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DYNAMICS OF WEIGHTED TRANSLATION
OPERATORS ON HYPERGROUPS

CHUNG-CHUAN CHEN

(Communicated by J. Ball)

Abstract. In this paper, we give necessary and sufficient conditions for weighted translation
operators on hypergroups to be topologically multiply recurrent, disjoint topologically transitive
and simultaneously transitive. In particular, disjoint topological transitivity and simultaneous
transitivity are equivalent in our case.

1. Introduction

1.1. Linear dynamics

In [13], we characterize chaotic and topologically transitive weighted translations
on hypergroups, which generalizes some results on locally compact groups. Locally
compact groups including the integer group Z, the Euclidean group R, affine groups
and Heisenberg groups, are special cases of hypergroups. In this note, we will continue
the study of linear dynamics on hypergroups, and tackle a number of notions that are
deeper than topological transitivity, namely, topologically multiple recurrence, simul-
taneous transitivity and disjoint topological transitivity. Linear dynamics was studied
intensely during the last five decades. We refer the interested reader to the classical
monographs [2, 18] for references.

A linear operator T on a Banach space X is said to be topologically transi-
tive if given two nonempty open subsets U,V C X, there is some n € N such that
T"(U)NV £0. If T"(U)NV # 0 from some n onwards, then T is called fopo-
logically mixing. For operators on separable Banach spaces, topological transitivity is
equivalent to hypercyclicity. In addition, topological transitivity is close to, but stronger
than, the notion of recurrence in topological dynamics in [14]. Indeed, T is said to be
recurrent if for every open set U C X, there is some n € N such that 7"(U)NU # 0.
However, this is not the case for topologically multiple recurrence. In [15], it is ex-
hibited a transitive operator on ¢>(Z), which is not topologically multiply recurrent.
In topological dynamics, an operator T is topologically multiply recurrent if for every
positive integer N and every nonempty open set U in X, there is some n € N such
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that UNT(U)NT~2(U)N---NTN*(U) # 0. The motivation to connect topolog-
ical transitivity with recurrence is originally inspired by the works in [14, 15], where
topologically multiply recurrent weighted shifts on ¢7(Z) were characterized. In fact, a
wide study of the recurrence phenomenon is carried out recently (see [5, 9, 10, 17, 20]
for some references).

Another generalized notion, namely, disjoint topological transitivity, was intro-
duced by Bernal-Gonzélez, Bes and Peris in [3] and [7] respectively in 2007. We recall
some definitions of disjointness in [3, 7] here.

DEFINITION 1.1. Given N > 2, the operators 71,75, --,Ty on a separable Ba-
nach space X are called disjoint topologically transitive (in short, d-transitive) if given
nonempty open sets U,Vy,---,Vy C X, there is some n € N such that

0AUNT " (VI)NT; (V) NN Ty " (V).

If the above condition is satisfied from some n onwards, then 77,73, - -, Ty are called
disjoint topologically mixing (in short, d-mixing).

The active topic of disjointness was studied intensely by many authors. Among
many important results, the characterization for weighted shifts on ¢”(Z) to be disjoint
topologically transitive was given in [0, 7]. In [1 1], some sufficient and necessary con-
ditions for weighted translations on locally compact groups to be disjoint topologically
transitive were given.

Recently, in [4], Bernal-Gonzdlez and Jung proposed the study of simultaneous
transitivity, which is a weaker notion than disjoint transitivity.

DEFINITION 1.2. Given N > 2, the operators 71,75, --,Ty on a separable Ba-
nach space X are called simultaneously transitive (in short, s-transitive) if given non-
empty open sets U,V C X, there is some n € N such that

0AUNT"(V)NT, (V)N ---N T (V).

If the above condition is satisfied from some n onwards, then 71,73, - -, Ty are said to
be simultaneously mixing (in short, s-mixing).

According to the above definitions, clearly disjoint transitivity implies simultane-
ous transitivity. However, in [4], there exist simultaneously transitive operators, which
are not disjoint transitivity. For weighted shifts on ¢?(Z), Bernal-Gonzdlez and Jung
showed in [4] that simultaneous transitivity is equivalent to disjoint transitivity in this
case. In this paper, we will investigate dynamics of translations on hypergroups, in-
cluding these notions of topologically multiple recurrence, simultaneous transitivity
and disjoint transitivity, and demonstrate the connections between them.

