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INTEGRATION OPERATORS ACTING ON DIFFERENT WEIGHTED
BERGMAN SPACES INDUCED BY DOUBLING WEIGHTS

BIN L1U* AND CHENGZHONG XIAO

(Communicated by V. Bolotnikov)

Abstract. We completely characterize the boundedness of the Volterra-type integration operators
T, acting from the weighted Bergman spaces Al to A forall 0 < p,g <o, ®,v € 2, which
extending earlier results by Rittyd. Furthermore, the authors investigates the essential norms of
Volterra-type operators between weighted Bergman spaces.

1. Introduction main results

Let D be the unit disc in the complex plane and .7 (D) the algebra of all analytic
functions in D. A non-negative integrable function @ on I, defined by w(z) = w(|z|)
for all z € D, is called a radial weight. For 0 < p < e and a radial weight w, the
weighted Bergman space A}, consists of f € (D) such that

171y = [ I 0)dA@) <=

where dA(z) = n~'dxdy is the normalized Lebesgue area measure on ). As usual,
AL, denotes the weighted Bergman space induced by the standard radial weight ©(z) =
(1—|z])%, where —1 < o < 0.

For a radial weight @, write ®(z) = flé\ o(s)ds for all z € D. A radial weight

® belongs to the class 7 if there exists a constant C = C(w) > 1 such that &(r) <
C&(HL) forall 0 < r < 1. Moreover, A radial weight @ belongs to the class & if
there exist K = K(®) > 1 and C = C(®) > 1 such that &(r) > C&(1 — L) for all

0 < r < 1. The intersection N2 is denoted by 2, and this is the class of weights
that we mainly work with. For recent developments on Bergman spaces induced by
weights in &, see [17] and the reference therein.

Given g € (D), the Volterra-type operator T, with symbol g is defined on
(D) as follows

/f 6)dg, zeD,
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where f € (D). Similarly, we define its companion operator

L@ = [ F(Qs()ag, zeD,

A natural question concerning the integration operator is how to characterize the
boundedness of T, on the holomorphic space by the symbols g. Pommerenke was
probably one of the first authors to consider the operator 7, [14]. His research shows
that 7, is bounded on the Hardy space H 2 if and only if g is of bounded mean oscil-
lation, which was extended to the Hardy space H” for p > 1 by Aleman and Siskakis
[3]. In [4], Aleman and Cima gave descriptions of bounded operators T, : H? — H4
for 0 < p,q < oo in term of the symbol g. When it comes to the Bergman spaces, Ale-
man and Siskakis [1] studied T, on weighted Bergman spaces A}, induced by a large
class of weights which includes the standard weights. They obtained a necessary and
sufficient condition on g for T, which is bounded on A%, with restriction that p > 1.
Riittyi [23] generalized this result from the weighted Bergman space AL into another
weighted Bergman space A% for 0 < p,q < o= with standard weights. Along this line,
Pau and Peldez [15] gave a complete characterization of bounded operators 7, map-
ping from A%, to A% for 0 < p,q < e when the weight @ is rapidly decreasing. In a
recent work of Peldez and Riittyd [22], they studied T, acting on spaces A%, induced
by radial weights that are either regular or rapidly increasing. As it turns out, many
of their results actually hold true for a wider class of radial weights @ satisfying the
doubling property [21]. The operator T, have been extensively studied in a variety of
function spaces, see for example [5, 6, 12, 25]. For a survey of the action of 7, on some
classical function spaces, including the Hardy spaces and the Bergman spaces, see for
example [2, 24]. Moreover, for the higher-dimensional variant case, the generalization
of the operator 7, was introduced by Hu [7]. After then, a lot of research on the this
operator acting on Hardy and Bergman spaces has been done (see [11, 13, 16, 26] for
example).

Inspired by the above work, we study the boundedness and compactness of Volterra-
type operator T, acting form A%, to AY for 0 < p,q < . The main results of this paper
are given in the following.

