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Abstract. Let X and Y be two infinite dimensional Banach spaces and B(X ) (resp. B(Y ) )
be the algebra of bounded linear operators on X (resp. Y ). For T ∈B(X ) and x∈X , σT (x)
denotes the local spectrum of T at x . Fix an integer k � 2 , and let A1 ∗A2 ∗ . . . ∗Ak stand for
a generalized product of any k operators A1, A2, . . . , Ak ∈ B(X ) . Given two nonzero vectors
x0 ∈ X and y0 ∈ Y , in this paper, we characterize all surjective maps ϕ : B(X ) → B(Y )
which satisfy

σA1∗A2∗...∗Ak (x0) = σϕ(A1)∗ϕ(A2)∗...∗ϕ(Ak)(y0)

for any A1, A2, . . . , Ak ∈ B(X ) .

1. Introduction

Throughout this paper, X and Y denote two infinite dimensional Banach spaces.
Let B(X ) and B(Y ) be the algebras of all bounded linear operators on X and Y ,
respectively. We use X ∗ to denote the dual space of X . For T ∈ B(X ) , T ∗ stands
for the adjoint operator of T . F (X ) denotes the set of all finite rank operators in
B(X ) . Given a positive integer n , Fn(X ) denotes the set of all operators of rank
at most n . For nonzero f ∈ X ∗ and nonzero x ∈ X , x⊗ f stands for the rank one
operator on X , which is defined by (x⊗ f )z = f (z)x for any z ∈ X . Note that every
nonzero operator in F1(X ) can be written in this form. Especially, the trivial operator
0 in F1(X ) can be written in the form x⊗ f if and only if x = 0 or f = 0. Let N1(X )
denote the set of all nilpotent operators in F1(X ) . It is obvious that x⊗ f ∈ N1(X )
if and only if f (x) = 0. For T ∈ B(X ) and x ∈ X , the local resolvent set of T at
x , denoted by ρT (x) , is the union of all open subsets U of C for which there is an
analytic function φ : U → X such that (T −λ I)φ(λ ) = x for any λ ∈U . The local
spectrum of T at x is defined by σT (x) := C\ρT (x) , and is obviously a closed subset
of σ(T ) . The properties of local spectrum have close connections with single valued
extension property. Recall that T ∈ B(X ) is said to have single valued extension
property, SVEP for short, at λ0 ∈ C , if for every open set U ⊆ C centered at λ0 , the
only analytic solution f (·) : U → X of the equation (T −λ I) f (λ ) = 0 for all λ ∈U

Mathematics subject classification (2020): 47B49, 47A10, 47A11.
Keywords and phrases: Preserve problem, local spectrum, linear preserve.
This research is supported by the Fundamental Research Funds for the Central Universities (SWU-24028) and the

Research Foundation of Chongqing Educational Committee (KJQN202400205).

c© � � , Zagreb
Paper OaM-19-30

467

http://dx.doi.org/10.7153/oam-2025-19-30


468 L. YANG

is the zero function on U . If T possesses SVEP at every λ0 ∈ C , then we call T has
SVEP. It is obvious that every operator whose interior of point spectrum is empty enjoys
this property. The interested reader is referred to [3] and [17] for more details.

Preserver problems aim to characterize those linear or nonlinear maps on opera-
tor algebras preserving certain properties, subsets, or relations. The study of linear or
nonlinear preserver problems has a long history and has established many remarkable
results in past decades. The spectrum of an operator is a very fundamental and key con-
cept in operator theory. Many authors have studied linear or additive maps preserving
the spectrum as well as certain parts of the spectrum. For example, the authors in [15]
showed that additive maps on standard operator algebras preserving parts of spectrum is
either an isomorphism or an anti-isomorphism. Later, Bourhim and Ransford firstly put
the local spectrum as the invariants of an automorphism or an anti-isomorphism on the
algebra of all bounded linear operators on a Banach space (cf. [12]). After that, Costara
in [13] described surjective linear maps on B(X ) which preserve operators of local
spectral radius zero at points of X . Then Bourhim and Mashreghi extended this result
to the nonlinear setting (cf. [6]). For more details on the preserver problems of local
spectrum, see the survey article [9]. What’s more, in [2, 4, 5, 10], maps on the alge-
bra Mn(C) of all n×n complex matrices preserving the local spectrum of the product,
triple product, Jordan product and quadratic product of matrices have been character-
ized. Moreover, in [7, 8], the authors obtained the forms of all maps preserving the
local spectrum at some fixed vectors of products and triple products of operators.

