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EXTENSION OF THE NOTION OF P-SYMMETRIC
OPERATORS USING THE ALUTHGE TRANSFORM II

SOUKAINA MADANI, MOHAMED MORJANE,
MOHAMED ECH-CHAD* AND YOUSSEF BOUHAFSI

(Communicated by R. Curto)

Abstract. The class of P-symmetric pairs is introduced. Certain properties of this class of oper-
ators are obtained. Among other things, it is proved that:

(1) This class includes pairs of quasinormal operators, pairs of co-isometrics operators,
pairs of partial isometries with normal squares, and all P-symmetric pairs.

(2) If A and B are two iw-hyponormal operators, then (A,B) has the Fuglede-Putnam
property (FP)q, () if and only if (A,B) does (%1 (#) is the ideal of trace class operators).

We also describe some classes of Hilbert space operators A, B € .£(¢) for which we

W

¥ —_—w" .
have # (SA‘B)W =% (6&5) , where Z# (5A.B) is the ultra-weak closure of the range of

the generalized derivation 8y g defined on £ () by S p(X) =AX —XB and § denote the
Aluthge transform of S € Z(J¢).

Introduction

Let .Z(.7¢) denote the algebra of all bounded linear operators on an infinite di-
mensional complex Hilbert space H into itself. Given A,B € £ (), we define the
generalized derivation 4 p associated with (A,B) as follows

Oap(X)=AX—-XB forall X e £ ().

The generalized derivation 84 p was initially systematically studied by M. Rosenblum
[17]. The properties of such operators (spectrums, norms, ranges, etc) have been carried
out extensively by a number of authors (see for example [18,21] and the references
therein), and many of their problems remain also open.

If A=B,then Spp = 8y : L () — L (H) is defined by

84(X) =AX — XA

is called the inner derivation induced by A. The concept of generalized derivations is a
natural generalization of the inner derivations.
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An operator T € .£ () has the unique polar decomposition 7 = U|T| such that
|T| = (T*T)% and U is the partial isometry satisfying ker(U) = ker(|T'|). Associated
with T is a related operator

T=|11"?U|T|'?,

called the Aluthge transform of T (see [1] for further details). In many cases, the
Aluthge transform of T have the better properties than 7. Recently some investi-
gation in the operator theory have been related to relationship between operators and
their Aluthge transform, see for example [2, 14] and the references cited therein.

The pair (A, B) of operators A € £ (.#) and B € £ () is called P-symmetric

it #(6ap) =% (SA*73*)W , where Z (SA,B)W denotes the ultra-weak closure of the
range Z# (6ap) of d4p and S* denote the adjoint of S € Z(#°). M. Ech-Chad, Y.
Bouhafsi and A. Zouaki [10] introduced the class of P-symmetric pairs of operators,
and they gave some basic properties of those operators.

In this paper, we would like to explore this class of operators. We initiate the study
of a more general class of pairs of operators (A,B) that have the following property:
BT = TA implies BT = TA for all T € €,(), where €|(#) denote the ideal of
trace class operators and S is the Aluthge transform of S € .Z (). Such pairs of
operators are termed P-symmetric. In the first part, we use different arguments to es-
tablish a characterization and some basic properties of P-symmetric pairs of operators.
In the second part we give some properties concerning this class, of the same type as
those established for the P-symmetric pairs of operators. This leads us to present a new
generalization of P-symmetric operators introduced in [5, 6].

In order to state our results in more details we need to introduce the following
notations and terminology.