To state our results, for 0 < p,g < e and radial weight @, v, define

V()7 (1))

1
q
Y(2) =1(0,v,p,q)(z) = — T, z€D. (1)
@(z)7 (1 z])?
The space %) consists of f € (D) such that
17112, = sup £ @11 =~ [e)7(e) + |F(O)] < o= )
z€
The space %g consists of f € 77 (D) such that
~ 1 1
. V(z)a(1—lz])4
fim 17211~ o) 2L LZE g ®
-1 B (1- )7

We are ready to state our main results as follows.
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THEOREM 1. Let 0 < p,q <o and @, v € Z suchthat 6 = 6(z) = —4—
€9.

(a) If g < p, then the following assertions are equivalent:

(i) T,:Ab — Al is bounded;
(ii) T, : AL — Al is compact;

s 1_1_1
(iii) g € Ag, where ¢ = it

(b) If p<gq, then T, : AL, — A} is bounded if and only if g € By.

(c) If p<q, then T, : A}, — Al is compact if and only if g € %3.

If o(z) = (1—]z))* and v(z) = (1 —|z)P for —1 < @, B < o, then @(z) =
(1—|2))®*" and V(z) = (1 —|z)B*! for all z € D. So, it is obvious that our results
generalize some known results, as the special case when the involving weight ® is
standard. Being precise, part (a) of Theorem 1 extends the result of Li and Stevié [11]
for one-dimensional case, and the results of Aleman and Siskakis are just special cases
of part (b) and (c) with p = ¢ (see also the results of Riittyé [23] are just special cases
of part (b) and (c)).

We need two specific tools for the Proof of Theorem 1. The first one concerns
Littlewood-Paley formula for radial weights. Recall that it is well-known fact that

Hfllﬁ,’g)X/D\f’(Z)I”(l—\Zl)pw(Z)dA(Z)Jrlf(O)I” )

for f € (D), w € Z is repeatedly used in the subsequent proofs. Since T,(f)(0) =
0, (4) shows that

ITeflly = [ 17 1),

where di(z) = |g'(z)|7(1 — |z])4 lvffg‘dA(z). It means that T, : A}, — A{ is bounded
(compact) if and only if I, : A} — L’,f, is bounded (compact). Therefore, we need
continuous embeddings A}, C Lz. Recall that a positive Borel measure ¢ on D is a

(vanishing) g-Carleson measure for A% if the identity operator I : AL — LZ is Ef:om-

pact) bounded. A complete characterization of such measures in the case ® € Z can
be found in [19, 20]. To complete the proof of Theorem 1, we will need a variant of the
above characterization of Carleson measures in the case @ € 2 with pseudohyperbolic
discs which can be found in [8, 9].

An analogue result of companion operator L, state as follow, which extends the
result of Li and Stevi¢ [1 1] for one-dimensional case.

THEOREM 2. Let 0 < p,qg< e and ®, Vv € 9 such that 6 = 0(z) = —%—
€9.
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(a) If g < p, then the following assertions are equivalent:

(i) Lg 1AL — A% is bounded;
(ii) Lg 1AL — A% is compact;
1
(iii) g € Ay, where ¢ = - —

1_1
q p’

(b) If p < q, then Ly : Al — AV is bounded if and only if sup,cp, |g(z)]7(z) < o.

(c) If p<gq, then Ly : AL, — Al is compact if and only if

i | (a>|v<a>%<1—|a\>% o
=1 (@) 7 (1~ [al)?

The Littlewood-Paley formula implies that the bounded integration operators Lg
from A% to A can be characterised once the bounded differentiation operators Df = f !

from A%, to L}, are characterised, where dt(z) = |g(z)]?(1 — |2])4 1V_(TZ>‘dA(Z).