1.2. Hypergroups

In this subsection, we recall the definition of hypergroups for further discussion.
Let K be a locally compact Hausdorff space, and let M(K) be the Banach space of
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regular complex Borel measures on K. Then the Banach space Cy(K) of complex-
valued continuous functions on K vanishing at infinity is the predual of M(K). We
denote by supp(u) the support of a measure € M(K), and by 6, the Dirac measure
atxec K.

DEFINITION 1.3. Let (i, V) — U Vv be a bilinear positive continuous mapping
from M(K) x M(K) into M(K) (called convolution), and let x — x~ be an involutive
homeomorphism on K (called involution) such that

1. (M(K),+,*) is a complex associative algebra;
2. forall x,y € K, &, * O, is a probability measure with compact support;

3. there exists a (necessarily unique) element e € K (called identity) such that for
all xeK, 8;*% 8, = 8, % 8, = Oy;

4. forall x,y € K, e € supp(6y * ) if and only if x =y~ ;

5. forall x,y € K, (0% &) () = (8, * O, )(y), where y € Co(K) and (1) :=
y(™) (teK);

6. the mapping (x,y) — supp(d, * 6y) from K x K into the space of all non-empty
compact subsets of K, equipped with the Michael topology, is continuous (for
more information about the Michael topology, see [8] for instance).

Then K = (K,*,” ,e) is called a hypergroup.

Locally compact groups, the double coset spaces, compact hypergroups, commu-
tative hypergroups, discrete hypergroups and nilpotent hypergroups are classical exam-
ples of hypergroups. Indeed, if K is a locally compact group, then it is a hypergroup
with the convolution &, * 8, = 0y, and the inverse mapping x — x~! as involution. On
the other hand, let H be a compact subgroup of a locally compact group G. Then
the double coset space G//H does not inherit a group structure from G. However,
the space of regular Borel measure on G//H has an algebra induced by G. For more
details about hypergroups, we refer to the classical book [8] and references [16, 19, 21].

EXAMPLE 1.4. ([8, Theorem 1.1.9]) Let G be a locally compact group with
identity e. Let H be a compact subgroup of G with the normalized Haar measure @y .

Then the double coset space G//H = {HgH : g € G} with the quotient topology is a
hypergroup with convolution

Otig i * OHg,n = /H Stig ng 1 d Wp (h),

involution (HgH)~™ = Hg™ H and identity H = HeH .

Let f: K — C be a Borel measurable function. For each x,y € K, set

flesy) = [ fd(858),
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if the integral exists. Given a measure € M(K) and a Borel function f on K, define
the convolution f* 1 by

Frux) = /K flrey)duly)  (xy€K)

if the integral exists. In particular, for a € K, f* 8,(x) = f(x*a~) =: f* (x) can be
viewed as the right translation of f by a™.

A right Haar measure on a hypergroup K is a nonnegative regular Borel measure
A on K such that A x 6, = A for each x € K. Compact hypergroups, double coset hy-
pergroups, discrete hypergroups, nilpotent hypergroups and commutative hypergroups
admit a Haar measure (see [1, 19, 22]). However, it is unclear whether every hyper-
group has a Haar measure. Throughout, we assume that K is a hypergroup with a right
Haar measure A. For all 1 < p < oo, we denote the L? space of K by LP(K) with

respect to A, and define
1
P
11, = ( [ 1rran )
K

EXAMPLE 1.5. Let G//H be the double coset space defined in Example 1.4, and
let wg be a Haar measure on G. Then G//H is a hypergroup, and

foreach f € LP(K).

A IZ/G5HngCOG(g)

is a Haar measure on G//H by [8, Theorem 1.5.20].