Recently, there have been a lot of results describing the forms of mappings that
preserve the generalized product of operators; see for example [1, 14, 16, 19] and the
references therein. In this paper, we propose to characterize the form of maps that
preserve the local spectrum at fixed point of generalized product of operators, which
generalizes the results in [7, 8].

For an integer k � 2, let (i1, i2, . . . , im) be a finite sequence with terms chosen
from {1, 2, . . . , k} such that {i1, i2, . . . , im} = {1, 2, . . . , k} and at least one of the
terms in (i1, i2, . . . , im) appears exactly once. The generalized product of k operators
A1, A2, . . . , Ak ∈ B(X ) is defined by

A1 ∗A2 ∗ . . . ∗Ak = Ai1Ai2 . . .Aim ,

m is called the width of the generalized product. Evidently, the generalized product
includes the usual product and the triple product.

The following theorem is the main result of this paper.

THEOREM 1. Let x0 ∈X and y0 ∈Y be two nonzero vectors. Let ϕ : B(X )→
B(Y ) be a surjective map. Then

σϕ(T1)∗ϕ(T2)∗...∗ϕ(Tk)(y0) = σT1∗T2∗...∗Tk (x0)

for any T1, T2, . . . , Tk ∈ B(X ) if and only if there exist a bijective bounded linear
mapping A from X into Y and some λ ∈ C with λ m = 1 such that Ax0 = y0 and
ϕ(T ) = λATA−1 for any T ∈ B(X ) .
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Note that the only restriction on the map ϕ is the surjectivity; no linearity or
additivity or continuity is assumed. In fact, the surjectivity condition on ϕ could be
relaxed if one assumes that the range of ϕ contains the ideal of finite rank operators
of B(Y ) . We also would like to point out that if X and Y are isomorphic Banach
spaces, then the statements of the above result can be reduced to the case when X = Y
and x0 = y0 . But the fact that X and Y are isomorphic is a part of the conclusion of
the above theorem but not of its hypothesis.

Let A, B∈B(X ) . Set Aip = B and Aij = A for j �= p where ip appears only once
in (i1, i2, . . . , im) . Then A1∗A2∗ . . . ∗Am = ArBAs for some nonnegative integers r and
s with r + s = m−1. This shows that the condition in Theorem 1 is more stronger. So
Theorem 1 is a consequence of the following one.

THEOREM 2. Let x0 ∈ X and y0 ∈ Y be two nonzero vectors and let r and s
be two nonnegative integers with r + s � 1 . Let ϕ : B(X ) → B(Y ) be a surjective
map. Then

σϕ(T )rϕ(S)ϕ(T )s(y0) = σTrST s(x0)

for any T, S ∈ B(X ) if and only if there exist a bijective bounded linear mapping A
from X into Y and some λ ∈ C with λ r+s+1 = 1 such that Ax0 = y0 and ϕ(T ) =
λATA−1 for any T ∈ B(X ) .

2. Preliminaries and auxiliary results

In this section, we collect some results that will be used in the proof of the main
result. The following lemma summarizes some basic properties of the local spectrum
and the proof can be found in [3, 17].

