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DYNAMICS OF WEIGHTED TRANSLATION

OPERATORS ON HYPERGROUPS

CHUNG-CHUAN CHEN

(Communicated by J. Ball)

Abstract. In this paper, we give necessary and sufficient conditions for weighted translation
operators on hypergroups to be topologically multiply recurrent, disjoint topologically transitive
and simultaneously transitive. In particular, disjoint topological transitivity and simultaneous
transitivity are equivalent in our case.

1. Introduction

1.1. Linear dynamics

In [13], we characterize chaotic and topologically transitive weighted translations
on hypergroups, which generalizes some results on locally compact groups. Locally
compact groups including the integer group Z , the Euclidean group R , affine groups
and Heisenberg groups, are special cases of hypergroups. In this note, we will continue
the study of linear dynamics on hypergroups, and tackle a number of notions that are
deeper than topological transitivity, namely, topologically multiple recurrence, simul-
taneous transitivity and disjoint topological transitivity. Linear dynamics was studied
intensely during the last five decades. We refer the interested reader to the classical
monographs [2, 18] for references.

A linear operator T on a Banach space X is said to be topologically transi-
tive if given two nonempty open subsets U,V ⊂ X , there is some n ∈ N such that
Tn(U)∩V �= /0 . If Tn(U)∩V �= /0 from some n onwards, then T is called topo-
logically mixing. For operators on separable Banach spaces, topological transitivity is
equivalent to hypercyclicity. In addition, topological transitivity is close to, but stronger
than, the notion of recurrence in topological dynamics in [14]. Indeed, T is said to be
recurrent if for every open set U ⊂ X , there is some n ∈ N such that Tn(U)∩U �= /0 .
However, this is not the case for topologically multiple recurrence. In [15], it is ex-
hibited a transitive operator on �2(Z) , which is not topologically multiply recurrent.
In topological dynamics, an operator T is topologically multiply recurrent if for every
positive integer N and every nonempty open set U in X , there is some n ∈ N such
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that U ∩T−n(U)∩T−2n(U)∩ · · ·∩T−Nn(U) �= /0. The motivation to connect topolog-
ical transitivity with recurrence is originally inspired by the works in [14, 15], where
topologically multiply recurrent weighted shifts on �p(Z) were characterized. In fact, a
wide study of the recurrence phenomenon is carried out recently (see [5, 9, 10, 17, 20]
for some references).

Another generalized notion, namely, disjoint topological transitivity, was intro-
duced by Bernal-González, Bès and Peris in [3] and [7] respectively in 2007. We recall
some definitions of disjointness in [3, 7] here.

DEFINITION 1.1. Given N � 2, the operators T1,T2, · · ·,TN on a separable Ba-
nach space X are called disjoint topologically transitive (in short, d-transitive) if given
nonempty open sets U,V1, · · ·,VN ⊂ X , there is some n ∈ N such that

/0 �= U ∩T−n
1 (V1)∩T−n

2 (V2)∩ · · ·∩T−n
N (VN).

If the above condition is satisfied from some n onwards, then T1,T2, · · ·,TN are called
disjoint topologically mixing (in short, d-mixing).

The active topic of disjointness was studied intensely by many authors. Among
many important results, the characterization for weighted shifts on �p(Z) to be disjoint
topologically transitive was given in [6, 7]. In [11], some sufficient and necessary con-
ditions for weighted translations on locally compact groups to be disjoint topologically
transitive were given.

Recently, in [4], Bernal-González and Jung proposed the study of simultaneous
transitivity, which is a weaker notion than disjoint transitivity.

DEFINITION 1.2. Given N � 2, the operators T1,T2, · · ·,TN on a separable Ba-
nach space X are called simultaneously transitive (in short, s-transitive) if given non-
empty open sets U,V ⊂ X , there is some n ∈ N such that

/0 �= U ∩T−n
1 (V )∩T−n

2 (V )∩ · · ·∩T−n
N (V ).

If the above condition is satisfied from some n onwards, then T1,T2, · · ·,TN are said to
be simultaneously mixing (in short, s-mixing).

According to the above definitions, clearly disjoint transitivity implies simultane-
ous transitivity. However, in [4], there exist simultaneously transitive operators, which
are not disjoint transitivity. For weighted shifts on �p(Z) , Bernal-González and Jung
showed in [4] that simultaneous transitivity is equivalent to disjoint transitivity in this
case. In this paper, we will investigate dynamics of translations on hypergroups, in-
cluding these notions of topologically multiple recurrence, simultaneous transitivity
and disjoint transitivity, and demonstrate the connections between them.