In this note, we will investigate linear dynamics of weighted translation operators
defined by the weight functions and center elements of hypergroups. A bounded con-
tinuous function w : K — (0,00) is called a weight on K. Let a € K, and let w be a
weight on K. Then a weighted translation operator T,,, : LP(K) — LP(K) is defined
by

Taw(f) =w-(f*8a) =w-f*,
where

(F8)(0) = [ flesy )d8,0) = flesa ) = () (€K, fEL(K)),

If f € LP(K), then T,,,(f) € LP(K) by [19, 3.3B].

Here we will focus on the iterates of 7,,, only when a € K is a center element of
K. Dunkl in [16, 1.6] initiated the notion of center of hypergroups, which is called the
maximum subgroup in an equivalent definition by Jewett [19, 10.4]. The center Ma(K)
of a hypergroup K is defined by

Ma(K) ={x€K: ;x5 =0, = 6, x O, }.

If K is a locally compact group, then Ma(K) =K.
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The center elements of a hypergroup admit some nice properties. Indeed, given for
x,y € K, supp(d, * §,) is not a singleton in general. However, if a € Ma(K) and y € K,
then supp(8, * 8,) and supp(J, * §,) are singletons by [19, 10.4B]. Hence if a € Ma(K)

n-times
. . e e
and n € N, we denote the unique element of the singleton supp(d, *...*d,) by a".
Moreover, let
n-times

—_——~
f*00:=f*(8y%---%8,).

Then it is easy to see f* 0} = f* O for f € LP(K).

Besides, for any x € K and f,g € L?(K), in general, the equality (fg)* = f“g"
does not hold. On the contrary, in [13, Lemma 2.6], one has (fg)* = f“g® if a €
Ma(K). Hence, using this nice property, we get for all n € N that

—)n—l

f(a*))‘l )

n _ a” (a
Towf =wn® oow

Besides, if w™! € L*(K) and a € Ma(K), then by [13, Lemma 2.8], the operator Ty
has an inverse S, ,, defined by

Saw(f) ==%08  (f€LP(K)). (1)

Throughout, we assume w,w~! € L*(K).

2. Recurrence

In this section, we will provide and prove our results. As in [8, 1.2.10], define the
convolution of two subsets A and B of a hypergroup K by

AxB:= U{supp(Sx*(Sy) :x €A,y €B}.
Foreach n € N and x € K, let

n-times
Ax{x}'= (- (Ax{x})*-)x{x}.

For instance, A * {x}? = (A% {x})* {x} and A% {x}? = (A {x})* {x}) * {x}. To
achieve our goal, we will apply one more property, namely, aperiodicity. Inspired by the
study on aperiodic elements of a locally compact group in [12], an element a € Ma(K)
is called aperiodic in [13] if for each compact subset H of K with A(H) > 0, there
exists N € N such that H N (H x{a}") = 0 for all n > N. Moreover, by [13, Corollary
3.3], the condition H N (H * {a~}") = @ also holds for all n > N if a € Ma(K) is
aperiodic. If K is a locally compact group, then HNHa" =0 and HNHa " = ( are
equivalent, which coincides with the definition of aperiodicity in [12].
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Now we are ready to give the characterization of topological multiple recurrence
for T, (see Theorem 2.1) below. To simplify the notations, for a € Ma(K), x € K
and n € N, we define

on(x) = f[lw * 5&’; (x) = wxsa)w(xxa®) - wlxxd"),
j=
and

1
w(x)w(xsxa=) - wles (a=)1)

n—1 -1
Bulx) 1= (H()w*esg(x)) -

THEOREM 2.1. Let K be a hypergroup and a € Ma(K) be aperiodic. Let w be
a weight on K with wyw™! € L*(K). Let 1 < p < e and let T,,, be a weighted
translation operator on LP(K). Then the following conditions are equivalent.

(1) T is topologically multiply recurrent.

(ii) For each N € N, and each compact subset H C K with A(H) > 0, there are a
sequence of Borel sets (Ey) in H, and a sequence (n;) C N such that A(H) =
klim A(Ey), and for 1 <I<N,

klim H(Plnk|EkH°<> = lim ”@lnk‘Ek”N =0.
o0 k—so0

Proof. (i) = (ii). Let H C K be a compact set with A(H) > 0. We denote by
xu € LP(K) the characteristic function on H. By aperiodicity of a, there is some
M €N such that HN (H * {a}") =0 forall n > M.