LEMMA 1. Let T ∈B(X ) , x, y∈X and α ∈C . Then the following statements
hold:

(i) if T has SVEP, then σT (x) �= /0 provided x �= 0 ;
(ii) σT (αx) = σT (x) if α �= 0 ; σαT (x) = ασT (x);
(iii) σT (x+ y)⊆ σT (x)∪σT (y) and the equality holds if σT (x)∩σT (y) = /0 ;
(iv) If T satisfies SVEP, x �= 0 and Tx = λx for some λ ∈ C , then σT (x) = {λ} ;
(v) If T satisfies SVEP and Tx = αy, then σT (y) ⊆ σT (x) ⊆ σT (y)∪{0} ;
(vi) If R ∈ B(X ) and TR = RT , then σT (Rx) ⊆ σT (x);
(vii) σTn(x) = {σT (x)}n for any x ∈ X and n � 1 .

Let T ∈ B(X ) and x0 be a nonzero vector in X . The following symbol, which
was introduced in [7, 8], is useful in the sequel. That is,

σ∗
T (x0) =

{
{0}, if σT (x0) = {0},

σT (x0)\ {0}, if σT (x0) �= {0}.

The following lemma is useful in the characterization of the map ϕ .
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LEMMA 2. Let R∈F1(X ) , x0 ∈X be a nonzero vector and let r and s be two
nonnegative integers with r+ s � 1 . Then for any T, S ∈ B(X ) we have

σ∗
Rr(T+S)Rs(x0) = σ∗

RrTRs(x0)+ σ∗
RrSRs(x0).

Proof. Let R = x⊗ f with x ∈ X and f ∈ X ∗ . Then

Rr(T +S)Rs = f (x)r+s−2 f (Tx+Sx)x⊗ f .

So,
σ∗

Rr(T+S)Rs(x0)

= f (x)r+s−2 f (Tx+Sx)σ∗
x⊗ f (x0)

= f (x)r+s−2 f (Tx)σ∗
x⊗ f (x0)+ f (x)r+s−2 f (Sx)σ∗

x⊗ f (x0)

= σ∗
RrTRs(x0)+ σ∗

RrSRs(x0). �

The following theorems give the characterizations on the rank one operators and
identity principles by using the local spectrum, which are useful in the proof of the main
result and are of interest in their own right.

THEOREM 3. Let x0 be a nonzero vector of X and R ∈ B(X ) and let r and s
be two nonnegative integers with r+ s � 1 . Then the following statements are equiva-
lent.

(i) R ∈ F1(X );
(ii) σ∗

TrRTs(x0) contains only one element for any T ∈ B(X ) .

Proof. (i)⇒ (ii) If R = 0, then σ∗
TrRTs(x0) = {0} for any T ∈B(X ) . If R �= 0,

then T rRTs has rank one for any T ∈ B(X ) . So, σ∗
TrRTs(x0) is a singleton.

(ii) ⇒ (i) Suppose on the contrary that R has rank at least two, and let us discuss
two cases.

Case 1. There exist two vectors x1, x2 ∈ X such that {x0, Rx1, Rx2} is a linearly
independent subset of X .

Now, we could take x ∈ X such that {x, x0, Rx1, Rx2} forms a linearly indepen-
dent set. Let Rx = u , Rx0 = v1 , Rx1 = y1 and Rx2 = y2 .

Assume that s = 0 and r � 1. If r = 1, then we use M to denote the closed
subspace spanned by u and v1 . Put X = M ⊕K . Define T ∈ B(X ) as⎧⎪⎨

⎪⎩
Tu = x,

Tv1 = 2x0− x,

Tz = 0, ∀z ∈ K .

