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NEW PROPERTIES OF SEMIPOSITIVE
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Abstract. A semipositive matrix is a real matrix such that there exists a positive vector which is
mapped to a positive vector under the matrix. In this paper, the properties of semipositive matri-
ces are revisited. We begin with providing sign pattern and characterization of 3 x 3 semiposi-
tive matrices. An emphasis has been given to reconsider algebraic properties and cone theoretic
properties of semipositive matrices. More specifically, semipositivity property of orthogonal,
rank one, diagonally dominant matrices, product of matrices and positive linear combination
of matrices, is studied. A semipositive matrix is associated with two important cones, namely,
semipositive cone Ky = {x > 0: Ax > 0} and the cone Sy = {x : Ax > 0} in the Euclidean
space. We prove that for an invertible orthogonal matrix A, the proper cone S, is a self-dual
simplicial cone and vice versa. A one to one relation between orthogonal matrices and self-dual
simplicial cones in the Euclidean space is established. Lastly, the properties of polyhedral cones
via closed halfspaces are studied. We also prove that any proper polyhedral cone K can always
be represented by the cone Sy , for some full column rank matrix A.

Throughout the paper, we denote the set of all m x n matrices with real entries by
R™ " and, R" stands for all real n-vectors (row/column). The inequality signs used for
matrices/vectors to represent entry wise inequalities of matrices/vectors. The set R’
and R” are used to denote, respectively, the nonnegative and nonpositive orthants of
R”.

A matrix A € R™*" is said to be semipositive if there exists x > 0 such that Ax > 0.
By the continuity of entries of A, one can say that A is semipositive is equivalent to
find an x > 0 such that Ax > 0. In [6], Fiedler and Ptdk first introduced semipositive
matrices as S-matrices, which is named after Stiemke. A few important subclasses
of semipositive matrices are positive matrices, inverse-positive matrices, P-matrices,
symmetric positive-definite matrices, and rectangular-monotone matrices. Semiposi-
tive matrices mainly occur in linear complementarity problems. For a given vector g
and a matrix M € R™*" a linear complementarity problem, abbreviated as LCP(gq,M),
is to find a nonnegative vector z such that ¢ +Mz > 0 and z/ (g +Mz) = 0. Itis
known that if A is a Z-matrix (matrix with nonpositive off-diagonal entries), then for
every g € R", LCP(A,q) has a unique solution if and only if A is semipositive. The
importance of semipositive matrices arises in various problems in game theory, in op-
timization, in characterization of M -matrices, etc. Motivated by the involvement of
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semipositive matrices in various theoretical and practical problem, substantial research
has been conducted to determine algebraic and cone theoretic properties of semipositive
matrices. We refer to [2,4,8-11, 14] for details.

Semipositive matrices are mainly divided into two disjoint subclasses, namely,
minimally semipositive matrices and redundantly semipositive matrices. A semiposi-
tive matrix A is said to be minimally semipositive if no column deleted submatrix is
semipositive, otherwise, A is called redundantly semipositive. Minimally semiposi-
tive matrices can be characterized by matrices with a non-negative left inverse [14]. A
square matrix is minimally semipositive if and only if it is inverse nonnegative. In [11],
semipositive matrices are characterized by providing a factorization of the matrix into
the product of a positive and an inverse positive matrix. In [4], Choudhury et al. found
a basis of minimally semipositive matrices of R”*". More detailed study of algebraic
properties of semipositive matrices is portrayed in [4,8-11, 14].

In [9], Johnson et al. provided sign pattern to characterize 2 x 2 semipositive
matrices. They established that a 2 X 2 semipositive matrices either have a positive

column or have the form
o[£ <[4
—r s s —r

where p >0, s >0, ¢ >0, r >0 and ps— gr > 0. In this paper, this result is general-
ized to 3 x 3 redundantly semipositive matrices. Algebraic properties of semipositive
and minimally semipositive matrices are well-studied in [4]. They proved that semipos-
itivity property remains invariant under product by positive diagonal and permutation
matrices. They further provided conditions for which (minimally) semipositivity is pre-
served under the product of two (minimally) semipositive matrices. In this paper, we
revisited semipositivity properties for various algebraic operations of matrices. In par-
ticular, we present necessary and sufficient conditions under which product and positive
linear combination of two matrices are semipositive.

In [11], authors studied geometric properties of the semipositive cone K4. They
proved that the semipositive cone Ky is a proper polyhedral cone, for any semipositive
matrix A. The result has been generalized in [8] to invertible matrices and it is proved
that the proper cone Sy is simplicial, and in addition, if A is minimally semipositive,
then the semipositive cone Ky is also simplicial. In this work, we discuss geometric
properties of Sy for orthogonal invertible matrices. We prove that for such matrices, S4
is a self-dual simplicial cone. In fact, self-duality of S4 (or K4 ) characterizes all the or-
thogonal invertible (minimally semipositive) matrices A. In [11], authors proposed an
open question “When do the semipositivity cones of the powers of A intersect nontriv-
ially?” In this paper the question is partially answered by presenting characterization
for which K4 and K> intersect.

