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MAPS PRESERVING THE LOCAL SPECTRUM
OF GENERALIZED PRODUCT OF OPERATORS

LILI YANG

(Communicated by E. Poon)

Abstract. Let 2" and % be two infinite dimensional Banach spaces and %(.2") (resp. B(¥))
be the algebra of bounded linear operators on 2" (resp. #'). For T € (2") and x€ 2", or(x)
denotes the local spectrum of 7" at x. Fix an integer £ > 2, and let A| %A ... xA; stand for
a generalized product of any k operators Ay, A, ..., Ay € B(Z"). Given two nonzero vectors
X0 € 2 and yo € %, in this paper, we characterize all surjective maps ¢ : Z(2°) — B(¥)
which satisfy

O+, (X0) = O, )sp(ay)r...xp(a) (Y0)

forany Ay, Az, ..., Ar € B(Z).

1. Introduction

Throughout this paper, 2~ and % denote two infinite dimensional Banach spaces.
Let B(2") and (%) be the algebras of all bounded linear operators on 2" and %/,
respectively. We use 2 to denote the dual space of 2. For T € (%), T* stands
for the adjoint operator of T. % (2Z") denotes the set of all finite rank operators in
PB(Z). Given a positive integer n, %,(Z") denotes the set of all operators of rank
at most n. For nonzero f € 2™ and nonzero x € 2, x® f stands for the rank one
operator on 2", which is defined by (x® f)z = f(z)x forany z € 2. Note that every
nonzero operator in .%] (Z") can be written in this form. Especially, the trivial operator
0in %1 (Z") canbe written in the form x® f if and only if x=0 or f =0. Let A41(2")
denote the set of all nilpotent operators in %1 (Z"). It is obvious that x® f € A (Z")
if and only if f(x) =0. For T € #(2") and x € 2", the local resolvent set of T at
x, denoted by pr(x), is the union of all open subsets U of C for which there is an
analytic function ¢ : U — 2" such that (T —AI)¢(A) =x forany A € U. The local
spectrum of T at x is defined by o7 (x) := C\ pr(x), and is obviously a closed subset
of o(T). The properties of local spectrum have close connections with single valued
extension property. Recall that T € (%) is said to have single valued extension
property, SVEP for short, at A9 € C, if for every open set U C C centered at A, the
only analytic solution f(-) : U — £ of the equation (T —AI)f(A) =0 forall A €U
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is the zero function on U. If T possesses SVEP at every Ao € C, then we call T has
SVEP. It is obvious that every operator whose interior of point spectrum is empty enjoys
this property. The interested reader is referred to [3] and [17] for more details.

Preserver problems aim to characterize those linear or nonlinear maps on opera-
tor algebras preserving certain properties, subsets, or relations. The study of linear or
nonlinear preserver problems has a long history and has established many remarkable
results in past decades. The spectrum of an operator is a very fundamental and key con-
cept in operator theory. Many authors have studied linear or additive maps preserving
the spectrum as well as certain parts of the spectrum. For example, the authors in [15]
showed that additive maps on standard operator algebras preserving parts of spectrum is
either an isomorphism or an anti-isomorphism. Later, Bourhim and Ransford firstly put
the local spectrum as the invariants of an automorphism or an anti-isomorphism on the
algebra of all bounded linear operators on a Banach space (cf. [12]). After that, Costara
in [13] described surjective linear maps on Z(.2") which preserve operators of local
spectral radius zero at points of 2". Then Bourhim and Mashreghi extended this result
to the nonlinear setting (cf. [6]). For more details on the preserver problems of local
spectrum, see the survey article [9]. What’s more, in [2, 4, 5, 10], maps on the alge-
bra M, (C) of all n x n complex matrices preserving the local spectrum of the product,
triple product, Jordan product and quadratic product of matrices have been character-
ized. Moreover, in [7, 8], the authors obtained the forms of all maps preserving the
local spectrum at some fixed vectors of products and triple products of operators.

Recently, there have been a lot of results describing the forms of mappings that
preserve the generalized product of operators; see for example [1, 14, 16, 19] and the
references therein. In this paper, we propose to characterize the form of maps that
preserve the local spectrum at fixed point of generalized product of operators, which
generalizes the results in [7, 8].