Clearly, T is finite rank and satisfies TRx = x and TRx0 = 2x0 − x . Then we have
σTR(x) = {1} and σTR(x0 − x) = {2} . From Lemma 1 we get σ∗

TR(x0) = {1, 2} , a
contradiction.
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If r � 2, then we take {v2 : 2 � i � r}⊆X . Put M be the closed linear subspace
spanned by the vectors {u, x, vi : 1 � i � r} and X = M ⊕K . Define T ∈ B(X )
as ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Tu = x,

Tx = x,

Tvi = vi+1, 1 � i � r−1,

Tvr = 2x0− x,

Tz = 0, ∀z ∈ K .

Then T is finite rank and satisfies that T rRx = x and T rRx0 = 2x0 − x . So, T rR(x0 −
x) = 2(x0 − x) . It follows that σTrR(x) = {1} and σTrR(x0 − x) = {2} . Then we get
σ∗

TrR(x0) = {1, 2} , a contradiction again.
Under the case where r = 0 and s � 1, by using the technique in the proof of [8,

Theorem 4.1], we could find some finite rank T ∈ B(X ) such that σ∗
RTs(x0) consists

of two elements, which reaches a contradiction again.
Assume r � 1 and s � 1. Without loss of generality, we assume r � 2. Then we

take two sets of vectors {hi : 1 � i � r− 1} and {ki : 1 � i � r− 1} . Put M be the
closed subspace spanned by the vectors {x, y1, y2, x j, hi, ki : 0 � j � 2, 1 � i � r−1}
and X = M ⊕K . Define T ∈ B(X ) as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Tx = x2,

Tx0 = x1,

Tx j = x j, j = 1,2,

Ty1 = h1,

Ty2 = k1,

Thi = hi+1, 1 � i � r−2,

Tki = ki+1, 1 � i � r−2,

Thr−1 = 2x0− x,

Tkr−1 = x,

Tz = 0, ∀z ∈ K .

Then T is finite rank and it is trivial to check that T rRT sx = x and TrRTsx0 = 2x0−x .
So, T rRT s(x0 − x) = 2(x0 − x) . It follows that σTrRTs(x) = {1} and σTrRTs(x0 − x) =
{2} . By Lemma 1 we obtain that σ∗

TrRTs(x0) = {1, 2} , a contradiction.

Case 2. {x0, Rx1, Rx2} is a linearly dependent subset of X for any x1, x2 ∈ X .
Now, we see that R is rank two and x0 ∈ ran(R) . So, there are two linearly

independent vectors x1, x2 ∈ X such that x0 = α1x1 + α2x2 , where α1, α2 ∈ C and
not both zero. Also, we can find f1, f2 ∈ X ∗ such that R = x1 ⊗ f1 + x2 ⊗ f2 . Put
Rx1 = y1 and Rx2 = y2 .

Assume that α1 �= 0 and α2 �= 0. If r � 1 and s = 0, then we take vectors {zi :
1 � i � r−1} and {wi : 1 � i � r−1} . Let M be the subspace spanned by {y j, zi, wi :
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j = 1, 2, 1 � i � r−1} and let X = M ⊕K . Define T ∈ B(X ) as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ty1 = z1,

Ty2 = w1,

Tzi = zi+1, 1 � i � r−2,

Twi = wi+1, 1 � i � r−2,

Tzr−1 = x1,

Twr−1 = 2x2,

Tz = 0, ∀z ∈ K .

Then by calculation we get T rRx1 = x1 and T rRx2 = 2x2 . It follows that σ∗
TrR(x0) =

{1, 2} , a contradiction.
If r = 0 and s � 1, then similar to the process above we could construct an operator

T ∈ B(X ) such that σ∗
RTs(x0) = {1, 2} , which reaches a contradiction again.

If r � 1 and s � 1, then we take two sets of vectors {hi : 1 � i � r−1} and {ki :
1 � i � r− 1} . Put M be the closed subspace spanned by the vectors {x j, y j, hi, ki :
j = 1, 2, 1 � i � r−1} and X = M ⊕K . Define T ∈ B(X ) as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Tx j = x j, j = 1,2,

Ty1 = h1,

Ty2 = k1,

Thi = hi+1, 1 � i � r−2,

Tki = ki+1, 1 � i � r−2,

Thr−1 = x1,

Tkr−1 = 2x2,

Tz = 0, ∀z ∈ K .