Let € € (0,1), and choose 0 < § < £ . Let U = {g € LP(K) : ||g — xul , < 67}
Given some N € N, by the assumption of topologically multiple recurrence, there exists

m > M such that
UNT, "U)NT, " (U)N-- 0T, N™(U) #0.
Hence, there exists a vector f € LP(K) such that
If = xllp < 8 and | T0F — xull, < &

for 1 <I<N. Let
A={xeH:|f(x)—1] >0}

and
={xeK\H:|f(x)| > 6}
Then
lf(x)|>1—-8 for xe H\A
and

|f(x)] <86 for xe(K\H)\B.
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From
& > |If =l = [ ) =207 aA ()
> [ 170 =11da ) > 5724),

one has A(A) < 67, and similarly, A (B) < 87
On the other hand, let

Cion = {x €H : |@uu(x) ™ flax (@™)™) — 1| > 8},

and
mi={x €H: |@u(x)f(x)] > 6}
Then
Pn(®) " fOex (@)™ >1-6  (xeH\Cpp)
and

em()|f ()] <8 (x€H\Dyp).

Moreover, A(C;,,) < 67 because
& > s = ully = [ 1T 0) = 2 ()P aA ()
P /C [wx)w(xxa ) w(xx (af)lmfl)f(x* (af)lm) —1|PdA(x)

—/ | @1 () 71 f (0% (@7)!™) — 1|PAA(x) = 8P A(Crm)-

One can obtain A (D;,,) < 6 by a similar argument.
By the properties of the sets A, B,Cju, Dy, and HN (Hx* {a”}'™) =0, we get

s (@)™ _ 8

O (x) < 5 <1-5 <F¢ for x€H\ (Cp,,U(Bx{a}™)
and
O (x) < L< 5 <g for xeH\(D;,UA).
" f)l 16 "
Set N
Ep = (H\A)\ | J((B*{a}"")UC,n UDyp).

=1

Then A(H\Ey) <4N6? and || @iy, [l < €. [|Qpmly, |l < €, which implies condition
(i1).

(ii) = (i). Let U be a nonempty open subset of L?(K). Since the space C.(K) of
continuous functions on K with compact support is dense in L”(K), we can choose a
function f € C.(K)NU. Let H be the (compact) support of /. Given some N, assume
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condition (ii) holds with respect to E; C H and the sequences (¢y,), (¢,). Then for
1<ILN,

T (Foe |
= wEow(rsa™) - wlxs (@)™ |P|f(ex (@)"™)PdA (x)

Ek*{u}l"k

= [ wxd"™wxsa™ 1) - w(xxa)|P|f(x)|PdA(x)
Ey
= /E P COf )P AR () < | @i, 2 1£115 — O
k
as k — oo. That limy_.. ||S w(fxEe,)|lp =0 can be obtained similarly. In addition,

||fXEk—fH§=/K\E [F)PdA(x) S AK\EQ|fII; — O

as k — oo,
For each k € N, let

Vi = f e+ Spk (fxe) + Satk(fxe,) + - -+ Shek(fxg,) € LP(K),

where S, is given by (1). Then

e = Fllp < f 28— f||p+2||Sl"" (el

and

78w = fllp < IT2 (el + 1T ™ (f %Ek)||p+"'+||T"k (F2Elp
I8 = Il + 1S5 L2 o+ -+ 188 " () -

Since the sequences {||Tugt(£726,)llpiz1.- {11725, —fllp}iz1 and {1Sa5(F260) )i
(1 e{1,2,- N}) tend to 0 (k — o) and f € U, we get for k large enough that

vieU, TukaeU ;vw vi € U, that is,

UNT i (U)N T3 (U) N AT (U) #0,
as required. [

EXAMPLE 2.2. Let G//H be the double coset space with the Haar measure A
on G//H, as defined in Example 1.4. Let w be a weight on G//H, and let HaH €
Ma(G//H) be aperiodic where a € G. Then

(HxH),

on(HxH) =[]w=&)
j=1
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n—1

—1
w aiguH (HXH)>
j=0

$u(HxH) = (
and the weighted translation is
Trarwf(HxH) = w(HxH)f(HxH « Ha"'H)

where x € G and f € LP(G//H). By Theorem 2.1, Tyup v is topologically multiply
recurrent if given each N € N, and each compact subset C C G//H with A(C) >0,
there are a sequence of Borel sets (Ey) in C and a sequence (n;) C N, such that 1(C) =
Jim A(Ey), and for 1< 1< N, 1im (gl = 1im |G|, = 0.