Let # () and €1(¢) be respectively the ideal of compact operators and the
ideal of trace class operators on .. The trace function is defined on ¢} (.%¢) by

1r(T) =Y (Ten, en),

n

where (e,,) is any complete orthonormal system in 7. For X a linear operator acting
on Banach space E, we denote by X*, ker(X), ker™(X), R(X) and X|M respectively
the adjoint, the kernel, the orthogonal complement of the kernel, the range of X and
the restriction of X to an invariant subspace M. Also we denote by o(X), R(X)

and R(X )w respectively The spectrum of X, the closure of the range of X respect to
the norm topology and the ultra-weak topology. Given % be a Banach and .7 be a
subspace of . By %' we denote the dual of 4, the set

S ={dec L (H): D(x)=0 Vxe.7},

denotes the annihilator of .. For g and @ two vectors in H, we define g® o €
L () as follows:

g o(x)=(x,w)g forall xcH.
Recall that a hyponormal operator T € £ () satisfies T*T > TT*. This class has
been widely studied due to its similarities with normal operators [12]. Extensions
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of hyponormality include p-hyponormal operators, defined by (T*T)? > (TT*)? for
p €]0,1], and log-hyponormal operators, where T is invertible and log|T'| > log|T*|.
Another generalization is the class of w-hyponormal operators, satisfying || > |T| >
|T*|, with iw-hyponormal operators being the invertible ones. We denote by w, -
hyponormal the subclass of w-hyponormal operators satisfying ker(7) C ker(T*), not-
ing that every iw-hyponormal operator is w,-hyponormal. The classes of log- and
w-hyponormal operators were introduced and studied in [2], where it was shown that
w-hyponormal operators contains both p-hyponormal and log-hyponormal operators.

1. P-symmetric operators

S *

DEFINITION 1. ([10]) Let A,B€ L (). If Z(8ap5) =% (6a+p*) we say
that (A, B) is P-symmetric. We denote the set of such pairs by & ().

DEFINITION 2. Let A,B be in £ () and _Z be a two sided ideal of .Z (7).
The pair (A,B) is said to possess the Fuglede-Putnam property (FP) , if, AT = TB
and T € ¢ implies A*T = TB".

THEOREM 1. ([10]) Let A,B € .£(). The pair (A,B) is P-symmetric if and
only if (A,B) and (B,A) have (FP)«, () property.

DEFINITION 3. Let A,B € (). We say that (A,B) is P-symmetric if BT =
TA implies BT = TA for every T € %,(). We denote the set of such pairs by
().

EXAMPLE 1.

1. Recall that A is quasinormal if A(A*A) = (A*A)A. It follows from [4], Proposi-
tion 1.10, that A is quasinormal if and only if A = A. Consequently, if A and B
are quasinormal operators then (A,B) is P-symmetric.

2. If A and B are isometries or normal operators, then (A,B) is P-symmetric.

This is an example of trivial P-symmetric operators. We will give other examples,
in the light of the following lemma:

LEMMA 1. Let A € L(F) be a partial isometry, then A = A|A| is the polar
decomposition of A and A = A*A”.

Proof. Since A is a partial isometry, then A*A is a projection, hence (A*A)> = A*A
and |[A| = A*A. We get A = A|A| is the polar decomposition of A and as a result the
Aluthge transform of A is given by:

A=|A|ZAJA|? = (A*A)A(A*A) = A*A%. O
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THEOREM 2. The pair (A,B) is P-symmetric in the following cases:
(i) A is co-isometric and B is a partial isometry;

(ii) A is a partial isometry and B is isometric.

Proof.

(i) By Lemma 1, the Aluthge transforms of A and B are givenby A = A*A” and B =
B*B%. Let T € 6, (%) such that BT = TA. Since A and B are contractions and
T is compact with BTA* =T , it follows from [19, Theorem 2.2] that B*TA =T,
which give B*T = TA*. Hence BT = B*B>T = B*TA?> = TA*A’> =TA.

(i1) The result follows by the same argument as in the first case. [J

COROLLARY 1. The pair (A,B) is P-symmetric in the following cases:
(i) A and B are two co-isometries;

(ii) A is co-isometric and B is isometric.
LEMMA 2. ([7]) If A,B € L (), then
R (84.8)° = % (848)° N H (H)° B ker (8p.4) NG (H)

THEOREM 3. Let A,B € () such that ker B # {0} and {0} # kerA* ¢ kerA*
where A* is the adjoint operator of the Aluthge transform of A, then (A,B) is not P-
symmetric.