It is easy to check that T rRT sx1 = x1 and T rRT sx2 = 2x2 . So, σ∗
TrRTs(x0) = {1, 2} , a

contradiction.
If α1 �= 0 and α2 = 0, then x0 = α1(x1 − x2) + α1x2 and R = (x1 − x2)⊗ f1 +

x2 ⊗ ( f1 + f2) . Using the process above, we could find some T ∈ B(X ) such that
σ∗

TrRTs(x0) contains two elements, a contradiction again.
Similarly, we could obtain the result under the assumption that α1 = 0 and α2 �=

0. �

THEOREM 4. Let A, B ∈ B(X ) and 0 �= x0 ∈ X and let r and s be two non-
negative integers whose sum is at least 1. Then the following statements are equivalent.

(i) A = B;
(ii) σTrATs(x0) = σT rBTs(x0) , for any T ∈ B(X );
(iii) σTrATs(x0) = σTrBTs(x0) , for any T ∈ F1(X ) ;
(iv) σTrATs(x0) = σTrBTs(x0) , for any T ∈ F1(X )\N1(X );
(v) σ∗

TrATs(x0) = σ∗
TrBTs(x0) , for any T ∈ F1(X )\N1(X ) .



LOCAL SPECTRUM OF GENERALIZED PRODUCT OF OPERATORS 473

Proof. It is obvious that (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (v) . Next we show (v) ⇒
(i) . Take any T ∈ F1(X ) \N1(X ) . Then T = x⊗ f , where x ∈ X , f ∈ X ∗ and
f (x) �= 0. Then T rAT s = f (x)r+s−2 f (Ax)x⊗ f and T rBT s = f (x)r+s−2 f (Bx)x⊗ f . If
f (x0) �= 0, then

{ f (x)r+s−2 f (Ax)} = σ∗
TrATs(x0) = σ∗

TrBTs(x0) = { f (x)r+s−2 f (Bx)}.

So we get f (Ax) = f (Bx) . If f (x0) = 0, then we could take g ∈ X ∗ such that
g(x0) �= 0, g(x) �= 0 and g(x) �= − f (x) . Now, ( f + g)(x0) �= 0 and ( f + g)(x) �= 0.
By the process as above, we obtain g(Ax) = g(Bx) and ( f + g)(Ax) = ( f + g)(Bx) .
So, f (Ax) = f (Bx) . This tells us that f (Ax) = f (Bx) , for any x ∈ X , f ∈ X ∗ with
f (x) �= 0.

If f (x) = 0, then we could find f1, f2 ∈ X ∗ such that f = f1 + f2 and f1(x) �= 0,
f2(x) �= 0. Thus, we get f1(Ax) = f1(Bx) and f2(Ax) = f2(Bx) , and so f (Ax) = f (Bx) .
Therefore, the equality f (Ax) = f (Bx) holds for any x ∈ X and f ∈ X ∗ . By the
arbitrariness of x and f we obtain A = B . �

3. Proof of Theorem 2

In this section, we will display the proof of Theorem 2, which is influenced by
ideas from [7, 8].

Proof of Theorem 2. In the following, we will give the proof from several steps.

Step 1. ϕ is injective and ϕ(0) = 0.
Assume that ϕ(A) = ϕ(B) . Then for any T ∈ B(X ) , we have

σTrATs(x0) = σϕ(T )rϕ(A)ϕ(T)s(y0) = σϕ(T )rϕ(B)ϕ(T )s(y0) = σTrBTs(x0).

From the surjectivity of ϕ and Theorem 4 we obtain A = B .
Take any T ∈ B(X ) . It is clear that

σϕ(T )r0ϕ(T )s(y0) = {0} = σTr0Ts(x0) = σϕ(T )rϕ(0)ϕ(T)s(y0).