Taking N =1 in Theorem 2.1, we obtain the following result.

COROLLARY 2.3. Let K be a hypergroup and a € Ma(K) be aperiodic. Let w
be a weight on K with w,w™! € L”(K). Let 1 < p < oo and let T,,, be a weighted
translation operator on LP(K). Then the following conditions are equivalent.

(1) Ty is recurrent.
(ii) For each compact subset H C K with A(H) > 0, there are a sequence of Borel
sets (Ey) in H, and a sequence (n;) C N such that A(H) = klim A(Ey), and

klim H(p"k|EkH°<’ = lim ”ank‘Ek”N =0.
o0 k—so0

Applying similar arguments to those in the proof of Theorem 2.1, one can show
that topological mixing implies topological multiple recurrence.

COROLLARY 2.4. Let K be a hypergroup and a € Ma(K) be aperiodic. Let w be
a weight on K with wyw™! € L*(K). Let 1 < p < o and let T,,, be a weighted trans-
lation operator on LP(K). If T,,, is topologically mixing, then T,,, is topologically
multiply recurrent on LP (K).

Proof. Let € > 0, and let H be a compact set of K. Let U = {g € L?(K) :
g — xullp < 8%} where 0< 8 < T - By the assumption of topological mixing, there
exists some n € N such that

thw(U) NU #0
from n onwards. Hence, given N € N, there exist f; € U and m € N such that
Ifi—xull <8*  and  ||T)0fi— xull < 8°

for [ =1,2,---,N. By the same arguments in the proof of Theorem 2.1, one can deduce
1, is topologically multiply recurrent. []
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3. Transitivity

Next, we turn our attention to give the characterizations for weighted translation
operators on hypergroups to be simultaneously transitive and disjoint topologically tran-
sitive. Again, to simplify the notation, for ¢; € Ma(K), x € K and [,n € N, define

Ora(x le*5j —wl(x*al)w;(x*alz)-~-w1(x*af’),

and

-1
1
Prn(x) : (le* ) S ow)wy(xxay) - owy (o (g )t

THEOREM 3.1. Let K be a hypergroup, and let 1 < p < oo. Gwen some N > 2,
let a; € Ma(K) be aperiodic, and let w; be a weight on K with w;,w; " € L*(K) for
1 <IN. Let T =Ty, s, be the weighted translation on LP(K) generated by a; and
wy. Then the following conditions are equivalent.

1) T,T»,---, Ty are simultaneously transitive.
() T1,T»,---, Ty are disjoint topologically transitive.

(iii) For each compact subset H C K with A(H) > 0, there are a sequence of Borel
sets (Ey) in H, and a sequence (ny) C N such that A(H) = klim A(Ex), and for

1 <IN,
1 91, e = i [ 1 =0,

and for 1 < s<l<N

hmH (psnA*Snk q)lnk} HN:kli_IgH(qoh"k*aa?")'@"k}EkHw:O'

Proof. (iii) = (ii). Let U and V; be nonempty open subsets of L”(K) for 1 <1<
N. Since the space C.(K) of continuous functions on K with compact support is dense
in LP(K), choose f € C.(K)NU and g € C.(K)NV; for each . Let H be the union
of all the compact supports of f and g;. Assume condition (iii) holds with respect to
E; C H and the sequences (), (¢;,). As in the proof of Theorem 2.1, we have

klij(}OHfXEk —fllp= klEI(}o”ngEk =&l =0.
Also, for 1 <I <N,
HTl"k(fxEk)HZ = /Ek*{al}"k lwi(x)wy(x*a; ) wy(x* (af)nkil)‘”f(x* (a; )™)[PdA(x)
— [ bttt vt a) PR
!