Proof. From the hypothesis, there exist non-zero elements f, g and w in H such
that B(f) =0, A*(g) =0 and A*(g) = @ # 0. Since ker(B) = ker(|B|) = ker(|B|%),
we get B(f)=0.1f X = ||f|| >(w® f) and Y € Z(H#), then

((AX —XB) f.g) = (AX(f).8) — (XB(f).g)
=<X(f),W> (0.8)
= |lo|?,
and
((AY —YB)f,g) = (Y f,A"g) — (0,g) =0.

Suppose that (A,B) is P-symmetric. It follows from Lemma 2 that % (55 ) C

* *

B
Z(6x5) . Then AX —XB € Z(845) . As a result, there exists a net (Yy),,
Z () such that for all x and y in H, we have

((AYy —YoB)x,y) — ((AX —XB) x,y).

So 0= ((AYy —YyB) f,8) — ((AX —XB) f,g) = ||||*. Hence ® = 0, which is ab-
surd. O
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EXAMPLE 2. Let (e,),>1 be an orthonormal basis of H, Hy = Vect{ey,es,e3}

100
and Ap= | 0 @ 0 | € Z(Hy). Itis easy to see that Ay is a partial isometry. By
0450
Lemma 1, the Aluthge transform of Ag is given by:
100
Ap=Aaf=[0%L0
000

Let A = Ap &1 with respect to the decomposition H = Hy & HOL, andlet B=¢;®ej.
Since A is also a partial isometry, we have A=A*A%= ffo @ I. Furthermore, we have
Bey =0, A*(ey —\/3e3) = 0, and A*(e; — v/3e3) # 0. Thus, by Theorem 3, the pair
(A,B) is not P-symmetric.

THEOREM 4. (A,B) is P-symmetric for every A,B € L(H) such that (B,A)
has (FP)«, () property, and hence & () is strictly included in & ().

Proof. Let A=U,;|A| and B = U, |B| such that the pair (A,B) is P-symmetric. If
BT =TA for T = Us|T| € 6,(J), then B*T = TA*. Hence, by [11, Theorem 1, p.
70], we have

AlT|=T||A] (1)
WLIT|=1T|U:  (2)
|B|Us = Us|A| 3)
WUs = U3U, (4)

S

Let {p,} be a sequence of polynomials with no constant term such that p,(r) — ¢
uniformly on a certain compact set as n — oo. Then, by (1) and (3), we get

pn(|[ADITI =T|pa(|A]) and  p,(|B|)Us = Uspa (|A]).
Thus \A\%\T| = \T|\A|% and \B\%Ug = U3\A\%. Hence, we obtain
Us|A|Z|T| = Us|T||A|Z sothat |B|2T =TJA|.
On the other hand, by (2) and (4), it follows that
UrT = DUs|T| = UsULT | =TUj,

which gives
Us|B|3T = UsT|A|? = TUL|A]?.
Therefore,

BT = |B|2Us|B|2T = |B|2TU,|A|2 = T|A|2U |A|? = TA.
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Thus, (A,B) is P-symmetric. Now, we show that the inclusion is strict. Let (e,),>1 be
an orthonormal basis of ¢ and take S € .Z(.%) such that

Sep — 0 for k=1
&= Cl+1 for k>2

A simple calculation shows that if S is a quasinormal operator, then the pair (S,S)
is trivially P-symmetric. However, (S,S) is not P-symmetric (see Theorem 1.6 in
[5D. O

COROLLARY 2. The pair (A,B) is P-symmetric in the following cases:
(i) A is co-isometric and B is a contraction;
(ii) A is a contraction and B is isometric.
(iii) A* and B are either p-hyponormal or log-hyponormal.

(iv) A* and B are w, -hyponormal operators.

Proof.

(i) Let T € € (#) such that BT = TA. Since A and B are contractions and T is
compact with BTA* = T, then by [19, Theorem 2.2], we get B*TA = T . Hence,
B*T = TA*. Thus (B,A) has (FP)g, () property and Theorem 4 gives the
result.