By using Theorem 4 again we get ϕ(0) = 0.
Now, ϕ is bijective and ϕ−1 possesses the same properties as ϕ .

Step 2. ϕ preserves rank one operators in both directions.
Take any rank one operator R ∈ B(X ) . Then from Theorem 3 we see that

σTrRTs(x0) contains only one element for any T ∈B(X ) . Note that σϕ(T )rϕ(R)ϕ(T )s(y0)
= σTrRTs(x0) . Then σϕ(T )rϕ(R)ϕ(T)s(y0) contains only one element for any T ∈B(X ) .
It follows from the surjectivity of ϕ and Theorem 3 that ϕ(R) ∈ F1(X ) . From step 1
we obtain that ϕ(R) has rank one. Since ϕ−1 has the same properties as ϕ , it follows
that ϕ preserves rank one operators in both directions.
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Step 3. ϕ is linear.
Take any A, B ∈ B(X ) . For any R ∈ F1(X ) , we have

σ∗
ϕ(R)rϕ(A+B)ϕ(R)s(y0)

= σ∗
Rr(A+B)Rs(x0)

= σ∗
RrARs(x0)+ σ∗

RrBRs(x0)
= σ∗

ϕ(R)rϕ(A)ϕ(R)s(y0)+ σ∗
ϕ(R)rϕ(B)ϕ(R)s(y0)

= σ∗
ϕ(R)r(ϕ(A)+ϕ(B))ϕ(R)s(y0).

It follows from Theorem 4 that ϕ(A+B) = ϕ(A)+ ϕ(B) .
Take any A ∈ B(X ) and λ �= 0. For any T ∈ B(X ) , we have

σϕ(T )rλ ϕ(A)ϕ(T)s(y0)

= λ σϕ(T )rϕ(A)ϕ(T)s(y0)

= λ σTrATs(x0)
= σTr(λA)Ts(x0)

= σϕ(T )rϕ(λA)ϕ(T)s(y0).

Using Theorem 4 again we obtain ϕ(λA) = λ ϕ(A) .
If λ = 0, then ϕ(λA) = ϕ(0) = 0 = λ ϕ(A) , ∀A ∈ B(X ) . Thus, ϕ is linear and

so ϕ preserves F (X ) in both directions.

Step 4. ϕ(I) = αI for some α ∈ C with αr+s+1 = 1.
Assume ϕ(R) = I for some R ∈ B(X ) . It is easy to see that the equality

{σT (x0)}r+s+1 = σTr+s+1(x0) = σϕ(T )r+s+1(y0) = {σϕ(T)(y0)}r+s+1 (1)

holds for any T ∈B(X ) . To prove step 4, we firstly give the following two assertions.

Claim 1. For any x ∈ X , Rx is either linearly dependent with x or x0 .
In fact, suppose that there is x∈X such that Rx is linearly independent with both

x and x0 . Take f1 ∈X ∗ with f1(Rx) = 0, f1(x) �= 0 and f1(x0) �= 0. Put T1 = x⊗ f1 .
Then we have Tr

1 RTs
1 (x0) = 0. So,

{0} = σTr
1 RTs

1
(x0) = σϕ(T1)rϕ(R)ϕ(T1)s(y0) = σϕ(T1)r+s(y0) = {σϕ(T1)(y0)}r+s.

From (1) we obtain σT1(x0) = {0} . Note that T1x0 = f1(x0)x . From Lemma 1 we have
σT1(x) = {0} . Since T1x = f1(x)x , it follows that σT1(x) = { f1(x)} �= {0} , a desired
contradiction.