Our next goal is to give an asymptotic formula for the essential norm of 7, : A, —
AY. Recall that for two Banach spaces X and Y, the essential norm of a bounded
operator T : X — Y, denoted by ||T||, is defined to be the distance from T to the set
of the compact operators K : X — Y, i.e.

|T|le =inf sup [(T —K)(f)|ly =inf||T —K||.
K lx=1 K

The following estimates for the essential norm of T, : AL, — AY, for the case 1 <
p < g < o which is generalization of Rittyd’s result [23].

THEOREM 3. Let 1 <p < g<e and ®,v € 2. If T, : AL, — A} is bounded,
then
1T le = limsup|g'(2) (1 — |z[) ¥(2)-

|2 —1~

The rest of the paper is organized as follows. We first give some auxiliary results
needed in the proofs of the main results in next section. In Section 3, we characterize
the boundedness and compactness of the integration operators. Finally, we indicate how
we can get main results following from these results in Section 4.

Here and henceforth in the paper we use the notation a < b to indicate that the
quantities @ and b are proportional to each other in the sense that ¢~'a < b < ca for
some inessential constant ¢ > 1. The constant ¢ may depend on p, ¢ and @ but not
on g and other variables involved. The expression a < b means that there is a positive
constant ¢ such that a < cb.



INTEGRATION OPERATORS ACTING ON DIFFERENT WEIGHTED BERGMAN SPACES 265

2. Preliminaries results

Before proving the result, we present several known results which are important
in the proof of main results. We start with a generalization of the Littlewood-Paley
formula on A%, which can be found in [17].

THEOREM 4. Let w be a radial weight, 0 < p < co and k € N. Then
171, = [ 19 @P (-2 0()dA) + 2 O, fenm),

if and only if 0 € 9.

The next result shows that if ® € Z, then there exists a continuous and locally
smooth weight that induces the same Bergman space as @ which can be found in [18].

LEMMA 1. Let 0 < p < oo. We write &(r) = for all 0 <r < 1. Then

fllag = flg forall £ € #/(D) ifand only if @ € 7.

For a,z € D, let ¢,(z) = {=
radius r is A(a,r) = {z€D:|@,(z)| < r}. Itis well known that A(a,r) is an Euclidean
disk centered at (1 —r?)a/(1—r*|a|?) and of radius (1 — |a|?)r/(1 —r*|a|?). The
Carleson square induced by a point a € D\ {0} is the set

1—|a|
< .
2

The next lemma is related to embedding theorem can be found in [8] and [9].

arg(az)

S(a):{ZGD:l—|Z| 1 —|al,

LEMMA 2. Let 0 < p,qg < oo and @ € 9, and let U be a positive Borel measure
on D.

(i) If p < q, then there exists r = r(®) € (0,1) suchthat 1 is a g-Carleson measure

for AL, if and only if sup .y K] < oo, Moreover,
o(Ala

Ala,r
HIdHAI’ L‘i = Sup M
" ah o(A(a,r)?

(ii) If p < q, then there exists r = r(®) € (0,1) such that the identity operator I; :
Ab — LZ is compact if and only if

im @)
=1 o (A(a,r)?

(iii) If g < p, then the following conditions are equivalent:
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(a) Ij: AL — L} is bounded;
(b) Ij: A% — L} is compact;

(c) the function

_pr
belongsto L[ ? for some (equivalently for all) r € (0,1). Moreover

Iy g = 1021 e,

q

L(D

The generalization version of this lemma can be found in [10].

LEMMA 3. Let 0< p,g<eo, @ € 2 and n € NU{0}. Let u be a positive Borel
measure on D.

(i) If 0 < p < g < oo, then D" : A} —>Lﬁ is bounded if and only if

sup 1(A(a,r)) c o

acD o(S(a))? (1 — |a| )™

(ii) If 0 < p < q < oo, then D" : A} —>Lﬁ is compact if and only if

u(A(a,r)) _
=1 @ (S(a))? (1 —|a])"

(iii) If 0 < g < p < oo, then the following conditions are equivalent:
(a) D" :Ab — LZ is bounded;
(b) D":AD — LZ is compact;

(c) the function
K(A(z,r))
o(S(z))(1 — [z)m’

—

o
belongsto L™ for some (equivalently for all) r € (0,1).