1.2. Hypergroups

In this subsection, we recall the definition of hypergroups for further discussion.
Let K be a locally compact Hausdorff space, and let M(K) be the Banach space of
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regular complex Borel measures on K . Then the Banach space C0(K) of complex-
valued continuous functions on K vanishing at infinity is the predual of M(K) . We
denote by supp(μ) the support of a measure μ ∈ M(K) , and by δx the Dirac measure
at x ∈ K .

DEFINITION 1.3. Let (μ ,ν) �→ μ ∗ ν be a bilinear positive continuous mapping
from M(K)×M(K) into M(K) (called convolution), and let x �→ x− be an involutive
homeomorphism on K (called involution) such that

1. (M(K),+,∗) is a complex associative algebra;

2. for all x,y ∈ K , δx ∗ δy is a probability measure with compact support;

3. there exists a (necessarily unique) element e ∈ K (called identity) such that for
all x ∈ K , δx ∗ δe = δe ∗ δx = δx ;

4. for all x,y ∈ K , e ∈ supp(δx ∗ δy) if and only if x = y− ;

5. for all x,y ∈ K , (δx ∗ δy)(ψ̌) = (δy− ∗ δx−)(ψ) , where ψ ∈ C0(K) and ψ̌(t) :=
ψ(t−) (t ∈ K );

6. the mapping (x,y) �→ supp(δx ∗ δy) from K×K into the space of all non-empty
compact subsets of K , equipped with the Michael topology, is continuous (for
more information about the Michael topology, see [8] for instance).

Then K ≡ (K,∗,− ,e) is called a hypergroup.

Locally compact groups, the double coset spaces, compact hypergroups, commu-
tative hypergroups, discrete hypergroups and nilpotent hypergroups are classical exam-
ples of hypergroups. Indeed, if K is a locally compact group, then it is a hypergroup
with the convolution δx ∗ δy = δxy and the inverse mapping x �→ x−1 as involution. On
the other hand, let H be a compact subgroup of a locally compact group G . Then
the double coset space G//H does not inherit a group structure from G . However,
the space of regular Borel measure on G//H has an algebra induced by G . For more
details about hypergroups,we refer to the classical book [8] and references [16, 19, 21].

EXAMPLE 1.4. ([8, Theorem 1.1.9]) Let G be a locally compact group with
identity e . Let H be a compact subgroup of G with the normalized Haar measure ωH .
Then the double coset space G//H = {HgH : g ∈ G} with the quotient topology is a
hypergroup with convolution

δHg1H ∗ δHg2H =
∫

H
δHg1hg2HdωH(h),

involution (HgH)− = Hg−H and identity H = HeH .

Let f : K → C be a Borel measurable function. For each x,y ∈ K , set

f (x∗ y) =
∫

K
f d(δx ∗ δy),
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if the integral exists. Given a measure μ ∈ M(K) and a Borel function f on K , define
the convolution f ∗ μ by

f ∗ μ(x) =
∫

K
f (x∗ y−)dμ(y) (x,y ∈ K)

if the integral exists. In particular, for a ∈ K , f ∗ δa(x) = f (x ∗ a−) =: f a−(x) can be
viewed as the right translation of f by a− .

A right Haar measure on a hypergroup K is a nonnegative regular Borel measure
λ on K such that λ ∗ δx = λ for each x ∈ K . Compact hypergroups, double coset hy-
pergroups, discrete hypergroups, nilpotent hypergroups and commutative hypergroups
admit a Haar measure (see [1, 19, 22]). However, it is unclear whether every hyper-
group has a Haar measure. Throughout, we assume that K is a hypergroup with a right
Haar measure λ . For all 1 � p < ∞ , we denote the Lp space of K by Lp(K) with
respect to λ , and define

‖ f‖p =
(∫

K
| f |pdλ

) 1
p

for each f ∈ Lp(K) .

EXAMPLE 1.5. Let G//H be the double coset space defined in Example 1.4, and
let ωG be a Haar measure on G . Then G//H is a hypergroup, and

λ :=
∫

G
δHgHdωG(g)

is a Haar measure on G//H by [8, Theorem 1.5.20].

In this note, we will investigate linear dynamics of weighted translation operators
defined by the weight functions and center elements of hypergroups. A bounded con-
tinuous function w : K → (0,∞) is called a weight on K . Let a ∈ K , and let w be a
weight on K . Then a weighted translation operator Ta,w : Lp(K) −→ Lp(K) is defined
by

Ta,w( f ) = w · ( f ∗ δa) = w · f a− ,

where

( f ∗ δa)(x) =
∫

K
f (x∗ y−)dδa(y) = f (x∗ a−) = f a−(x) (x ∈ K, f ∈ Lp(K)).