A polyhedral cone in R” is the collection of all finite positive linear combinations
of a finite set, say S C R”, known as the generator of the polyhedral cone. In [7],
it is proved that a proper polyhedral cone can be written as finite number of closed
halfspaces. In this paper, we prove that a proper polyhedral cone can be constructed
from a unique irredundant family of closed halfspaces in R". Simplicial cones are
the polyhedral cone with n as the cardinality of the generator set S. We next present a
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characterization of simplicial cones in terms of the cardinality of the irredundant family
of closed halfspaces that construct the simplicial cone. In [8], authors proved that any
simplicial cone K can be written of the form K = S4, for some invertible matrix A. In
this paper, the result has been generalized for polyhedral cones in the Euclidean space.

Our effort to organise the paper is as follows: The notation used throughout the
paper and the preliminary definitions and results are collected in Section 1. Section 2
is emphasised on the sign pattern of 3 x 3 semipositivity matrices and to characterize
3 x 3 semipositive matrices in terms of their entries. In Section 3, we study algebraic
and cone theoretic properties of semipositive matrices. We provide necessary and/or
sufficient conditions for semipositivity of orthogonal, rank one and strictly diagonally
dominant matrices. We also establish an one to one correspondence between orthog-
onal semipositive matrices and self-dual simplicial cones in the Euclidean space. We
next present conditions for semipositivity of product and positive linear combination of
matrices. Section 4 is devoted to study properties of polyhedral and simplicial cones
in terms of irredundant family of closed halfspace. Furthermore, it is shown that any
polyhedral cone has the form Sy, for some full-column rank matrix A.

1. Notations and preliminaries
We begin the section by providing the notation used through the paper:

e R": The set of real column vector of size n.
o RY (R’i ) : The set of nonnegative (nonpositive) vectors in R”.

e ¢;: The i-th column vector of the identity matrix with size determined by the
context.

o R™": The set of all m x n real matrices.
e O(A): Spectrum of A, that is, the set of eigenvalues of A
e p(A): Spectral radius of A, thatis, p(A) ={|A|: L €c(A)}.
e N(A): Null space of A.

e x> (or >)0: x; > (or >)0 forall 7, and x = [x;] € R".

e A>(or >)0: a;;>(or >)0forall i,j and A = (a;;) € R"™".

e K*: The dual of the cone K.
K
o x<y:x—yeK forx,yecR".
e int(K): The topological interior of K C R".
e JK: The boundary of K C R".

{8} The set of all finite positive linear combination of elements of .
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e (.,.): Standard inner productin R”, that is, (x,y) =xTy.

A matrix A € R"™*" is said to be semipositive if there exists z > 0 such that Az >0,
which is equivalent to say that A is semipositive if and only if there exists a positive
vector z > 0 such that Az > 0, because of the continuity of the mapping z — Az. In
that case, the vector z is known as a semipositivity vector of A. If no column deleted
submatrix of semipositive matrix A is semipositive, then A is called as minimally semi-
positive matrix, otherwise, it is known as a redundantly semipositive matrix. A matrix
A is said to be monomial if A = PDQ, for some permutation matrices P and Q and a
positive diagonal matrix D.

A set K in R” is said to be a cone if K+ K C K and oK C K, forall a > 0. The
dual of a cone K € R”" is denoted by K* and, is defined as

K'={xeR": (x,y) >0forally € K}

A cone K is said to be proper ifitis closed, pointed (KN —K = {0} ) and solid (interior
non-empty). A proper cone K generates a partial order in R”, defined as,

K
x<yifandonlyify—xe€ K

Let K be a closed convex cone. A vector x is said to be an extremal of K if
K

0 < y < x implies that y = oux, for some ¢ > 0. In this case, {x}© is called an extremal
ray of K. If a proper cone K in R" has a finite number of extremal rays, then K is
known as a polyhedral cone and in addition, if K has exactly n extremal rays, then K
is known as a simplicial cone. We now state preliminary results for polyhedral cones
that are used in succeeding sections.

THEOREM 1. [2] Let K be a non-empty set in R". Then the following results
hold.

(1) If K is a polyhedral cone, then K is a closed convex cone.

(i) K is a polyhedral cone if and only if it is the intersection of finitely many closed
halfspaces, each containing the origin on its boundary.

(iii) A nonempty subset K of R" is a polyhedral cone if and only if its dual K* is a
polyhedral cone.

For any matrix A € R"™*" the set K4 = {x > 0:Ax > 0} is a cone in R” and this
cone is known as semipositive cone. Note that the interior of a semipositive cone Ky is
non-empty for a semipositive matrix A. In [11], it is proved that K} = AT(R% )+RL
and they further showed that the semipositive cone K4 is polyhedral for a semipositive
matrix A. Motivated by their results, in [8], authors analyzed the geometric properties
of the preimage of the nonnegative orthant (R} ) under a semipositive matrix A, which
is the set Sy = {x:Ax > 0}. They proved that S4 is a simplicial cone, for any invertible
matrix A. They also provided properties of the extremals of K4 and S4 for a semipos-
itive matrix A. Many fascinating results related to the semipositive cone can be found
in [8,10,11].
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2. Semipositive matrices of order 3 x 3

In [9], Johnson et. al. showed that the 2 x 2 semipositive matrices either have a
positive column or of the form
[ p —q] or [—q p}
—r s s —r

with p >0, s >0, ¢ >0, r >0 and ps > gr. This motivates to provide the sign
pattern of 3 X 3 semipositivity matrices and to characterize 3 x 3 semipositive matrices
in terms of their entries.