The pointwise estimate of functions in weighted Bergman space is a generalization
of the one on the standard weighted Bergman spaces, see [28].

LEMMA 4. Let 0 € 9, 0 < p <o and n € NU{0}. Then there exists a constant
C=C(w,p) > 0 such that

Hf”A{j,

1 , zeD.
o(S(z)) 7 (1= z])"

F"@)<c
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3. Boundedness and compactness of integration operators
PROPOSITION 1. Let g€ ' (D),0< p< g<oo, @,V E . Then
(a) Ty:AL — Al is bounded if and only if g € By

(b) Lg: AL — Al is bounded if and only if sup_p |g(z)|7(z) <

Proof. (a)If f € AL, then by Theorem 4, Lemma 1 and Lemma 4
AGI
= [1£@1Ig @1 - [2V()aA)
= [ 111 @11~ 1) DA
< suplg! @701 — ey GUZEL

-
=
a\l
=
s}
)
~—
a
&
TR
~—
—_
|
=N
S~—
Tl
~—
—_
|
=N
S~—
&
b
=~
~—

2€D EZ)%(I —lo)? /o
< suplg/(9))7(1 — |z L EULZlD

€D (@) 7 (1=1z])?

< [ 1@ 2E oo - aac)
o @A)
< suple G d)T?almyv 7 [ e 2
< suplg/ (1 — [yt DUZID o,

€D w(z)r (1=[zhr

and therefore T, : A}, — AY is bounded if g € By -

Y
Now assume that 7 : A}, — A, is bounded and let f,(z) = (1 ‘“‘2> 1
(&(a)(

1 N 1 -
“ a)(1-a]))?

Then, by Lemma 4 and Theorem 4

ED i) < — VU
(@(a)(1 - |a]))? (¥(a)(1 — |a]))? (1 = lal)
§ Vfallag
™ (W(a@)(1  [a]))7 (1 |al)
< 1

(V(@)(1— [a]))7 (1~ |al)

and it follows that g € %y.
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(b) First assume that sup,.p |g(z)|y(z) < e=. If f € Af, then by Theorem 4,
Lemma | and Lemma 4

LI = [ I @Pls@ P - v(dae)
x/v&wmmm—va@M@
< [P @EoEH (- 2)F (1~ aat)

- [r@ra - 2 a0 - kb o - k) raae)

S [ 1r@ra— 2L < 111,

Y
Now assume that L, : A}, — AY is bounded and let f;(z) = (11 ‘Z‘;) 1 T
(0(a)(1-|a]))P

Then, by Lemma 4 and Theorem 4

g(a)] |( (fa (a }< ”Lg(fa)HA?,
(@(a)(1— al))F(1 o] (@1 ) H (1)
S R :

™ @@ —1a]))7(1—a]) ~ (F(a)(1—|al))(1—|al)

and it follows that sup,p |g(z)|y(z) < e. O
PROPOSITION 2. Let g€ ' (D),0< p<g<oo, @,V E . Then
(a) Ty :AL — Al is compact if and only if
1 1
v(a)i(1—al)
lim [g'(a)|(1 — |a]) —"F—"5 =0; (5)
lal=17 o(a)r (1 —lal)?

(b) Lg: Al — Al is compact if and only if

Proof. By Theorem 4 and Lemma 1, we have

1T (f qA/U‘Wng—M) M@xévwwma
where dpu(z) = |g'(2)|7(1 - |2])9 T ‘ | A(z). It means that T, : Af, — AY is compact if

and only if I, : A, — L}, is compact. By (b) of Lemma 2, we finally get T, : A, — A
is compact if and only if
A
i M(Aar)

[d=1" ((A(a,r)))?