If f ∈ Lp(K) , then Ta,w( f ) ∈ Lp(K) by [19, 3.3B].
Here we will focus on the iterates of Ta,w only when a ∈ K is a center element of

K . Dunkl in [16, 1.6] initiated the notion of center of hypergroups, which is called the
maximum subgroup in an equivalent definition by Jewett [19, 10.4]. The center Ma(K)
of a hypergroup K is defined by

Ma(K) = {x ∈ K : δx ∗ δx− = δe = δx− ∗ δx}.
If K is a locally compact group, then Ma(K) = K .
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The center elements of a hypergroup admit some nice properties. Indeed, given for
x,y∈ K , supp(δx ∗δy) is not a singleton in general. However, if a∈Ma(K) and y∈ K ,
then supp(δa ∗δy) and supp(δy ∗δa) are singletons by [19, 10.4B]. Hence if a∈Ma(K)

and n ∈ N , we denote the unique element of the singleton supp(

n-times︷ ︸︸ ︷
δa ∗ . . .∗ δa) by an .

Moreover, let

f ∗ δ n
a := f ∗ (

n-times︷ ︸︸ ︷
δa ∗ · · · ∗ δa).

Then it is easy to see f ∗ δ n
a = f ∗ δan for f ∈ Lp(K) .

Besides, for any x ∈ K and f ,g ∈ Lp(K) , in general, the equality ( f g)x = f xgx

does not hold. On the contrary, in [13, Lemma 2.6], one has ( f g)a = f aga if a ∈
Ma(K) . Hence, using this nice property, we get for all n ∈ N that

Tn
a,w f = wwa− . . .w(a−)n−1

f (a−)n .

Besides, if w−1 ∈ L∞(K) and a ∈ Ma(K) , then by [13, Lemma 2.8], the operator Ta,w

has an inverse Sa,w defined by

Sa,w( f ) =
f
w
∗ δa− ( f ∈ Lp(K)). (1)

Throughout, we assume w,w−1 ∈ L∞(K) .

2. Recurrence

In this section, we will provide and prove our results. As in [8, 1.2.10], define the
convolution of two subsets A and B of a hypergroup K by

A∗B :=
⋃
{supp(δx ∗ δy) : x ∈ A,y ∈ B}.

For each n ∈ N and x ∈ K , let

A∗ {x}n = (· · ·(A∗
n-times︷ ︸︸ ︷

{x})∗ · · ·)∗{x}.

For instance, A ∗ {x}2 = (A ∗ {x}) ∗ {x} and A ∗ {x}3 = ((A ∗ {x}) ∗ {x}) ∗ {x} . To
achieve our goal, we will apply one more property, namely, aperiodicity. Inspired by the
study on aperiodic elements of a locally compact group in [12], an element a ∈ Ma(K)
is called aperiodic in [13] if for each compact subset H of K with λ (H) > 0, there
exists N ∈ N such that H ∩ (H ∗{a}n) = /0 for all n � N . Moreover, by [13, Corollary
3.3], the condition H ∩ (H ∗ {a−}n) = /0 also holds for all n � N if a ∈ Ma(K) is
aperiodic. If K is a locally compact group, then H ∩Han = /0 and H ∩Ha−n = /0 are
equivalent, which coincides with the definition of aperiodicity in [12].
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Now we are ready to give the characterization of topological multiple recurrence
for Ta,w (see Theorem 2.1) below. To simplify the notations, for a ∈ Ma(K) , x ∈ K
and n ∈ N , we define

ϕn(x) :=
n

∏
j=1

w∗ δ j
a−(x) = w(x∗ a)w(x∗ a2) · · ·w(x∗ an),

and

ϕ̃n(x) :=

(
n−1

∏
j=0

w∗ δ j
a (x)

)−1

=
1

w(x)w(x∗ a−) · · ·w(x∗ (a−)n−1)
.

THEOREM 2.1. Let K be a hypergroup and a ∈ Ma(K) be aperiodic. Let w be
a weight on K with w,w−1 ∈ L∞(K) . Let 1 � p < ∞ and let Ta,w be a weighted
translation operator on Lp(K) . Then the following conditions are equivalent.

(i) Ta,w is topologically multiply recurrent.

(ii) For each N ∈ N , and each compact subset H ⊂ K with λ (H) > 0 , there are a
sequence of Borel sets (Ek) in H , and a sequence (nk) ⊂ N such that λ (H) =
lim
k→∞

λ (Ek) , and for 1 � l � N ,

lim
k→∞

‖ϕlnk |Ek‖∞ = lim
k→∞

‖ϕ̃lnk |Ek‖∞ = 0.

Proof. (i) ⇒ (ii). Let H ⊂ K be a compact set with λ (H) > 0. We denote by
χH ∈ Lp(K) the characteristic function on H . By aperiodicity of a , there is some
M ∈ N such that H ∩ (H ∗ {a}n) = /0 for all n � M .