A semipositive matrix is either minimally semipositive or redundantly semiposi-
tive, and square minimally semipositive matrices are characterized by inverse nonneg-
ative matrices. The aim of the section is to characterize 3 x 3 redundantly semipositive
matrices. For this purpose, we first state an important property for minimally semipos-
itive matrices, which is due to Johnson et.al [9].

THEOREM 2. [9] Let A € R™*", then

(1) If A is minimally semipositive, then the rank of A is n and Ax > 0 implies x > 0.
In addition, if m = n, then A"l >0.

(i) For m>n, A is semipositive if and only if every n X n sub matrix is semipositive.

In view of the above result, a 3 x 3 minimally semipositive matrices can be char-
acterized by its inverse nonnegativity property. However, such characterization is not
available for the redundantly semipositive matrices. This section is mainly focused on
characterization of 3 x 3 redundantly semipositive matrices.

From the definition of semipositive matrices, one can observe that the matrices
with a nonpositive row are not semipositive. So, the matrices under consideration are
assumed to have at least one positive entry in each row. Therefore, an m x n, with
n > 2, semipositive matrix A must have one of the following sign patterns:

(I) A contains a positive column. In that case, A is redundantly semipositive.
(II) A does not have any positive column and each row has a positive entry.

For 3 x 3 semipositive matrices, type (II) can be further subdivided into two categories,
as follows:

IIa) A has a column with exactly two positive entries, and every row has a positive
entry.

IIb) Each column of A contains exactly one positive entry and every row has a posi-
tive entry.

However, 3 x 2 semipositive matrices satisfying the criterion (II), must have the prop-
erty Ila).
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We now study the matrices under the subcase IIb). One can easily check that this
type of matrices are permutationally equivalent to a matrix with positive diagonal en-
tries and non-positive off-diagonal entries, which are known as Z-matrices. Following
result is an immediate consequence.

PROPOSITION 3. Let A € R3*3 be a matrix with a positive entry in each row, and
suppose that each column of A contains exactly one positive entry. Then,

(1) A is permutationally equivalent to a Z-matrix.

(i) A is semipositive if and only if A is inverse positive, that is, A is minimally
semipositive.

In view of the above result, we can observe that any semipositive matrix of type-
IIb cannot be redundantly semipositive matrix. We now emphasize on the sign pattern
of semipositivity of type Ila. A sign pattern is an array of symbols mainly chosen from
{+,—,0}. We denote +, and —, in a sign pattern matrix to represent nonnegative and
nonpositive entries respectively.

LEMMA 1. Suppose that the matrix A € R>*3 does not have a positive column
and a nonpositive row. If A has a column with exactly two positive entries, then there
exist permutation matrices P and Q such that

+ o *
PAQ=|—, + * 2.1)
E

Proof. As A includes a column with two positive entries and one nonpositive en-
try, permuting the column, if necessary, we assume that the second column of A has
that property. We now permute the rows of the matrix A to hold the (1,2)-th position
with the nonpositive entry so the second column of the resulting matrix A; has the form
in (2.1). Since each row of A and hence of A; has a positive entry, so either (1,1)-th
or (1,3)-th entry is positive. Again permuting the column (either 1st or 3rd) of A,
we obtain a matrix A, whose 1st row and 2nd column has the form in (2.1). Further A
and hence A, , has no positive column implies that either (2, 1)-th or (2,3)-th position
should be nonpositive, and thus permuting either 1st or 3rd column, if needed, the
desired form (2.1) is obtained. [l

Similar argument yields to the following result.

LEMMA 2. Suppose that A € R>*? has a column with exactly two positive entries,
then there exists permutation matrices P and Q such that

+ o
PAQ= |—, + 2.2)
* 4+
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We now present the main result of the section which provides the sign pattern of
3 x 3 redundantly semipositive matrices

THEOREM 4. A matrix A € R33 is redundantly semipositive if and only if either
A has a positive column or there exists permutation matrices P and Q such that

P1 —q1 711
PAQ= | —p2 qn2 (2.3)
pP3 4313

where, p1 >0, p2 20, g1 20, g2 >0, g3 >0, q1p2 < p192, and —q1p3 < p1g3.

Proof. If A holds a positive column, then A is trivially a redundantly semipositive
matrix. Assume that there exist permutation matrices P and Q satisfying (2.3). We first
show that A is a semipositive matrix with the semipositivity vector x = [‘“p#, 1,0} ,

for some € > 0. Since A is semipositive implies so is PAQ and vice versa, so we may
assume that A has the form (2.3), and hence,

€
Ax = ﬁ(m% — P2q1 — P2€)
ﬁ(l?l% + p3q1+ p3g)

If p3 <0, by the given hypothesis we can choose € > 0 small enough to make
the second and third entries of Ax to be positive, that is, Ax > 0. Let p3 > 0. Then the
condition p1g> — paq1 > 0 is adequate to choose a small € > 0, so that Ax > 0.