=0.
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(a) Suppose that T, : A, — A} is compact. Combing the argument above, we have

Jaar) 18 @191 = l2])4 L dA(2)

lim . =0.
jal =17 (0(A(a,r)))»
By subharmonicity of |g’(a)|? and @, v € 2, we have
~ ) 4
1 - Jutar) 1€/ @11 = [2)0 22 dA(2)
tim |g/(@)7(1— a1 — DUl o iy 200 A
lal=17 @(a)r (1 —lal)r la=17 (w(A(a,r)))?
Conversely, we assume that (5) holds. Then Ve >0, 3 R=R(¢g) € (0,1) such
" Y(2)(1 ~[a)
4 V4 —la
@I =2} ————7 <€ [ =R
@(2)7 (1= [z[)?

Let 0 < r < 1 be arbitrary but fixed. Fix p = p(r) € (0,1) such that |z] > R, Vz €
A(E,r), provided |&| > p. Then

Jaen) 18 @101 = [2)1 22rdA(2) _ e AP UED” g4 ;)
O (A7) h w(A(é,r))%

L DU fag o o
(@(E)(1—E)?
=¢e, [E]=p
Thus, R
e @M D THAR) .
g1 ((A(E,r))? '
We finish the proof.

(b) By Theorem 4 and Lemma 1, we have

LG, = [ 17 @I (1= ) FedAR) = [ |7 @ldu:)

where dp(z) = [g(2)|9(1 — |z])95 ‘g|dA( ). It means that L, : A}, — A} is compact if

and only if D : Al — L is compact. By (ii) of Lemma 3, we finally get L, : A, — A{
is compact if and only if

lim u@%ﬂ) —0.
lal=1" (0(S(a,r)))? (1 — |a|)4

Firstly, we suppose that L, : Aj, — AY, is compact. Combing the argument above, we

have
L a8 <1—|z|> HhaAR)
=17 ((S(a,r)))? (1~ |a])?
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By subharmonicity of |g(a)|? and @, v € Z, we have

V(a)(1—lal o Jaen B@N (1- [2)7{ 2 dA(z)

lim |g(a)]! —7———— < lim_ 7
la|—1 o(a)r (1 —|al)r  lal=1 (w(S(a,r)))P (1—lal)4

The reverse direction of the proof is similar to the proof in part (a) and will be omitted.
We finish the proof. [

PROPOSITION 3. Let g€ (D), 0<g<p<oo, 0,VE P suchthat 6 =0(z) =
N
V(Z)Z I —l\zl € 9. Then the following statements are equivalent.

(x) P~
(a) Ty :AL — Al is bounded;

)
<

(b) T, :AL — Al is compact;

(c) g €Ay, where % =

<=

1

q

Proof. From the Theorem 4 and Lemma | we know that
1Ty = [ 17 Idu ()

where dpi(z) = |g'(2)[7(1 — |z])9 1 v(z) dA(z). By (iii) of Lemma 2, we know that (a)

—I]
and (b) are equivalent and both are equivalent to the following condition

that is,

Jaen 1€/ (E)1(1 — €7 LEL aA
o(S(2))

By the subharmonicity of |g’(z)|7, we have

(&)

E

m
~
4

Sz

Sy €/ (E)1901 ~ €D 1R dAE) (1 — [y 2
w(SE) < e
5 £
Therefore it implies that |g’(z)[9(1 — |z|)? % € LI, which is the same as
V()7 1
/\8 )P (1~ [])Pa ——— dA(2) < .
()7 L[]

By Theorem 4, we get that g € A, .
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Conversely, if g € AY;, then by Holder’s inequality, we get

V(z)
1 -z

ITef g = /D F@)]8 (@)1 (1 = [z])* dA(z)

q
p

P 1-
yra i (2)p=a 1
<Hf||f§g (/ 18'(2)[ P79 (1~ [z]) 7~ D) 1_—|Z|dA(Z)>
SIS lelzs - O

<>

PROPOSITION 4. Let g€ (D), 0<g<p<oo, 0,VE P suchthat 6 =0(z) =

V(Z)Iz 1 —1\z| € 9. Then the following statements are equivalent.