Claim 2. Rx is linearly independent with x0 , for any x ∈ X .
If not, then there exist some x∈X and β ∈C such that Rx = βx0 . If β = 0, then

Rx = 0. Now, we take f2 ∈ X ∗ such that f2(x) = f2(x0) = 1. Set T2 = x⊗ f2 . It is
easy to check that Tr

2 RTs
2 (x0) = 0. Using the process as in the proof of Claim 1 we get

σT2(x0) = {0} . Note that T2x0 = x . So, from Lemma 1 we get σT2(x)⊆ {0} . However,
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from the fact T2x = x we could obtain σT2(x)= {1} , a contradiction. This shows β �= 0.
Take f3 ∈ X ∗ such that f3(x0) = 1 and f3(x) = 2β . Put T3 = x⊗ f3 . By calculation
we get T r

3 RTs
3 (x) = β (2β )r+s−1x , from which we obtain σTr

3 RTs
3
(x) = {β (2β )r+s−1} .

Besides, T r
3 RTs

3 (x0) = β (2β )r+s−2x . So, σTr
3 RTs

3
(x) ⊆ σTr

3 RTs
3
(x0) ⊆ σTr

3 RTs
3
(x)∪{0} .

Combining this with (1) we get σ∗
ϕ(T3)(y0) = {μ} , where μ r+s = β (2β )r+s−1 . On the

other hand, since T3x = 2βx , it follows that σT3(x) = {2β} . Besides, from T3x0 = x we
get {2β} ⊆ σT3(x0) ⊆ {0, 2β} and so σ∗

T3
(x0) = {2β} . By using (1) we get μ = 4β .

So, (4β )r+s = 2r+s−1β r+s and then r+ s = −1, a contradiction.
From Claim 1 and Claim 2, we get that Rx is linearly dependent with x , for any

x∈X . So, there is γx ∈C such that Rx = γxx , ∀x∈X . Take two linearly independent
vectors x and y in X . Then R(x+y)= γx+y(x+y)= γx+yx+γx+yy . On the other hand,
R(x+ y) = Rx+Ry = γxx+ γyy , which shows that γx = γx+y = γy . Thus, the constant
γx is independent of the vector x , that is to say, there is some γ ∈ C such that Rx = γx ,
∀x ∈ X . Therefore, R = γI . From equation (1) we get γr+s+1 = 1. Put α = γ−1 .
From the linearity of ϕ we obtain that ϕ(I) = αI and αr+s+1 = 1.

Now, it is easy to prove that

σT (x0) = αr+sσϕ(T )(y0) (2)

for any T ∈ B(X ) .

Step 5. ϕ has the desired form.
From [18, Theorem 3.3] we get that either there are bijective mappings A : X →

X and B : X ∗ → X ∗ such that

ϕ(x⊗ f ) = Ax⊗B f , ∀x ∈ X , ∀ f ∈ X ∗,

or there are bijective mappings C : X ∗ → X and D : X → X ∗ such that

ϕ(x⊗ f ) = C f ⊗Dx, ∀x ∈ X , ∀ f ∈ X ∗.

Next, we show that the second form cannot occur. Suppose that ϕ(x⊗ f ) = C f ⊗
Dx for any x∈X and f ∈X ∗ . Take g∈Y ∗ such that g(y0) = 0. Set x = D−1g∈X .
Take f ∈ X ∗ such that f (x0) �= 0 and f (x) �= 0. Put T = x⊗ f . Then we have
σ∗

T (x0) = { f (x)} �= {0} . On the other hand, it is clear that σ∗
ϕ(T )(y0) = σ∗

C f⊗Dx(y0) =
σ∗

C f⊗g(y0) = {0} since g(y0) = 0. This contradicts with (2).
In the following, we firstly claim that

f (x) = αr+s(B f )(Ax), ∀x ∈ X , ∀ f ∈ X ∗.