Conversely, assume that A is redundantly semipositive, so we can choose an x > 0
with at least one zero entry such that Ax > 0 [9]. In case x has two zero entries, then
A must have a positive column and hence we are done. Suppose that x has exactly
one zero entry, say x3 = 0. Thus, for y = [x;,x2]7 > 0, the submatrix B obtained by
deleting the third column satisfies By > 0. Therefore B is an 3 x 2 semipositive matrix
and hence either of type I (that is, B and hence A has a positive column), or of type II
(or simply IIa). Thus A has a positive column or B satisfies the condition of Lemma 2.
In the later case, we can find permutation matrices P and Q such that

P1 —q1
P33 493

where p; >0, pp >0, g1 20, g2 >0, and g3 > 0, and hence

P1 —q1 11
PAQ=|—-p2 qn (2.5)
pP3 4313

Since B is semipositive, then every 2 x 2 submatrix of B is also semipositive (see
Lemma4.2 of [9]) Thus by Lemma 2.6 of [9], we have g1 p> < p1g2 and —q1p3 < p1g3.
Hence the result follows from (2.5). [
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3. Some general properties of semipositive matrices

Two important cones associated with a semipositive matrix A, are the semipos-
itive cone K4 and the proper cone S4 and, various properties of these cones can be
found in [4,8, 10, 11]. In this section, we study both algebraic and geometric prop-
erties of semipositive matrices. More specifically, we determine algebraic condition
for semipositivity of orthogonal, rank one and strictly diagonally dominant matrices.
In [8], authors studied geometric properties of S4 = {x: Ax > 0} and established an
one-one correspondence between invertible matrices and simplicial cones. Motivated
by the work, in this section we have given an one-one correspondence between invert-
ible orthogonal matrices and self-dual simplicial cones. At last, we discuss necessary
and sufficient condition for semipositivity of product and positive linear combination
of two matrices.

For our purpose, we state the Theorem of alternative.

THEOREM 5. [2] Let A € R™". Then exactly one of the following is true:
(1) Thereis an x > 0, x # 0 such that Ax > 0.
(ii) Thereisay >0 suchthat ATy <O0.

The next observation is an immediate consequence of the definition and of the
Theorem of alternatives and the proof of the same is skipped.

PROPOSITION 6. For A € R™", following results hold:
(1) If B is a row deleted sub matrix of A, then Kp O Ky .
(ii) If A is semipositive, then none of the row vectors of A lies in —K}.

(iii) If A =diag(dy,...,d,) is a diagonal matrix, then A is semipositive if and only if
di>0,i=1,...,n.

In 1994, Johnson et al. [9] investigated a few important properties of semiposi-
tive matrices. More specifically, characterization of square minimally semipositive and
semipositive matrices were presented, which is given in the following result.

THEOREM 7. [14] For A € R™*", following results holds.
(a) If A is minimally semipositive, then m > n.
(b) If m =n, then A is minimally semipositive if and only if A=' > 0.

(c) If A >0, then A is minimally semipositive if and only if there is an n X n mono-
mial submatrix B of A and A does not contain a zero row.

(d) If m > n, then A is semipositive if and only if each n x n submatrix of A is
semipositive.
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(e) If m < n, then A is semipositive if and only if there exists an m X m semipositive
submatrix of A.

Next, we provide similar characterization of orthogonal minimally semipositive
matrices and semipositive matrices, which is an easy consequence of Theorem 7.

THEOREM 8. Let A € R™" be an orthogonal matrix. Then
(1) A is minimally semipositive if and only if A is a monomial matrix.
(i) If A has a positive row, then A is semipositive.

(iii) If A~ has a positive row, then A is a semipositive matrix.

Proof.

(i) It is known that A is minimally semipositive if and only if A” = A~! > 0 if and
only if A > 0. Hence if A is minimally semipositive, then A is nonnegative and
therefore from Theorem 7, we conclude that A is a monomial matrix.

Converse follows from the fact that every monomial matrix is inverse positive.

(ii) Suppose that, ATe; > 0, for some k € {1,2,...,n}, thatis A~'e; > 0. Since
ex > 0, by continuity of A~!, there exists an x > 0 such that A=lx > 0. Let
y=A"x. Thus y > 0 and Ay > 0.

(iii) From the hypothesis, AT hasa positive row, that is, A has a positive column, and
hence we are done. [

We now consider rank one semipositive matrices and show that rank one matri-
ces are semipositive only when it has a positive column, which is formalized in the
following theorem.

THEOREM 9. Let A = wv! be a rank one matrix. Then A is semipositive if and
only if u is a positive (or negative) vector and at least one entry of v is positive (or
negative).

Proof. Suppose that, A =uv is a semipositive matrix and choose a semipositivity
vector x > 0 of A, so that,
Ax=(Tx)u>0

which means that
(u>0and vIx>0), or (u < 0and v x < 0). (3.1)

If u> 0 and vI'x > 0, then at least one entry of v is positive, as x > 0. Similarly,
if u <0 and vI'x < 0, then at least one entry of v is negative.

Conversely, suppose that # > 0 and at least one entry of v is positive, say, vx > 0.
Then Ae; = uv’ e = viu > 0 and thus A is semipositive.
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In case u < 0 and at least one entry of v is negative, then A = (—u)(—v)” implies
that —u > 0 and at least one entry of —v is positive implies A is semipositive. [

Another subclass of matrices of study is the strictly diagonally dominant matrices.
We say that a matrix A € R™*" is said to be strictly diagonally dominant if

| > aiij| Tora =1,2,....n .
j| forallk=1,2 (3.2)
j#k

We now establish a relation between semipositive matrices and strictly diagonally
dominant matrices.