(i) We can use the same argument as in the first case.

(iii) It follows from [20], Corollary 2, that (B,A) possesses (FP)y, () property.
Consequently, Theorem 4 establishes that (A, B) is P-symmetric.

(iv) By using [16], Corollary 4.8, we get (B,A) has (FP)g, () property, and as a
result, (A,B) is P-symmetric by Theorem 4. [J

REMARK 1. Itiseasy to see thatisometries and co-isometries with normal squares
are quasinormal operators.

THEOREM 5. Let A,B € L () be tow partial isometries. If A> and B* are
normal, then (A,B) is P-symmetric.

Proof. Since A%A = AA?, it follows by hypothesis, Fuglede’s theorem, and Lemma
1 that A’A* = A*A%? = A. Also ker(A*) C ker(A). By the same argument, we obtain
B>B* =B. Let T € 6,() such that BT = TA. Then, we get B’T = TA?, that is
B?B*BT = TA%A*A. Hence, we have
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which implies that BT — TA vanishes on R(A). But if x € ker(A*) C ker(A) = ker(A?),
then from B?T = TA? we see that Tx € ker(B*) = ker(B). Hence BT —TA vanish also
on ker(A*) which means

BT —-TA=0 on H=R(A)Dker(A").
Thus (A,B) is P-symmetric. [

EXAMPLE 3. Let Hy = 7 ® 5¢ . On Hy, we define the operators

00 017
A:(IO) and B:(OO).

gg) € %1(Hp) such that C # 0. It is easy to see that A and B are

partial isometries, A2 and B? are normal. Moreover BT = TA, but

Consider T = (

er e [0 —C
BT —TA* = ( c o )0
So by Theorem 5 the pair (A,B) is P-symmetric but not P-symmetric.

COROLLARY 3. Let A € 6\() a partial isometry. If A? is normal, then A is
also normal.

Proof. Since the pair (A,A) is P-symmetric by Theorem 5, we have AA = AA,
which implies that A> = A*A3. Thus,

AA* :A*A2A*2A :A*3A3 :A*2A2 :A*ZAA*AZ :A*A ‘:l

REMARK 2. S. Bouali et al. proved in [9, Proposition 3.1] that the pair (A,A) is
not P-symmetric when A is a nilpotent operator of order 2. But if A is nilpotent of
order 2, then A = 0 by Theorem 4 in [14], which implies that the pair (A,A) is trivially
P-symmetric. However, the following example shows that if A € (%) is nilpotent
of order n > 3, then the pair (A,B) is not necessarily P-symmetric.

EXAMPLE 4. Let Hy = ¢ & ¢ ® 7, and define the operators

010 0710
A=1001 and B=[000
000 001
0CO
Consider T= | 00 C | € €1(Hp) such that C # 0. A simple calculation shows that
000

A3 =0, BT =TA, and that both A and B are partial isometries. Hence, the Aluthge
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transforms of A and B are given by:

000 000
A=A"A’=(001 and B=BB*=[000
000 00171
00-C
Therefore BT —TA= [ 00 0 | #0. Thus (A,B) is not P-symmetric.
00 0O

THEOREM 6. Let A,B € £ () be tow partial isometries such that BA = A> and
A € 6\(H). If A is nilpotent of order n > 3, then (A,B) is not P-symmetric.

Proof. Suppose (A,B) is P-symmetric. Since A € 61(), it follows from the
hypothesis that BA = AA. By Lemma 1, this implies that B*B?A = AA*A?. Using the
fact that A and B are partial isometries, we obtain

B*A’ =A% and B'A’A" =A%A".
Thus, we deduce that A”~! = 0, which is a contradiction. [J

PROPOSITION 1. Let A,B € £ () such that BT = TA implies |B|T =T |A| for
every T € ¢)(5). Then (A,B) is P-symmetric.