Let ε ∈ (0,1) , and choose 0 < δ < ε
1+ε . Let U = {g∈ Lp(K) : ‖g−χH‖p < δ 2} .

Given some N ∈N , by the assumption of topologically multiple recurrence, there exists
m > M such that

U ∩T−m
a,w (U)∩T−2m

a,w (U)∩ · · ·∩T−Nm
a,w (U) �= /0.

Hence, there exists a vector f ∈ Lp(K) such that

‖ f − χH‖p < δ 2 and ‖T lm
a,w f − χH‖p < δ 2

for 1 � l � N . Let
A := {x ∈ H : | f (x)−1|� δ}

and
B := {x ∈ K \H : | f (x)| � δ}.

Then
| f (x)| > 1− δ for x ∈ H \A

and
| f (x)| < δ for x ∈ (K \H)\B.
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From

δ 2p > ‖ f − χH‖p
p =

∫
K
| f (x)− χH(x)|pdλ (x)

�
∫

A
| f (x)−1|pdλ (x) � δ pλ (A),

one has λ (A) < δ p , and similarly, λ (B) < δ p .
On the other hand, let

Cl,m := {x ∈ H : |ϕ̃lm(x)−1 f (x∗ (a−)lm)−1|� δ},

and
Dl,m := {x ∈ H : |ϕlm(x) f (x)| � δ}.

Then
ϕ̃lm(x)−1| f (x∗ (a−)lm)| > 1− δ (x ∈ H \Cl,m)

and
ϕlm(x)| f (x)| < δ (x ∈ H \Dl,m).

Moreover, λ (Cl,m) < δ p because

δ 2p > ‖T lm
a,w f − χH‖p

p =
∫

K
|T lm

a,w f (x)− χH(x)|pdλ (x)

�
∫
Cl,m

|w(x)w(x∗ a−) · · ·w(x∗ (a−)lm−1) f (x∗ (a−)lm)−1|pdλ (x)

=
∫
Cl,m

|ϕ̃lm(x)−1 f (x∗ (a−)lm)−1|pdλ (x) � δ pλ (Cl,m).

One can obtain λ (Dl,m) < δ p by a similar argument.
By the properties of the sets A,B,Cl,m,Dl,m and H ∩ (H ∗ {a−}lm) = /0 , we get

ϕ̃lm(x) <
| f (x∗ (a−)lm)|

1− δ
<

δ
1− δ

< ε for x ∈ H \ (Cl,m ∪ (B∗ {a}lm))

and

ϕlm(x) <
δ

| f (x)| <
δ

1− δ
< ε for x ∈ H \ (Dl,m∪A).

Set

Em := (H \A)\
N⋃

l=1

((B∗ {a}lm)∪Cl,m ∪Dl,m).

Then λ (H \Em) < 4Nδ p and ‖ϕlm|Em
‖∞ < ε , ‖ϕ̃lm|Em

‖∞ < ε , which implies condition
(ii).

(ii) ⇒ (i). Let U be a nonempty open subset of Lp(K) . Since the space Cc(K) of
continuous functions on K with compact support is dense in Lp(K) , we can choose a
function f ∈Cc(K)∩U . Let H be the (compact) support of f . Given some N , assume
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condition (ii) holds with respect to Ek ⊂ H and the sequences (ϕln),(ϕ̃ln) . Then for
1 � l � N ,

‖T lnk
a,w ( f χEk)‖p

p

=
∫

Ek∗{a}lnk
|w(x)w(x∗ a−) · · ·w(x∗ (a−)lnk−1)|p| f (x∗ (a−)lnk)|pdλ (x)

=
∫

Ek

|w(x∗ alnk)w(x∗ alnk−1) · · ·w(x∗ a)|p| f (x)|pdλ (x)

=
∫

Ek

ϕ p
lnk

(x)| f (x)|pdλ (x) � ‖ϕlnk |Ek
‖p

∞‖ f‖p
p → 0

as k → ∞ . That limk→∞ ‖Slnk
a,w( f χEk)‖p = 0 can be obtained similarly. In addition,

‖ f χEk − f‖p
p =

∫
K\Ek

| f (x)|pdλ (x) � λ (K \Ek)‖ f‖p
p → 0

as k → ∞ .
For each k ∈ N , let

vk = f χEk +Snk
a,w( f χEk)+S2nk

a,w( f χEk)+ · · ·+SNnk
a,w ( f χEk) ∈ Lp(K),

where Sa,w is given by (1). Then

‖vk − f‖p � ‖ f χEk − f‖p +
N

∑
l=1

‖Slnk
a,w( f χEk)‖p

and

‖T lnk
a,wvk − f‖p � ‖T lnk

a,w( f χEk)‖p +‖T (l−1)nk
a,w ( f χEk)‖p + · · ·+‖Tnk

a,w( f χEk)‖p

+‖ f χEk − f‖p +‖Snk
a,w( f χEk )‖p + · · ·+‖S(N−l)nk

a,w ( f χEk)‖p.