THEOREM 10. A strictly diagonally dominant matrix with positive diagonal en-
tries is semipositive.

Proof. Let A be a strictly diagonally dominant matrix. Take e = [1,1,...,1]7, so
that, for any k= 1,...,n we have

n
(Ae)k =Y ar; > Y (arj+lag]) > 0
j=1 J#k
Thus Ae > 0 and so A is a semipositive matrix with a semipositivity vector e. [l

A semipositive matrix associated with the proper cone K4 = {x > 0: Ax > 0},
known as semipositive cone. A matrix A is semipositive if and only if interior of
K4 is non-empty, that is, K4 is a solid cone. In [10], authors provided the geometric
nature of K, , for square semipositive matrix A, which further extended for rectangular
semipositive matrices in [11]. More specifically, K4 has the following properties:

THEOREM 11. [11] Let A € R™*". Then
(1) Ka is a proper polyhedral cone.
(ii) The cone Ky is acute, that is, Ky C K.
(iii) Kju is a self-dual cone if and only if A is a nonnegative matrix.

In [8], Theorem 11 is extended to the cone S4 = {x: Ax > 0} to show that S, is
simplicial cone, and in addition, an one-one correspondence between invertible matri-
ces and simplicial cones is established. The details of which are listed below:

THEOREM 12. [8] Following results hold:
(i) For an invertible matrix A € R"*", Su is a simplicial cone, and Sx = A_IR’L

(ii) A square matrix A is minimally semipositive matrix if and only if Ky = Sy and
Ky is a simplicial cone.
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(iii) If K is a simplicial cone in R", then there exists an invertible matrix A such that
Sa = K. In addition, if K C R", there exists a minimally semipositive matrix A
such that K = K4 = Sx

From the above results one can see that in general Ky is not a self-dual cone and
neither Sy, but Ky is self-dual if A > 0, which leads to a question “What are the matri-
ces for which S, is self-dual, and whether one can establish an 1 — 1 correspondence
between self dual cones and such matrices?”. We answer the question in the following
theorem by showing orthogonal matrices have such properties. Furthermore, Theo-
rem 12 assures that S4 is simplicial for an invertible matrix A, so it is justifiable to
answer the question for self-dual simplicial cone.

THEOREM 13. Let A € R"™" be an invertible matrix. Then the following results
hold:

(1) If A is an orthogonal matrix, then Sy is a self-dual simplicial cone in R".

(ii) For a given self-dual simplicial cone K in R"*", there exists an orthogonal ma-
trix A such that, Sy = K.

Proof. As A is invertible, so we can write Sy = A‘lRﬁ and Sy is simplicial.
From Chapter 1 (p. 3) in [2], it is known that for any nonsingular matrix B, (BR.)* =

“I\T 1o
(B R
(i) Let A be an orthogonal matrix. Then we have

(S)" = (A7RL) = (4") )R, =ATRL AR, = S,

(i) Let K be a self-dual simplicial cone. From Theorem 12, we can find an invertible
matrix A such that K =Sy = A‘lRf'F . Without lose of generality, we assume that
columns of A~! are normalized. But K = K* implies that A~!(R" ) = AT(R%)
and thus for each i = 1,...,n, there exists unique j; € {1,...,m} with the prop-
erty that i # k implies j; # ji and, scalars o; such that

-1 T
A e = (XiA ej;

This shows that there exists a permutation matrix P and a diagonal matrix D =
diag(or,...,0) such that A= = ATPD, and so A~! = ATM, where M = PD.
Since 0 < [|[A7le;||?> = (A~ te;)ToyATej,, we have ozelej, > 0 and thus i = j;
and o; > 0. Therefore M is a monomial matrix. But A~ has unit column norm
implies that M = I. Thus A is an orthogonal matrix. [

Given a matrix A, Theorem 11 characterizes the self-dual semipositive cone Sy .
We now see the converse of Theorem 13(i). If S4 is a self-dual simplicial cone, then by
the second part of Theorem 13, we can choose an orthogonal matrix B for which Sy =
Sg, that is, B’I]Rf’|r = A’lRﬁ . Hence A = B, as shown in the proof of Theorem 13(ii).
Therefore, we have the following result.
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THEOREM 14. For an invertible matrix A € R"™", Sy is self-dual if and only if A
is an orthogonal matrix.

The above theorem together with Theorem 12(ii) and Theorem 13(i) lead to the
following corollary.

COROLLARY 1. For a minimally semipositive matrix A € R™", Ky is self-dual
if A is an orthogonal matrix.

It is known that addition of row(s) to an n X n semipositive matrix A not always
results to a semipositive matrix. However, Theorem 7 provides a criteria, in terms of
n x n submatrices of A, for which that is true. In the succeeding result, we present
another criterion with the help of the semipositive cone Ky, under which addition of a
row to a semipositive matrix doesn’t change the semipositivity property of the resultant
matrix.

THEOREM 15. Let B be a matrix obtained by adding a row x' to A. Then B is
semipositive if and only if A is semipositive and x ¢ —K .

Proof. Write B= L?T] . Let B be semipositive. Choose y > 0 such that By > 0.

In that case Ay > 0 and hence A is semipositive. Also, we have that x”y > 0 and hence
x¢ (—K;), because y € Ky .