Proof. Let T € €)(5¢) be such that BT = TA. Then we have |B| 1BT = |B| ITA.
Moreover, using the same argument as in Theorem 4, the hypothesis gives us

B|2T = TIA|?.

Since |A|2A = A|A|Z and |B|ZB = B|B|2 , it follows that (BT —TA)|A|2 = 0. Thus
BT —TA vanish on R(JA[). On the other hand, if x € ker(|A|) = ker(|A| 2 ), we obtain
|B|2Tx=T|A|2x=0. Hence, BTx =0, and as a result, BT — TA vanishes on ker(|A|).
Consequently

BT —TA=0 on H=R(JA])@ker(|A]).

Thus (A,B) is P-symmetric. [
LEMMA 3. ([15]) Let A,B € £(). Then the following assertions are equiva-
lent:
(i) AT =TB implies A*T =TB" forall T € 6,(7).

(ii) If AT = TB, then R(T) reduces A, (kerT): reduces B, and the restrictions
A|R 7 and B| (kerr)L @re unitarily equivalent normal operators.
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THEOREM 7. Let A,B € £ () such that A is iw-hyponormal and B is w. -
hyponormal. If (B,A) has (FP)«, () property, then (B,A) also has it, and conse-
quently, (A,B) is P-symmetric.

Proof. Since A is invertible, we have A|A|~2 = |A|~2A and |B|2B = B|B| . Let
T € 6,() such that BT = TA. Then |B|2BT|A|~2 = |B|2TA|A|~2, which is equiv-
alent to BX = XA with X = |B|2T|A|"2 € €, (). Soif (B,A) has (FP)4, () prop-
erty, Lemma 3 ensures that R(X) reduces B, (ker(X))" reduces A, and B|z xery and

Al (ker(x)). are unitarily equivalent normal operators. Therefore,
A=M®R on H == (ker(X))* @ker(X),

and
B=N®S on H,==RX)®R(X)",

where N and M are normal operators. Since A and B are w, -hyponormal, it follows
from [16, Lemma 4.5] that:

A=M®R on H and B=N®S on H,.

The operator A is invertible and so are M and R’. Since M and N are unitarily equiv-
alent, N is also invertible. Clearly, |A|~' = [M|~' @ |R'|"! on H, and |B| = |[N|® ||
on H>. We can write T and X on H; into H, as

(X0 (T T
X_<OO> and T_<T3T4 .
It follows from X = \B\%T|A|%l that
(Xl 0) IN[2Ty[M| = N2 T3|R| =
00 2 T3M| 2 [P T|R

Thus, we have 75 = 0 and |S'|2 T3 = |S'|2 Ty = 0, implying that §'T3 = S'Ty = 0. On
the other hand, BT = TA gives us

N0\ (TiM O
0 0) \TZMTyR |-
From this, we deduce that 73 = Ty = 0. Consequently 7 =T, &0 and NT} = T1M.

Applying Fuglede-Putnam’s theorem, we obtain N*T; = T1M*. Hence B*T =TA*. We
conclude that (B,A) has (F,P)y, () and (A,B) is P-symmetric by Theorem 4. [

COROLLARY 4. If A,B € ZL(A) such that A is an invertible normal opera-
tor and B is w,-hyponormal, then (B,A) has (FP)g, () property and (A,B) is P-
symmetric.
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Proof. We have A=A, and since B is w, -hyponormal, then B is semi-hyponormal
by [2, Theorem 2.4]. Soif T € %} (5#) such that BT = TA, it follows from [20], Corol-
lary 2, that B*T = TA*. Consequently (A,B) is P-symmetric by Theorem 7. [

THEOREM 8. Let A,B € L (') be two w. -hyponormal operators. If (B A) has
(FP)¢, () property, then (A,B) is P-symmetric if and only if (B,A) has (FP),(
property.