Since the sequences {‖T lnk
a,w( f χEk)‖p}k�1 , {‖ f χEk − f‖p}k�1 and {‖Slnk

a,w( f χEk)‖p}k�1

(l ∈ {1,2, · · ·,N}) tend to 0 (k → ∞) and f ∈ U , we get for k large enough that
vk ∈U,Tnk

a,wvk ∈U, · · ·,TNnk
a,w vk ∈U , that is,

U ∩T−nk
a,w (U)∩T−2nk

a,w (U)∩ · · ·∩T−Nnk
a,w (U) �= /0,

as required. �

EXAMPLE 2.2. Let G//H be the double coset space with the Haar measure λ
on G//H , as defined in Example 1.4. Let w be a weight on G//H , and let HaH ∈
Ma(G//H) be aperiodic where a ∈ G . Then

ϕn(HxH) =
n

∏
j=1

w∗ δ j
Ha−1H

(HxH),
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ϕ̃n(HxH) =

(
n−1

∏
j=0

w∗ δ j
HaH(HxH)

)−1

and the weighted translation is

THaH,w f (HxH) = w(HxH) f (HxH ∗Ha−1H)

where x ∈ G and f ∈ Lp(G//H) . By Theorem 2.1, THaH,w is topologically multiply
recurrent if given each N ∈ N , and each compact subset C ⊆ G//H with λ (C) > 0,
there are a sequence of Borel sets (Ek) in C and a sequence (nk)⊂N , such that λ (C) =
lim
k→∞

λ (Ek) , and for 1 � l � N , lim
k→∞

‖ϕlnk |Ek‖∞ = lim
k→∞

‖ϕ̃lnk |Ek‖∞ = 0.

Taking N = 1 in Theorem 2.1, we obtain the following result.

COROLLARY 2.3. Let K be a hypergroup and a ∈ Ma(K) be aperiodic. Let w
be a weight on K with w,w−1 ∈ L∞(K) . Let 1 � p < ∞ and let Ta,w be a weighted
translation operator on Lp(K) . Then the following conditions are equivalent.

(i) Ta,w is recurrent.

(ii) For each compact subset H ⊂ K with λ (H) > 0 , there are a sequence of Borel
sets (Ek) in H , and a sequence (nk) ⊂ N such that λ (H) = lim

k→∞
λ (Ek) , and

lim
k→∞

‖ϕnk |Ek‖∞ = lim
k→∞

‖ϕ̃nk |Ek‖∞ = 0.

Applying similar arguments to those in the proof of Theorem 2.1, one can show
that topological mixing implies topological multiple recurrence.

COROLLARY 2.4. Let K be a hypergroup and a∈Ma(K) be aperiodic. Let w be
a weight on K with w,w−1 ∈ L∞(K) . Let 1 � p < ∞ and let Ta,w be a weighted trans-
lation operator on Lp(K) . If Ta,w is topologically mixing, then Ta,w is topologically
multiply recurrent on Lp(K) .

Proof. Let ε > 0, and let H be a compact set of K . Let U = {g ∈ Lp(K) :
‖g−χH‖p < δ 2} where 0 < δ < ε

1+ε . By the assumption of topological mixing, there
exists some n ∈ N such that

Tn
a,w(U)∩U �= /0

from n onwards. Hence, given N ∈ N , there exist fl ∈U and m ∈ N such that

‖ fl − χH‖ < δ 2 and ‖T lm
a,w fl − χH‖ < δ 2

for l = 1,2, · · ·,N . By the same arguments in the proof of Theorem 2.1, one can deduce
Ta,w is topologically multiply recurrent. �
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3. Transitivity

Next, we turn our attention to give the characterizations for weighted translation
operators on hypergroups to be simultaneously transitive and disjoint topologically tran-
sitive. Again, to simplify the notation, for al ∈ Ma(K) , x ∈ K and l,n ∈ N , define

ϕl,n(x) :=
n

∏
j=1

wl ∗ δ j
a−l

(x) = wl(x∗ al)wl(x∗ a2
l ) · · ·wl(x∗ an

l ),

and

ϕ̃l,n(x) :=

(
n−1

∏
j=0

wl ∗ δ j
al
(x)

)−1

=
1

wl(x)wl(x∗ a−l ) · · ·wl(x∗ (a−l )n−1)
.

THEOREM 3.1. Let K be a hypergroup, and let 1 � p < ∞ . Given some N � 2 ,
let al ∈ Ma(K) be aperiodic, and let wl be a weight on K with wl ,w

−1
l ∈ L∞(K) for

1 � l � N . Let Tl = Tal ,wl be the weighted translation on Lp(K) generated by al and
wl . Then the following conditions are equivalent.