Conversely, assume that A is semipositive and x ¢ —K; . We show that there exists
an z € int(K4) such that x”z > 0. If possible, suppose that x” z < 0, for all z € int(Kj).
Then —x € int(Ky)*, which is a contradiction. Thus B is semipositive. [

Next example illustrates Theorem 15.

-1 2
EXAMPLE 1. Consider the semipositive matrices A = [ B ; _ﬂ , B=1| 2-1
-1 1

Note that x = [1, —I]T isnotin (—Kjy)*. In fact, Theorem 15 holds, for any 2 x 2 sub-
matrix of B.

COROLLARY 2. Let A be an m x n semipositive matrix and let B € R+1)x(+1)
be a matrix resulting from A by adjoining one row and one column of the form

Az
B_[xTy]

If x ¢ (—K3), then B is also a semipositive matrix.

The following result provides criteria for which semipositivity is preserved under
rank one update, which is an immediate consequence of the above discussion.
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COROLLARY 3. Let A be a semipositive matrix and A+ uv’ be a rank one update
of A. If u is a positive (or negative) vector and v ¢ —K; (or K} ), then A+ w s
semipositive.

n [11], Sivakumar and Tsatsomeros posted an open question “When do the semi-
positive cones of the powers of A intersect nontrivially?” We now answer the question
partially by presenting characterization for which K4 and K> intersect.

THEOREM 16. Let A be an invertible semipositive matrix. Then int(Ky NK,2) #
¢ if and only if both A and A~' have a common semipositivity vector.

Proof. Suppose, A and A~! both are semipositive with a common semipositivity
vector y. Then y > 0 such that x=Ay >0 and z=A"'y > 0. Then Az=y >0 and
A%2z=x>0.So, z=int(Kx) Nint(K,>) = int(Ky N K2 ).

Conversely, assume that x € int(Kq NK,2). Then x > 0 such that Ax > 0 and
A%x > 0. In that case, Ax is the common semipositivity vector for A and Al O

In general A2 is not necessarily semipositive even if A is semipositive. Following
example illustrates the fact.

1-1-1
EXAMPLE 2. The matrix A= |2 2 0| is semipositive, being a matrix with
3 00
—4 -3 -1
a positive column, whereas A% = 6 2 —2| isnotsemipositive.
3-3-3

In [4], Choudhury et al. proved that (minimal) semipositivity of matrices is invari-
ant under product by positive diagonal and permutation matrices. They further provided
conditions under which the (minimally) semipositivity is preserved under product of
two (minimally) semipositive matrices. This drives us to study further necessary and
sufficient conditions under which product of two matrices are semipositive. We further
discuss the criteria for positive linear combination of two matrices to be semipositive.

Following theorem is due to [4], which characterize the semipositivity of a product
of two matrices.

THEOREM 17. [4] Let A € R™", Then we have:

(@) If m =n and A is minimally semipositive, then BA is semipositive for every
semipositive matrix B € R™", for any 1 € N.

(b) If A is semipositive and B € R™*" is a nonnegative irreducible matrix, then BA
P 8
is a semipositive matrix.

(¢) If A,B € R both are minimally semipositive matrices, then so is AB.

We now present a characterization for semipositivity of product of two matrices,
in terms of common semipositivity vectors, in the following theorem.
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PROPOSITION 18. Let A € R™™" be an minimally semipositive matrix and B €
R™" be an invertible semipositive matrix. Then AB is semipositive if and only if A,B™!
have a common semipositivity vector.

Proof. Assume that A,B~! have a common semipositivity vector, say, x. Then
Ax >0 and B~'x > 0. Thus AB(B~'x) = Ax > 0, and so AB is semipositive with
semipositivity vector B~ 'x.

Conversely, let AB be semipositive with the semipositivity vector y. Take z =
ABy >0 and p=A~'7>0, because A~' > 0. In that case, Ap =z >0 and B~!p =
y >0 and so, A and B~! both have the common semipositivity vector p. [J

COROLLARY 4. Let A € R™" be a semipositive matrix and B € R"" be an in-
vertible nonnegative matrix. Then AB is semipositive if and only if A,B~! have a
common Semipositivity vector.

For any two semipositive matrices A and B having same semipositivity vector, it
can be noticed that A 4 B is also a semipositive matrix. However if the matrices do
not have a common semipositivity vector or if one of them is not semipositive, then the
conclusion may not hold. We now state some immediate observations pertinent to the
addition of two semipositive matrices.

PROPOSITION 19. Let A € R™™" be a semipositive matrix. Then we have the
followings:

(i) If BE R"™" >0, then A+ B is semipositive with the same semipositivity vector
as that of A.

(ii) Let B € R™" be a matrix such that int(Ks) "N(B) # ¢, then A+ B is semipos-
itive.

(iii) Let B € R™" be a minimally semipositive matrix. Then A and B are semipos-
itive with a same semipositivity vector if and only if AB™' is semipositive. In
particular, if AB™" is semipositive, then A+ B is semipositive.

We have further results on semipositivity of addition of two matrices.

THEOREM 20. Let A € R™" be a semipositive matrix. Then the following results
are true:

(i) For each B € R"*", there is a positive diagonal matrix D for which A+ DB is
semipositive.

(i) IfA"'B <0 and p(A_lB) < 1, then A+ B is semipositive.

(iii) Let B be a minimally semipositive matrix. If N(A) Nint(Kg) # ¢, then A+ B is
semipositive.

