗|)2 +2|T |4‖,‖(|T |+ |T∗|)2 +2|T ∗|4‖}− c(|T |)c(|T ∗|).
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If we consider T =
(

2 0
0 0

)
, then from (2.12) we get dw2(T ) � 22.25, whereas the

inequalities in (1.6), (1.7), (1.8), [24, Theorems2.13, 2.14] and [9, Theorem 2.4] give
dw2(T ) � 260, dw2(T ) � 24, dw2(T ) � 24, dw2(T ) � 27.314, dw2(T ) � 27.314
and dw2(T ) � 24, respectively. Thus, for this example, the upper bounds of dw2(T )
in (2.12) is better than the existing bounds mentioned above.

Next we need the following lemma.

LEMMA 2.7. ([2]) Let x,y,e ∈ H with ‖e‖ = 1 . Then

|〈x,e〉〈e,y〉|p � 1+ α
2

‖x‖p‖y‖p +
1−α

2
|〈x,y〉|p.

for every 0 � α � 1 and p � 1 .

Now we prove the following theorem by applying the lemma 2.7.

THEOREM 2.5. Let A,B ∈ B(H) . Then for 0 � α � 1 and p � 1 , we have

dw2p(AB) � 2p−1
(

1+ α
4

‖|B|4p + |A∗|4p‖+
1−α

2
w(|A∗|2p|B|2p)+‖AB‖4p

)
.

Proof. Let x ∈ H be a unit vector. Then

|〈ABx,x〉|2p

= |〈Bx,A∗x〉|2p

� ‖Bx‖2p‖A∗x‖2p

= |〈|B|2x,x〉〈x, |A∗|2x〉|p

� 1+ α
2

‖|B|2x‖p‖|A∗|2x‖p +
1−α

2
|〈|B|2px, |A∗|2px〉|

� 1+ α
4

(〈|B|4x,x〉p + 〈|A∗|4x,x〉p)+
1−α

2
|〈|B|2px, |A∗|2px〉|

� 1+ α
4

〈(|B|4p + |A∗|4p)x,x〉+ 1−α
2

|〈|A∗|2p|B|2px,x〉|

� 1+ α
4

‖|B|4p + |A∗|4p‖+
1−α

2
w(A∗|2p|B|2p).

Therefore

(|〈ABx,x〉|2 +‖ABx‖4)p

� 2p−1(|〈ABx,x〉|2p +‖ABx‖4p)

� 2p−1
(

1+ α
4

‖|B|4p + |A∗|4p‖+
1−α

2
w(|A∗|2p|B|2p)+‖AB‖4p

)
.
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Taking the supremum over all unit vectors x ∈ H , we have

dw2p(AB) � 2p−1
(

1+ α
4

‖|B|4p + |A∗|4p‖+
1−α

2
w(|A∗|2p|B|2p)+‖AB‖4p

)
.

This completes the proof. �

REMARK 2.7. If we take B = I , A = T and p = 1 in Theorem 2.5, then we have

dw2(T ) � 1+ α
4

‖I + |T ∗|4‖+
1−α

2
w(|T ∗|2)+‖T‖4. (2.13)

If we take A = I , B = T and p = 1 in Theorem 2.5, then we have

dw2(T ) � 1+ α
4

‖|T |4 + I‖+
1−α

2
w(|T |2)+‖T‖4. (2.14)

In particular, if we take α = 0 in inequalities (2.13) and (2.14), then we get the inequal-
ities (2.11) and (2.12), respectively.

Our final result for the Davis-Wielandt radius of the product of two bounded linear
operators can be stated as follows.

THEOREM 2.6. Let A,B ∈B(H) . Then for all p � 1 , α,β > 1 with 1
α + 1

β = 1 ,
we have

dw2p(AB) � 2p−1
(∥∥∥∥ 1

α
|B|2pα +

1
β
|A∗|2pβ +(B∗|A|2B)2p

∥∥∥∥− inf
‖x‖=1

δ (x)
)

,

where

δ (x) = min

{
1
α

,
1
β

}(
〈|B|2pαx,x〉 1

2 −〈|A∗|2pβx,x〉 1
2

)2
.