= /E P, ) PAA(x) < Nl @un | NN
k
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Hence |7 (fxe,)|lp — 0 as k — oo. Let S; = Sq, , (see (1)).
Then limy_... ||S;* (¢xE,)||, = O because

1
~/Ek*{al}”k [wy (xx % ag)wy (x % alz) ey (o a?")|

<N @ g 12181l

IS (x5 = g (s @) |PdA ()

On the other hand, for 1 < s,/ <N with s # 1, we have
1T (S5 (gsxE)) 15
= [ w5 DIPISH e (e (a ) P x)

:/ wi(x)wi (e ap) - wiloe (@)%
lws (% (a; ) 5 ag)ws(xx (@ )% % a2) - wy(x* (@ )% x ag*)|P
|gsxE, (xx (a) )™ x ag*)[PdA(x)
lwi (o (ay )™ s @) Ywy (o (ay )™ = a)*~ h.. wl( x (a; )%« ap)|P

= |85 (x)|PdA(x)

[ws (e (g )= )wy (a0 (a )2 -+ ws (x) 7

_/ ‘(plnk x* ) (psnk( )|p|g5(X)|pd)L(x)
< ||(¢z,nk*5agk)-(Ps,nklgkllfngsHﬁ-

For each k € N, let
vie = fxE, + 7 (81xE,) + S5 (820E,) + - + Sy (v xE,) € LP(K).
Then
N
v = FIIP < I fxee = Fllp+ 218 (o)
=1

and

HTlnk"k—ngp
<N (fxe)llp 1T ST (@ixe )l + -+ IS g1 xg 5
+llgixe, — &illp+ 1S (reixe) lp + - - -+ 1T Sy (ev )l -

Hence lim;_.. vy = f and lim;_... Tlnk vp=g; for I =1,2,--- N, which implies
0AUNT, "(Vi)NT, (Vo) N---NTy ™ (V).

Therefore, T1,T>,- - -, Ty are disjoint topologically transitive.

(i) = (i). By definitions, disjoint topological transitivity implies simultaneous
transitivity automatically.

(i) = (iii). Assume that 71,73, - -, Ty are simultaneously transitive. Let H C K
be a compact set with A(H) > 0. By aperiodicity of a;, there is some M such that
HN(Hx{a;}")=0and HN(H*{a, }") =0 forall n> M.



452 C-C. CHEN

Let yy € LP(K) be the characteristic function of H. Let € € (0,1), and choose

0<d< 1% . By the assumption of simultaneous transitivity, there exist a vector f &

L?(K) and some m > M such that
|f =l <8 and |T7"f = ull, < &7
for I =1,2,...,N. As in the proof of Theorem 2.1, let
A:={x€eH:|f(x)—1]=8} and B:={xeK\H:|f(x)| >}
Then
If(x)|>1—=86 for xe H\A, and |f(x)|]<d for xe(K\H)\B

with A(A) < 87 and A(B) < 6”. On the other hand, observe that
& > |[17"f = ully = [ 1T7"40) = 2u(0)PdA ()
= [ ) e (@ )") = ()P aA ()
= [ 1001 0) s (o ) PR )

Let
Cim = {x€H 1 |@rm(x) flxx(a))™) — 1| > 8}
and
Dy :={x€H : | umx)f(x)] > 6}
Then
Pn() " fCox (@) >1-8  (x€H\Ci)
and

Cm)|f () <&  (xeH\Dpp).