Proof. Let A be an n x n semipositive matrix. Choose x > 0 with Ax > 0.
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(i) If Bx >0, then we are done. Otherwise, let I be the indices for which (Bx); <0,
whenever k € I. For each k € I, we can find an o4 > 0 small enough, such that
(Ax)x + 04(Bx); > 0. Define o; =1 if i ¢ I. Take D = diag(y, ..., o). for any
j=1,2,...,n, we have that

(Ax)j + (DBx)j = (Ax)j—i— OCj(Bx)j >0

(ii) From the given hypothesis, it is clear that (I 4—A’IB)*1 >0, and so
(A+B)I+A'B) 'x=AI+A'B)I+A7'B) 'x=Ax>0.
Hence the result follows.

(iii) Let z€ N(A)Nint(Kp). From Theorem 12, we can write Kz = B~!(R".) and thus
z=B"!y forsome y > 0. Then (AB~! +I)y=Az+y=y>0andso (AB~!+1)
is semipositive. Since B is minimally semipositive, so Theorem 17(a) implies
that A+ B = (AB~! +1)B is semipositive. [J

In the proof of Theorem 20 (i), choosing o = min{e;; : j = 1,2,...,n}, we can
conclude the following result.

COROLLARY 5. If A is a semipositive matrix, then for each B € R™" | there is a
positive scalar o such that A+ oB is semipositive.

Lastly, we provide a criterion for (minimal) semipositivity of rank one update of a
minimally semipositive matrix.

THEOREM 21. Let B be a minimally semipositive matrix and let A = uv" be a
rank one matrix such that (B~")Tv ¢ R". UR" , then A+ B is semipositive.

Proof. Write y = (B~1)Tv. We first find out a z € int(R" ), such that y"z = 0.
Let H, = {x: y'x = 0}. Observe that, H, divide R" into two closed halfspaces, say,
Hf ={x:y"x>0} and H; = {x:y"x<0}.

If y'z >0 forall z € int(R"), then z € int(H,"). Since y ¢ R, UR", if Iy, I} and
I_ represent the indices of y having zeros, positive and negative entries, respectively,
then I, # 0 and I # 0. Choose a large positive scalar o such that

Y vita Y yi<o.

iclpUL; el
Define g € int(R") as

(1, ifjelul,
U=V, ifjel.

Then y'gq < 0, that is, ¢ € int(H,"). If L(z,q) is the line joining z € int(H,") and
q € int(H, ), then L(z,q) intersects Hy at some p (say), since R’} is convex, that is,
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p >0 and y' p = 0. Similarly, the existence of such p can be shown if y'z < 0, for
any z € int(R”%.). Hence

AB '+ DNp=w'B ' +I)p=(w" +1)p=p>0.

Since B is minimally semipositive, by Theorem 17, (A+ B) = (AB~! +1)B is semi-
positive. [

4. Polyhedral cones via halfspaces

Polyhedral cones have many important properties that are not shared by closed
convex cones. One of such important property is that polyhedral cones can be con-
structed by a finite number of (closed) halfspaces. In this section, we study about the
uniqueness of such a collection of halfspaces. We also study the dimension of facets
of polyhedral cones. We further proved that any proper polyhedral cone K can be
represented as K = S4 for some full column rank matrix A.

First, we recall some preparatory definitions and results that are useful in this
section.

DEFINITION 1. [2] Let K and F C K be pointed closed cones. Then F is called

K K
afaceof K if x€ F, 0 <y < x implies y € F. A maximal proper face of K is called a
facet of K.

For a non-trivial linear functional / and b € R, we define
(a) a hyperplane as the set {x € R": [(x) =b}.
(b) a(closed) halfspace as the set {x € R" : I(x) > b}.

DEFINITION 2. [2] A cone K € R" is called reproducing if K — K = R".

DEFINITION 3. [7] Let K be a polyhedral cone. A family of (closed) halfspaces
p

A ={H':i=1,...,p} is said to construct K, if K = () H;". The family J# that
=1

1

constructs K is called irredundant if K; = ) H;’ #+ K, for each i = 1,2,...,m.
1<j<m
J#i
Equivalently, we say that .7 is irredundant if and only if .7# constructs K and no
proper subset of .77 constructs K.

THEOREM 22. [2] Let K be a closed and pointed cone in R". If F is a face of
K, then F = KN (F —F). Furthermore, if F is a non-trivial face, then F C 0K and in
this case, F = dKN(F —F).

THEOREM 23. [2] A closed convex cone K in R" is solid if and only if it is
reproducing.
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THEOREM 24. [7] Let K be a proper polyhedral cone, and let {Hj*,l <j<m}
is an irredundant family for K, then for each i =1,2...,m, followings hold:

(i) F;=H;NK isafacet of K,
(i) H;NintK; # ¢, where K;= () H; .

1<j<m

J#

m
(iii) dK = J F;, where F; = H;NK are all facets of K.
i=1

If K is a polyhedral cone, then Theorem 1, implies that existence of closed halfs-
paces H' = {x e R": alx >0}, i=1,2,...,m, containing the origin on its boundary
H; = 0H." that constructs K, where ¢; € R". If 5 = {H,i=1,2,...,m} is not
redundant, choose an g € {1,2,...,m} such that K, = () H; =K. In that case,

1<j<m
J#q

{H;r,i =1,2,...,g—1,g+1,...,m} constructs K. Continuing this process up to at
most (n— 1) steps, we can obtain a subfamily of # which is irredundant and con-
structs K. From this discussion we arrived at the following conclusion:

PROPOSITION 25. Let K be a polyhedral cone in R"™. Then there exists an irre-
dundant family of closed halfspaces that constructs K.