(i) T1,T2, · · ·,TN are simultaneously transitive.

(ii) T1,T2, · · ·,TN are disjoint topologically transitive.

(iii) For each compact subset H ⊂ K with λ (H) > 0 , there are a sequence of Borel
sets (Ek) in H , and a sequence (nk) ⊂ N such that λ (H) = lim

k→∞
λ (Ek) , and for

1 � l � N ,
lim
k→∞

‖ϕl,nk |Ek
‖∞ = lim

k→∞
‖ϕ̃l,nk |Ek

‖∞ = 0,

and for 1 � s < l � N ,

lim
k→∞

∥∥∥(ϕs,nk ∗ δa
nk
l

) · ϕ̃l,nk

∣∣
Ek

∥∥∥
∞

= lim
k→∞

∥∥∥(ϕl,nk ∗ δa
nk
s

) · ϕ̃s,nk

∣∣
Ek

∥∥∥
∞

= 0.

Proof. (iii) ⇒ (ii). Let U and Vl be nonempty open subsets of Lp(K) for 1 � l �
N . Since the space Cc(K) of continuous functions on K with compact support is dense
in Lp(K) , choose f ∈Cc(K)∩U and gl ∈Cc(K)∩Vl for each l . Let H be the union
of all the compact supports of f and gl . Assume condition (iii) holds with respect to
Ek ⊂ H and the sequences (ϕl,n),(ϕ̃l,n) . As in the proof of Theorem 2.1, we have

lim
k→∞

‖ f χEk − f‖p = lim
k→∞

‖glχEk −gl‖p = 0.

Also, for 1 � l � N ,

‖Tnk
l ( f χEk)‖p

p =
∫

Ek∗{al}nk
|wl(x)wl(x∗ a−l ) · · ·wl(x∗ (a−l )nk−1)|p| f (x∗ (a−l )nk)|pdλ (x)

=
∫

Ek

|wl(x∗ ank
l )wl(x∗ ank−1

l ) · · ·wl(x∗ al)|p| f (x)|pdλ (x)

=
∫

Ek

ϕ p
l,nk

(x)| f (x)|pdλ (x) � ‖ϕl,nk |Ek ‖p
∞‖ f‖p

p.
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Hence ‖Tnk
l ( f χEk)‖p −→ 0 as k −→ ∞ . Let Sl = Sal ,wl (see (1)).

Then limk→∞ ‖Snk
l (gχEk)‖p = 0 because

‖Snk
l (glχEk)‖p

p =
∫

Ek∗{a−l }nk

1

|wl(x∗ al)wl(x∗ a2
l ) · · ·wl(x∗ ank

l )|p |gl(x∗ ank
l )|pdλ (x)

� ‖ϕ̃l,nk |Ek ‖p
∞‖gl‖p

p.

On the other hand, for 1 � s, l � N with s �= l , we have

‖Tnk
l (Snk

s (gsχEk))‖p
p

=
∫

K
|wl(x)wl(x∗ a−l ) · · ·wl(x∗ (a−l )nk−1)|p|Snk

s (gsχEk)(x∗ (a−l )nk)|pdλ (x)

=
∫

K

|wl(x)wl(x∗ a−l ) · · ·wl(x∗ (a−l )nk−1)|p
|ws(x∗ (a−l )nk ∗ as)ws(x∗ (a−l )nk ∗ a2

s) · · ·ws(x∗ (a−l )nk ∗ ank
s )|p

·|gsχEk(x∗ (a−l )nk ∗ ank
s )|pdλ (x)

=
∫

Ek

|wl(x∗ (a−s )nk ∗ ank
l )wl(x∗ (a−s )nk ∗ ank−1

l ) · · ·wl(x∗ (a−s )nk ∗ al)|p
|ws(x∗ (a−s )nk−1)ws(x∗ (a−s )nk−2) · · ·ws(x)|p

|gs(x)|pdλ (x)

=
∫

Ek

|ϕl,nk(x∗ (a−s )nk ) · ϕ̃s,nk(x)|p|gs(x)|pdλ (x)

� ‖(ϕl,nk ∗ δa
nk
s

) · ϕ̃s,nk |Ek
‖p

∞‖gs‖p
p.

For each k ∈ N , let

vk = f χEk +Snk
1 (g1χEk)+Snk

2 (g2χEk)+ · · ·+Snk
N (gNχEk) ∈ Lp(K).