Proof. According to Theorem 4, it suffices to show that if (A, B) is P-symmetric,
then (B,A) satisfies (FP)y, () property. Assume that (A,B) is P-symmetric and let
T € 6,() be such that BT = TA. Then, we also have BT = TA. Since (B,A) has
(FP)gl( ) property, Lemma 3 ensures that R(T) reduces B and (kerT)* reduces

A, and that the operators B ’ R(T) and A’ (kerT)L aT€ normal and unitarily equivalent.
Therefore,

A=M®R on H; = = (kerT)" @kerT,

and
B=N®S on Hy,=.=R(T)®R(T)",

where N and M are normal operators. It follows from [16], Lemma 4.5, that:

A=M®R on H and B=N®S on H,.

We can write T from H| into Hy as T = . Since BT =TA, then NT; =T\M.

O 0
By the Fuglede-Putnam theorem, we obtain N*T; = T M*, which implies that B*T =
TA*. O

2. Ultraweak closures of derivation ranges

THEOREM 9. Let A,B € £(H), then the following statements are equivalent:

W

1. B0 =% (8is)
2. (i) (A,B) € P(H) and
(ii) BT =TA implies BT = TA forall T € ¢,().

5
* — W

Proof. Note that # (5A73)W =% (5,& ;) if and only if

B

* 0 *
% (805)° NL(H)" :%(%) N.2()"

Using Lemma 2, we get Z (5A7B)O NL(A)" ~ker(Spa) NC (). Tt follows that

% (0r5) =% (615) if and only if Ker(85.4) N i () = ker (8.4) N (0).
This give the result. [J
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THEOREM 10. Let A,B € L () such that:
(i) (A,B) is P-symmetric, and
(ii) BT = TA implies BT =TA forall T € €,(¢).

w*

Then 7 (&15) = Ovw) =% (8:5)
Proof. This follows immediately from Theorem 1, Theorem 4 and Theorem 9. [

LEMMA 4. If S=A®Be€ L (A © ), then the Aluthge transform of S is given
by S=A®B.

Proof. Let A=U|A|,B=V|B| and S = P|S| are the polar decompositions of A,
B and S respectively, where P and |S| act on J€ @ ¢ as follows: P=U @V and
|S| = |A| @ |B|. 1t follows that

S=IS|2P|S|? = (|A|* @ |B]*)(U @ V)(|A]z @ |B|?) =A®B. O
COROLLARY 5. Let A,B € L() such that:
(i) The pair (B,A) has (FP)g, () property, and

(ii) BT = TA implies BT =TA forall T € €,(¢).

w*
T e W

Then % (0a.) gy (Q&,E) and (B,A) has (FP)g, () property.

Proof. The first statement follows immediately from Theorem 4 and Theorem 9.
Let T € 6,(57) such that BT = TA, by hypothesis we have also BT = TA. Since
(B,A) has (FP)g, () property, Lemma 3 ensures that

A=M®R on Hj= = (kerT)* ©kerT,

and
B=N&S on H,=.¢=R(T)®R(T)",

where N and M are normal operators. It follows from Lemma 4 that
A=M®R on H and B=N&S on H,.

T 0
00
we get NT; = T1M . According to Fuglede-Putnam’s theorem, we obtain N*T} = T\M*,
which implies that B*T = TA*. [

The operator T can be expressed from H; into Hy as T = ) . Since BT =TA,

PROPOSITION 2. Let A,B € Z (). If A is iw-hyponormal and B is w. -hypo-
W*
a4

normal such that (B,A) has (FP)g, () property. Then % (4 5) gy (5A,E>
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Proof. By Theorem 7, the pair (A,B) is P-symmetric. Let T € % (5#) be such
that BT = TA. Since A and B are w,-hyponormal operators, a similar argument to
that used in Theorem 8 yields

A=M&R on Hy == kerT)" ©kerT,

and
B=N&S on Hy=.¢=R(T)&R(T)".