Proof. Let x ∈ H be a unit vector. Then

|〈ABx,x〉|2p

= |〈Bx,A∗x〉|2p

� ‖Bx‖2p‖A∗x‖2p

= 〈|B|2x,x〉p〈|A∗|2x,x〉p

� 〈|B|2px,x〉〈|A∗|2px,x〉
� 〈|B|2pαx,x〉 1

α 〈|A∗|2pβ x,x〉 1
β

� 1
α
〈|B|2pαx,x〉+ 1

β
〈|A∗|2pβ x,x〉−min

{
1
α

,
1
β

}(
〈|B|2pαx,x〉 1

2 −〈|A∗|2pβx,x〉 1
2

)2

=
〈(

1
α
|B|2pα +

1
β
|A∗|2pβ

)
x,x

〉
−min

{
1
α

,
1
β

}(
〈|B|2pαx,x〉 1

2 −〈|A∗|2pβ x,x〉 1
2

)2
.
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Therefore

(|〈ABx,x〉|2 +‖ABx‖4)p

� 2p−1(|〈ABx,x〉|2p + 〈B∗|A|2Bx,x〉2p)

� 2p−1
(〈(

1
α
|B|2pα +

1
β
|A∗|2pβ

)
x,x

〉

−min

{
1
α

,
1
β

}(
〈|B|2pαx,x〉 1

2 −〈|A∗|2pβ x,x〉 1
2

)2
+ 〈(B∗|A|2B)2px,x〉

)

� 2p−1
(∥∥∥∥ 1

α
|B|2pα +

1
β
|A∗|2pβ +(B∗|A|2B)2p

∥∥∥∥− inf
‖x‖=1

δ (x)
)

.

Now taking the supremum over all unit vectors x ∈H , we deduce the required inequal-
ity. �

Considering α = β = 2 and p = 1 in Theorem 2.6, we get the following corollary.

COROLLARY 2.5. Let A,B ∈ B(H) , then

dw2(AB) �1
2
‖|B|4 + |A∗|4 +2(B∗|A|2B)2‖ (2.15)

− 1
2

inf
‖x‖=1

(〈|B|4x,x〉 1
2 −〈|A∗|4x,x〉 1

2 )2.

REMARK 2.8. In particular, if we take B = I , A = T in the inequality (2.15), then
we have

dw2(T ) � 1
2
‖I + |T ∗|4 +2|T |4‖− 1

2
inf

‖x‖=1
(1−〈|T∗|4x,x〉 1

2 )2. (2.16)

If we take A = I , B = T in the inequality (2.15), then we have

dw2(T ) � 1
2
‖I +3|T |4‖− 1

2
inf

‖x‖=1
(〈|T |4x,x〉 1

2 −1)2. (2.17)

EXAMPLE 2.3. The inequalities in [8, Theorems 2.2] and [11, Theorem 2.10,
2.13] are shown, respectively, as follows

dw2(T ) � 1
2
{w2(T +T ∗T )+w2(T −T ∗T )},

dw2(T ) � 1
4
w2(|T |+ i|T∗|)+

1
4
w(|T ||T ∗|)

+
1
8

min{‖|T |2 + |T∗|2 +8|T |4‖,‖|T |2 + |T ∗|2 +8|T∗|4‖},
dw2(T ) � min{w2(Re(T )+ i|T |2)+‖Im(T)‖2,w2(Im(T )+ i|T |2)+‖Re(T)‖2}.



DAVIS-WIELANDT RADIUS INEQUALITIES 233

If we consider T =
(

0 1
2 0

)
, then from (2.16) and (2.17) we get dw2(T ) � 1.5 and

dw2(T ) � 2, whereas the inequalities in (1.2), (1.4), (1.5), [8, Theorems 2.2] and [11,
Theorem 2.10, 2.13] give dw2(T ) � 18.438, dw2(T ) � 19.999, dw2(T ) � 18.992,
dw2(T ) � 21.354, dw2(T ) � 18.370 and dw2(T ) � 18.499, respectively. Thus, for
this example, the upper bounds of dw2(T ) in (2.16) and (2.17) are better than the
existing bounds mentioned above.
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