THEOREM 26. Let K be a proper polyhedral cone in R". Then
(1) Each facet of K is of dimension n— 1.

(ii) There exists a unique irredundant family of (closed) halfspaces that constructs
K.

Proof. (1) By Proposition 25, we can find an irredundant family of halfspaces

m
H = {Hf,l < i< m} such that K = ﬂHl-Jr and K; = ) H;r # K, for each

i=1 1< j<m

J#i
i=1,2,....,m. Let H; = 8Hl.+, which is a subspace (hyperplane) of R" of dimension
n—1,and K; ﬁH;r = K. We show that each facet F; is solid relative to the subspace
H;.
By Theorem 24 (i), we pick y € H;NintK;. Choose an open ball B(y, r) such that

y € B(y,r) CK;. Then H;N\B(y,r) = B(say) is an open ball relative to H; and thus

BCKNH,CKiNH' =K and BCH;NK=F, (say).

This shows that F; has non-empty interior relative to H;, thatis, F; is solid relative to H;
and therefore Theorem 23 implies that F; — F; = H;. Thus dim(F;) = dim(H;) =n—1.

(ii) Theorem 25 assures the existence of irredundant family of (closed) halfspaces
A ={H",i=1,...,m} that constructs K. Let 4 = {G/,j=1,...,1} be another
irredundant family of (closed) halfspaces that constructs K.
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Let H;r € €. Then by Theorem 24 (i), F, = H, N K is a facet of K. Again
Theorem 24 (iii) assures the existence of a ¢ € {1,...,7} such that F,, = G,NK. Hence
from the proof of part (i), we get G, = F,, — F, = H),. This shows H,; and G/ both
have the same boundary and both contain the solid cone K, so only possibility is that
H;r = G,j, that is, H; €% . Thus 2 C % . Similarly we can show that ¢ C 7. [

Theorem 26 presents the existence of irredundant family of halfspaces that con-
structs a proper polyhedral cone. Following theorem states about the cardinality and
uniqueness of such family.

THEOREM 27. If K is a proper polyhedral cone in R", then there exists a full
column rank matrix A such that Sy = K.

p
Proof. Let # = {H;",i=1,...,p} constructs K. Then K = (| H;", where H;
i1

has the form H;" = {x € R": alx > 0} for some fixed vectors @; € R", i =1,...,p.

Consider the p x n matrix A = [af,...,a}]". Observe that S, = K. Let Ax =
0. Then x € S4N(—S4) = KN(—K) = {0}, which implies that A has full column
rank. [J

COROLLARY 6. Let K be a proper polyhedral cone in R". Then any family of
(closed) halfspaces that constructs K has cardinality at least n.

THEOREM 28. A proper polyhedral cone K in R" is simplicial if and only if there
exists a irredundant family of closed halfspaces that constructs K with cardinality n.

Proof. First we assume that 7 = {Hl-*,i =1,...,n} isirredundant and constructs
K. Thus we have an invertible matrix A formed similarly as in Theorem 27, such that
S4 = K. Hence by Theorem 12, K is a simplicial cone.

Assume that K is a simplicial cone, then from Theorem 12, there exists an invert-
ible matrix B such that Sp = K. Let B = [bT,...,bI]" and, consider the halfspaces
Gf={xeR": bIx>0},i=1,....,n. Then 4 = {G/,i=1,...,n} constructs K,
and by Theorem 27, no other subset of ¢ constructs K. Hence ¥ is irredundant. [

Converse of the above may not hold, that is, for each full column rank matrix A,
S4 may not be a proper cone. Following example illustrates the fact.

EXAMPLE 3. Let
1 0 1
1 1 0
A= 0 1 1
-1 -1-1
so that A has full column rank. Suppose that x = [x{,x2,x3]7 €int(S4). Then x; +x3 >
0, x1 +x3 >0, x+x3 >0 and x; +x3 +x3 < 0. Now first three inequalities together

imply that x; +x, +x3 > 0, which contradicts the fourth inequality. Thus int(S4) = 0
and so Sy4 is not solid and hence not proper.
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5. Conclusion

In this paper, we have characterized 3 x 3 redundantly semipositive matrices in
terms of the sign pattern of the matrices. We have determined algebraic conditions for
semipositivity of orthogonal, rank one and strictly diagonally dominant matrices. Two
important cones related to a semipositive matrix A, are K4 and S4 . For an orthogonal
invertible matrix A, we proved that S, is a simplicial cone. We also provided an 1 — 1
correspondence between invertible orthogonal matrices and self-dual simplicial cones.
Necessary and sufficient conditions for semipositivity of product and positive linear
combination of two matrices, were also presented. At last, we studied polyhedral cones
in the Euclidean space. We have established that polyhedral cones can be constructed
uniquely by finite numbers of irredundant family of closed halfspaces and also charac-
terized simplicial cones in terms of such halfspaces. We further proved that polyhedral
cones can be represented by the cones S, for full column rank matrix A.
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