Then

‖vk − f‖p � ‖ f χEk − f‖p +
N

∑
l=1

‖Snk
l (glχEk)‖p

and

‖Tnk
l vk −gl‖p

� ‖Tnk
l ( f χEk )‖p +‖Tnk

l Snk
1 (g1χEk)‖p + · · ·+‖Tnk

l Snk
l−1gl−1χEk‖p

p

+‖glχEk −gl‖p +‖Tnk
l Snk

l+1(gl+1χEk)‖p + · · ·+‖Tnk
l Snk

N (gNχEk)‖p.

Hence limk→∞ vk = f and limk→∞ Tnk
l vk = gl for l = 1,2, · · ·,N , which implies

/0 �= U ∩T−nk
1 (V1)∩T−nk

2 (V2)∩ · · ·∩T−nk
N (VN).

Therefore, T1,T2, · · ·,TN are disjoint topologically transitive.
(ii) ⇒ (i). By definitions, disjoint topological transitivity implies simultaneous

transitivity automatically.
(i) ⇒ (iii). Assume that T1,T2, · · ·,TN are simultaneously transitive. Let H ⊂ K

be a compact set with λ (H) > 0. By aperiodicity of al , there is some M such that
H ∩ (H ∗ {al}n) = /0 and H ∩ (H ∗ {a−l }n) = /0 for all n > M .
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Let χH ∈ Lp(K) be the characteristic function of H . Let ε ∈ (0,1) , and choose
0 < δ < ε

1+ε . By the assumption of simultaneous transitivity, there exist a vector f ∈
Lp(K) and some m > M such that

‖ f − χH‖p < δ 2 and ‖Tm
l f − χH‖p < δ 2

for l = 1,2, . . . ,N . As in the proof of Theorem 2.1, let

A := {x ∈ H : | f (x)−1| � δ} and B := {x ∈ K \H : | f (x)| � δ}.
Then

| f (x)| > 1− δ for x ∈ H \A, and | f (x)| < δ for x ∈ (K \H)\B

with λ (A) < δ p and λ (B) < δ p . On the other hand, observe that

δ 2p > ‖Tm
l f − χH‖p

p =
∫

K
|Tm

l f (x)− χH(x)|pdλ (x)

=
∫

K
|ϕ̃l,m(x)−1 f (x∗ (a−l )m)− χH(x)|pdλ (x)

=
∫

K
|ϕl,m(x) f (x)− χH(x∗ (a−l )m)|pdλ (x).

Let
Cl,m := {x ∈ H : |ϕ̃l,m(x)−1 f (x∗ (a−l )m)−1|� δ}

and
Dl.m := {x ∈ H : |ϕl,m(x) f (x)| � δ}.

Then
ϕ̃l,m(x)−1| f (x∗ (a−l )m)| > 1− δ (x ∈ H \Cl,m)

and
ϕl,m(x)| f (x)| < δ (x ∈ H \Dl,m).

Moreover, λ (Cl,m)< δ p and λ (Dl,m)< δ p . Indeed, for instance, the estimate λ (Cl,m)<
δ p (that λ (Dl,m) < δ p can be analogously proved) can be deduced by

δ 2p > ‖Tm
l f − χH‖p

p =
∫

K
|Tm

l f (x)− χK(x)|pdλ (x)

�
∫
Cl,m

|wl(x)wl(x∗ (a−l )) · · ·wl(x∗ (a−l )m−1) f (x∗ (a−l )m)−1|pdλ (x) � δ pλ (Cl,m).

Hence, making use of H ∩ (H ∗ {al}n) = /0 and H ∩ (H ∗ {a−l }n) = /0 , we arrive at

ϕ̃l,m(x) <
| f (x∗ (a−l )m)|

1− δ
<

δ
1− δ

< ε on H \ (Cl,m∪ (B∗ {al}m))

and

ϕl,m(x) <
δ

| f (x)| <
δ

1− δ
< ε on H \ (Dl,m∪A).
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In the next step, we will demonstrate the other two weight conditions for 1 � s < l � N .
Let

Fs,m := {x ∈ K \H : |ϕ̃s,m(x)−1 f (x∗ (a−s )m)| � δ}
for 1 � s < l � N . Then

|ws(x)ws(x∗ a−s ) · · ·ws(x∗ (a−s )m−1) f (x∗ (a−s )m)| < δ
on (H ∗ {a−l }m ∗ {as}m)\Fs,m ⊂ K \H

which says

|ws(x∗(a−l )m∗am
s )· · ·ws(x∗(a−l )m∗as) f (x∗(a−l )m)|< δ on H \(Fs,m∗{al}m∗{a−s }m).

Also, λ (Fs,m) < δ p because

δ 2p > ‖Tm
s f − χH‖p

p �
∫

Fs,m

|Tm
s f (x)|pdλ (x)

=
∫

Fs,m

|ws(x)ws(x∗ a−s ) · · ·ws(x∗ (a−s )m−1) f (x∗ (a−s )m)|pdλ (x) � δ pλ (Fs,m).