In fact, take any f ∈ X ∗ and any x ∈ X . If f (x0) �= 0, then

{0} �= { f (x0)} = σx0⊗ f (x0) = αr+sσϕ(x0⊗ f )(y0) = αr+sσAx0⊗B f (y0),

from which we get (B f )(y0) �= 0. Besides, we have

{ f (x)} = σ∗
x⊗ f (x0) = αr+sσ∗

Ax⊗B f (y0) = {αr+s(B f )(Ax)}.
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So, f (x) = αr+s(B f )(Ax) for any x∈X and any f ∈X ∗ with f (x0) �= 0. If f (x0) =
0, then we take g ∈ X ∗ such that g(x0) �= 0. From the process above, we could get
g(x) = αr+s(Bg)(Ax) and ( f +g)(x) = αr+s(B( f +g))(Ax) . By easy calculation, we
obtain f (x) = αr+s(B f )(Ax) . The claim is proved.

Next, we show A is continuous and B = α−1(A−1)∗ .
Suppose that {xn} ⊆ X such that xn → x and Axn → y as n → ∞ . For any

f ∈ X ∗ , we have

(B f )y = lim
n→∞

(B f )(Axn) = lim
n→∞

α−1 f (xn) = α−1 f (x) = (B f )(Ax).

By the arbitrariness of f we get y = Ax , which shows that A is continuous. Besides,
by the claim above we obtain B = α−1(A−1)∗ . Thus, ϕ(x⊗ f ) = α−1A(x⊗ f )A−1 ,
for any x ∈ X and any f ∈ X ∗ . Next, we prove that Ax0 is linearly dependent with
y0 . Otherwise, there exists some f ∈ X ∗ such that f (x0) = 1 and f (A−1y0) = 0. Put
T = x0⊗ f . It is easy to check that σT (x0) = {1} and σATA−1(y0) = {0} . On the other
hand, by (2) we have

σT (x0) = αr+sσϕ(T )(y0) = αr+sσα−1A(x0⊗ f )A−1(y0) = σA(x0⊗ f )A−1(y0),

which gives a contradiction. Therefore, Ax0 = ηy0 for some η �= 0. Without loss
of generality, we may assume η = 1, i.e., Ax0 = y0 . For any T ∈ B(X ) and any
R ∈ F1(X ) , we have

σϕ(R)r(α−1ATA−1)ϕ(R)s(y0)

= σARrA−1(ATA−1)ARsA−1(y0)

= σARrTRsA−1(y0)

= σRrTRs(A−1y0)
= σRrTRs(x0)
= σϕ(R)rϕ(T )ϕ(R)s(y0).

From Theorem 4 we obtain that ϕ(T )= α−1ATA−1 for any T ∈B(X ) . Put λ = α−1 .
Then λ r+s+1 = 1 and ϕ(T ) = λATA−1 for any T ∈ B(X ) . �

REMARK 1. (i) Fix two nonzero vectors x0 ∈ X and y0 ∈ Y . In [11], Bourhim
and Lee described the forms of any two maps ϕ1 and ϕ2 from B(X ) onto B(Y )
satisfy

σϕ1(S)ϕ2(T )(y0) = σTS(x0)

for any T, S ∈ B(X ) . Fix an integer k � 2, take A1 = S , A2 = T and all other
A′

is are I . Assume that i1 and i2 appear exactly once in (i1, i2, · · · , im) . Without
loss of generality, let i1 = 1 and i2 = 2. Then A1 ∗A2 ∗ · · · ∗Ak = ST and ϕ(A1) ∗
ϕ(A2) ∗ · · · ∗ ϕ(Ak) = ϕ(S)ϕ(T )ϕ(I)m−2 . The condition of Theorem 1 implies that
σϕ(S)ϕ(T )ϕ(I)m−2(y0) = σST (x0) . Thus, the result in [11] applies to ϕ1(·) = ϕ(·) and

ϕ2(·) = ϕ(·)ϕ(I)m−2 .
(ii) In finite-dimensional cases, one can get rid of the surjectivity condition. For

related results, see [2] and [10].
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