Moreover, A(C; ;) < 87 and A(Dy,,) < 6. Indeed, for instance, the estimate A (C; ) <
o” (that A(D;,,) < 87 can be analogously proved) can be deduced by

5 HT;"f—xHHZ=/K|T{"f(x)—x1<(x)|1’dux>

> / wi(x)wr (e (@) - wilex (@ )" 1) f ok (a)™) = 1PdA(x) = 8P A(Cym).-

1m

Hence, making use of HN (H x{a;}") =0 and H N (H % {a, }"") = 0, we arrive at

i) < LI 8o on H\ (U B {a))

and

<—=<e& on H\ (Dy,,UA).
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In the next step, we will demonstrate the other two weight conditions for 1 <s </ <N.
Let

Fom:={x €K\ H: |@sn(x)”" fx*(a;)")| > 6}
for 1 <s<I<N.Then

|W.Y(X)W.Y(X*a§)"'W.Y(X*(aS)mfl)f(X*( )<
n (Hx{a; }"«{as}")\ Fsm C K\H
which says
lws(x (a; )" *dy") - ws(xx(a; )" *ag) f(xx(a; )")] <6 on H\ (Fym*{a}"«{as }").
Also, A (Fy,,) < 67 because

& > [T =l > [ 1) d )
= / wy()ws (xxay ) - wyloe (@)™ ) f (e (g )")[PdA(x) = 8P A(Fym).
Fv,m
On the other hand, by the definition of Cj,,, we get

Wi (x)wy(xxa; ) wyxx (@)™ ) flxx(a)™) =1 <8 on H\Cpp.

Combining all these, for 1 <s <I <N and x € H\ ((Fynx{a;}" *{a; }"")UC; ), we
obtain

ws(x (a; )" xal) - - -wy(x* (a, )" *ay)

(
wi()wy(xxa; ) - wy(xx (a7 )m1)
Cows(aex (@) xal) - owg(xx (@) )" xag) | f ok ()™ )
N wi(x)wy(xsa; ) - -wy(axx (a7 )1 f (e (a7 )™)] < 1-6 <€

Therefore,

Qos,m(x*(az_)m)'al,m( )<e on H\((Fsm*{a}"*{a; }" JUCm)-
Similarly, one has
wie)wr(xxa; ) - wi(oex (@ )" ) fes (a )" <8 on (Hx{ag }"s{ar}"™)\ Fim.
That is,
wi(xx (ag )™ xaf') - -wi(xx (ag)" *ar) f(x+ (a;)")] < 6
on  H\ (Fj,x{as}" «{a; }").
Hence, for 1 <s <! <N and x € H\ ((F * {as}"" * {a; }"") UCsm), we get

wi(xx (ag )" xa)") - wi(xx (ag )" *ap)
(X)Ws(x*as_)' wi(xx (ag )mt)
wi(xx (ag )" = af) - wi(xx (ag )" = ap) | f(xx (ag)")] 5
ws(X)ws(xxas ) - ws(xx (ag )™ 1)[ f(xx (as)™)] 180 ®
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which implies

Prm (x5 (a5)") - Qsm(x) <& on H\((Fmx{as}™*{a; }")UCsm).
Finally, put

En=(H\A)\ U ((B*{a}")UCimUDim)

1<IKN
\ U (Fms{a) s {ag }") U (Fmx{as}" = {a; }").
1<s<I<N
Then
AH\En) <6N*87, | @uumly, llo <& @l [l <&,
and
H(qos,m * Su;”) ' ¢l,m’Em Hm <§g, H(q’hm * 5ag,") ' ¢s,m’Em Hm <E,

which proves condition (iii). [

By replacing the subsequence (n;) with the full sequence (n) in the proof of
Theorem 3.1, we can demonstrate that simultaneous mixing is equivalent to disjoint
topological mixing. That is, we obtain the following.

COROLLARY 3.2. Let K be a hypergroup, andlet 1 < p < oo. Given some N > 2,
let a; € Ma(K) be aperiodic, and let w; be a weight on K with w;,w; ' € L*(K) for
L<IKN. Let T} = T, v, be the weighted translation on LP (K) generated by a; and
wy. Then the following conditions are equivalent.

1) T,T»,---, Ty are simultaneously mixing.
() T1,T»,---, Ty are disjoint topologically mixing.

(iii) For each compact subset H C K with A(H) > 0, there exists a sequence of Borel
sets (E,) in H such that A(H) = lim A(E,),

5 g1, o = Tim [y, o =0
for 1 <IN, and

=0

=t 8-l

n [loo

hm H (P\n*(sal) (Pln’
Jor 1 <s<I<N.
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