On the other hand, by the definition of Cl,m , we get

|wl(x)wl(x∗ a−l ) · · ·wl(x∗ (a−l )m−1) f (x∗ (a−l )m)−1|< δ on H \Cl,m.

Combining all these, for 1 � s < l � N and x ∈H \ ((Fs,m ∗{al}m ∗{a−s }m)∪Cl,m) , we
obtain

ws(x∗ (a−l )m ∗ am
s ) · · ·ws(x∗ (a−l )m ∗ as)

wl(x)wl(x∗ a−l ) · · ·wl(x∗ (a−l )m−1)

=
ws(x∗ (a−l )m ∗ am

s ) · · ·ws(x∗ (a−l )m ∗ as)| f (x∗ (a−l )m)|
wl(x)wl(x∗ a−l ) · · ·wl(x∗ (a−l )m−1)| f (x∗ (a−l )m)| <

δ
1− δ

< ε.

Therefore,

ϕs,m(x∗ (a−l )m) · ϕ̃l,m(x) < ε on H \ ((Fs,m ∗ {al}m ∗ {a−s }m)∪Cl,m).

Similarly, one has

|wl(x)wl(x∗a−l ) · · ·wl(x∗(a−l )m−1) f (x∗(a−l )m)|< δ on (H ∗{a−s }m∗{al}m)\Fl,m.

That is,

|wl(x∗ (a−s )m ∗ am
l ) · · ·wl(x∗ (a−s )m ∗ al) f (x∗ (a−l )m)| < δ

on H \ (Fl,m ∗ {as}m ∗ {a−l }m).

Hence, for 1 � s < l � N and x ∈ H \ ((Fl,m ∗ {as}m ∗ {a−l }m)∪Cs,m) , we get

wl(x∗ (a−s )m ∗ am
l ) · · ·wl(x∗ (a−s )m ∗ al)

ws(x)ws(x∗ a−s ) · · ·ws(x∗ (a−s )m−1)

=
wl(x∗ (a−s )m ∗ am

l ) · · ·wl(x∗ (a−s )m ∗ al)| f (x∗ (a−s )m)|
ws(x)ws(x∗ a−s ) · · ·ws(x∗ (a−s )m−1)| f (x∗ (a−s )m)| <

δ
1− δ

< ε,
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which implies

ϕl,m(x∗ (a−s )m) · ϕ̃s,m(x) < ε on H \ ((Fl,m ∗ {as}m ∗ {a−l }m)∪Cs,m).

Finally, put

Em = (H \A)\
⋃

1�l�N

((B∗ {al}m)∪Cl,m ∪Dl,m)

\
⋃

1�s<l�N

((Fs,m ∗ {al}m ∗ {a−s }m)∪ (Fl,m ∗ {as}m ∗ {a−l }m)).

Then
λ (H \Em) < 6N2δ p, ‖ϕl,m|Em

‖∞ < ε, ‖ϕ̃l,m|Em
‖∞ < ε,

and ∥∥∥(ϕs,m ∗ δam
l
) · ϕ̃l,m

∣∣
Em

∥∥∥
∞

< ε,
∥∥∥(ϕl,m ∗ δam

s
) · ϕ̃s,m

∣∣
Em

∥∥∥
∞

< ε,

which proves condition (iii). �

By replacing the subsequence (nk) with the full sequence (n) in the proof of
Theorem 3.1, we can demonstrate that simultaneous mixing is equivalent to disjoint
topological mixing. That is, we obtain the following.

COROLLARY 3.2. Let K be a hypergroup, and let 1 � p < ∞ . Given some N � 2 ,
let al ∈ Ma(K) be aperiodic, and let wl be a weight on K with wl ,w

−1
l ∈ L∞(K) for

1 � l � N . Let Tl = Tal ,wl be the weighted translation on Lp(K) generated by al and
wl . Then the following conditions are equivalent.

(i) T1,T2, · · ·,TN are simultaneously mixing.

(ii) T1,T2, · · ·,TN are disjoint topologically mixing.

(iii) For each compact subset H ⊂K with λ (H) > 0 , there exists a sequence of Borel
sets (En) in H such that λ (H) = lim

n→∞
λ (En) ,

lim
n→∞

‖ϕl,n|En
‖∞ = lim

n→∞
‖ϕ̃l,n|En

‖∞ = 0

for 1 � l � N , and

lim
n→∞

∥∥∥(ϕs,n ∗ δan
l
) · ϕ̃l,n

∣∣
En

∥∥∥
∞

= lim
n→∞

∥∥∥(ϕl,n ∗ δan
s ) · ϕ̃s,n

∣∣
En

∥∥∥
∞

= 0

for 1 � s < l � N .
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