Write T on H; into Hy as T = . Since BT =TA, we get NT1 = TiM, which

O 0
means that BT = TA. Thus Theorem 9 ensures the result. [

COROLLARY 6. If A,B € L() such that A is an invertible normal operator

w

and B is w. -hyponormal, then Z (65 5) =R (5{571_@)

Proof. It is an immediate consequence of Corollary 4 and Proposition 2. [

PROPOSITION 3. Let A,B € £(#) be two w,-hyponormal such that (B A)
has (FP)«g( ) property. Then (A,B) is P-symmetric if and only if Z (5a.) 5 =

w*

Proof. By Theorem 9, it suffices to show that BT = TA implies BT = TA for all
T € 61(s¢), which can be proven in the same way that Proposition 2. [

THEOREM 11. Let A,B € £(H) such that (B,A) has (FP)g, () property and
suppose that B is invertible. Then, (B,A) has (F P)g, () property, and

F(org) =% 5"

Proof. By Corollary 5, it suffices to show the following property: if BT = TA,
then BT = TA for all T € €,(¢). Let T € €,() such that BT = TA. Since

A|A|Z = |A|ZA and |B| T B = B|B| T, we have
1 1 1
|B| 2 BT|A|2 = |B| 2 TA|A|2,

and so
BIB| 7 T|A|* = |B|Z T|A|ZA.

Set X = |B|7 T|A|2 then BX = XA. Hence, by hypothesis and Lemma 3, we get

A=M®R on H; == (kerX)" ®kerX,
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and
B=N®S on H,==RX)®R(X)",

where N and M are unitarily equivalent normal operators. The operator B is invertible,
and so are N and S. Since N and M are unitarily equivalent, M is also invertible.
Furthermore, we can express X and 7 from H; into H, as

(X0 (T
X_<0 O) and T_<T3T4 .
Clearly, |A| = M| @ |R| on Hy and [B|~' = |[N|~'@|S|~! on H,. It follows from
X =|[B|Z TJA|? that

(Xl 0> [ IN|T M|z IN|Z T3[R
00 NEZAEENES VRN

Hence, T3|R|Z =0, T3 =0, and T3|R|Z = 0, which gives 73R = 0 and TyR = 0. Ac-
cording to Theorem Lemma 4, we have B=N® S and A=M @®R. Then, BT =TA

implies that
NIy NT,\ (TiMO
0 Sty )\ 0 0)°
Therefore, T, =Ty = 0. Thus T =T, &0 and NT, = T{M, which means that BT =
TA. U

COROLLARY 7. Let A,B € £ () be two iw-hyponormal operators, then (A,B)
has (FP)«, () property if and only if (A,B) has it to.

Proof. Tt is an immediate consequence of Theorem 7 and Theorem 11. [

COROLLARY 8. Let A,B € £L(H) be two invertible operators. If (A,B) is P-
symmetric, then so is (A,B).

Proof. Since (A,B) is P-symmetric. Then, according to Theorem 1, (A,B) and
(B,A) have (FP)g, () property. Moreover, since A and B are invertible, it follows
from Theorem 11, that (A,B) and (B,A) have (FP)g, () property. Therefore, the
result follows from Theorem 1. [J

—_*

PROPOSITION 4. Let A,B€ L (), then Z (6a3) =% <6 B
has (FP)«, () property, in the following cases:

1

1. A is a contraction and B is unitary.
2. A and B are invertible operators such that ||A~![|||B|| < 1.

3. A* is p-hyponormal or [og-hyponormal and B is log-hyponormal.



438

4.

2.

[

—
—

[2]
[3]

[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]

[17]
[18]
[19]

S. MADANI, M. MORJANE, M. ECH-CHAD AND Y. BOUHAFSI

A* is w,-hyponormal and B iw-hyponormal.
Proof.
. This case follows immediately from Corollary 2 and Theorem 11.
It follows from [3] that (B,A) has (FP), () property. Therefore, Theorem 11
yields the result.
[20, Corollary 2] asserts that (B,A) has (FP), () property. Since B is invert-
ible, Theorem 11 guarantees the result.
By using [16], Corollary 4.8, we deduce that (B,A) has (FP)g, () property.
The conclusion follows from Theorem 11. [J
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