Sl

)
=
<

(a) Lg: Al — A} is bounded;
(b) Lg:AL — Al is compact;

(c) g €Ay, where % =

<=

1
q

Proof. By Theorem 4 and Lemma 1, we have
[[Lg (f AqA/ L' (@)1]g(2)4(1 = [z])" )dA(Z)X/D\f’(Z)quu(Z)

where du(z) = [g(2)|9(1 —|2]) = ‘g|dA( ). The remainder of the proof is similar to the
proof of Proposition 3 by Lemma 3, therefore is omitted. [J

4. Proofs of main results

Proof of Theorem 1. The theorem is an immediate consequence of (a) of Propo-
sition 1, (a) of Proposition 2 and Proposition 3. [

Proof of Theorem 2. The theorem is an immediate consequence of (b) of Propo-
sition 1, () of Proposition 2 and Proposition 4. [

Proof of Theorem 3. Denote c(g) = lim|;|_,;- sup|g'(z)|(1 —|z[)¥(z), so that there
isan ¥ € (0,1). Such that |g'(z)|(1—|z|)¥7(z) < c(g) +¢ forall |z| > ¥, where ¥(z) =

1 1
Y(@,v,p,q)(z) = LR
a2)P (1-[z])?
For an analytic function f(z) = X7 aiZF in D), let
2 ar? ,Ruf (2) 2 ardr.
k=n-+1

Since T;, is compact on A%,

|Telle = 17Tt Rll, < | TTall, + [ TeRall, = | TeRal|, < [ TeRa]
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and Lemma 1 show that

||71Hq 11m1nf||TR||q lim inf sup HY;,RanZ,&

G Tl <

= liminf sup A IR.f(2)|7]g' (2)]9(1 — |2])9v(2)dA(z)

g <t

= liminf sup IRuf(2)|7]g' (2)]7(1 — |2))9 'V (2)dA(z)

<t

Since liminf sup [p\a0,,) [Rnf(2)|7]8"(2)|7(1 — 1z))9='V(z)dA(z) = O for any r €

SR F{VES|

(0,1) and Lemma 4 yeild

| T]|? < lim inf  sup Ruf(2)|71g (2)]9(1 — [2])7 'V (2)dA(z)
e fy, p<1 D\A(O,r¢)

< (c(g)+€)?lim inf  sup \Rnf(z)|quA( )
2l <1 /P (1—1z))?

<RI,

Actually, for 1 < p < e and 0 € Z, R, is bounded on AP An analogue proof of this
result can be found in [27]. Therefore [|R, f||4r < || f]] 7 - it follows that || T, |, < c(g).

1—a2\7 .
T ﬁ or a € D. Then
o(S(a))?

[fallap, =1 and fo — O uniformly on compact set of D as |a[ — 1~
If K : A} — AY is compact, then

To obtain the lower bound, choose f,(z) = (

T, —K|| > hm sup || Ty(fa) KfaHA?/
= | 1\111}7 SUPHTg fa) HA?, | }lm SupHKfaHAq
= Jim_sup|7y(fu)

and it follows that

7022 Jim sup [ 1@/ @11~ v (A

- _‘a|2 " / o 1~ ;
A/D<1_az) KO 1= 196 = raa()

By the subharmonicity of |g'(z)|4,

1

# @ < o o, A,
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and since (1 —|a|)? < (1 —|z|)? < |1 —@z| for z € A(a,r), this yields.

V(a)

(@(a)(1—[al))?

‘a|2 " ! a1 _ q_IL
s [ (L) wora - )

1'(a)|"(1—|a])*

It follows that ¢(g) < HTgHe' We finish the proof. O
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