For an integer k > 2, let (i, iz, ..., in) be a finite sequence with terms chosen
from {1,2,...,k} such that {ij,iz,...,0n} = {1,2,...,k} and at least one of the
terms in (i1, i, ..., i) appears exactly once. The generalized product of k operators

A Ay, .o A € B(X) is defined by

Al *A2 * ... *Ak :AilAi2 .. .Aim,
m is called the width of the generalized product. Evidently, the generalized product
includes the usual product and the triple product.

The following theorem is the main result of this paper.

THEOREM 1. Let xo € 2" and yy € % be two nonzero vectors. Let ¢ : B(Z") —
PB(Y) be a surjective map. Then

O (Ty)<o(Ty)+...+0(T) (Y0) = OT«Tys._x73 (¥0)

Jorany T\, Ts, ..., Ty € B(Z") if and only if there exist a bijective bounded linear
mapping A from X into % and some A € C with A™ = 1 such that Axy = yy and
o(T) = AATA " forany T € B(Z).
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Note that the only restriction on the map ¢ is the surjectivity; no linearity or
additivity or continuity is assumed. In fact, the surjectivity condition on ¢ could be
relaxed if one assumes that the range of ¢ contains the ideal of finite rank operators
of B(%'). We also would like to point out that if 2" and % are isomorphic Banach
spaces, then the statements of the above result can be reduced to the case when 2" = %
and xog = yo. But the fact that 2~ and ¢ are isomorphic is a part of the conclusion of
the above theorem but not of its hypothesis.

LetA,B€E #(2"). Set A;, =B and A;; = A for j# p where i), appears only once
in (i, i, ...,0m). Then A; %Ay x... xA,, = A"BA® for some nonnegative integers r and
s with r+ s =m — 1. This shows that the condition in Theorem 1 is more stronger. So
Theorem 1 is a consequence of the following one.

THEOREM 2. Let xo € 2 and yy € % be two nonzero vectors and let r and s
be two nonnegative integers with r+s > 1. Let ¢ : B(Z") — B(¥) be a surjective
map. Then

O (1) o(s)e(r) (Y0) = OrsT3 (X0)

SJorany T,S € B(Z") if and only if there exist a bijective bounded linear mapping A
from 2 into % and some A € C with A"t =1 such that Axq = yo and ¢(T) =
AATA™! forany T € B(Z").

2. Preliminaries and auxiliary results

In this section, we collect some results that will be used in the proof of the main
result. The following lemma summarizes some basic properties of the local spectrum
and the proof can be found in [3, 17].

LEMMA 1. Let T € B(Z"), x,y € Z and o € C. Then the following statements
hold:

(i) if T has SVEP, then or(x) # 0 provided x # 0;

(ii) or(ox) = or(x) if a £0; our(x) = 0or(x);

(iii) or (x+y) C or(x) Uor(y) and the equality holds if or(x) Nor(y) = 0;

(iv) If T satisfies SVEP, x # 0 and Tx = Ax for some A € C, then or(x) ={A};

(v) If T satisfies SVEP and Tx = oy, then or(y) C or(x) C or(y)U{0};

(vi)If Re $B(Z) and TR =RT, then or(Rx) C or(x);

(vii) orn(x) = {or(x)}" forany x€ 2" and n > 1.

Let T € A(Z") and xj be a nonzero vector in 2. The following symbol, which
was introduced in [7, 8], is useful in the sequel. That is,

PR B U if o7 (x0) = {0},
T or(x0) \ {0}, if or(x0) # {0}

The following lemma is useful in the characterization of the map ¢.
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LEMMA 2. Let R€ F(X7), xo € " be a nonzero vector and let r and s be two
nonnegative integers with r+s > 1. Then for any T, S € B(Z") we have

G;’(T+S)RS (x0) = Orrps (X0) + Ogrsps (X0)-

Proof. Let R=x® f withx € 2 and f € 2. Then
R (T4 SR = f(x)" ™ 2f(Tx+Sx)x® f.
So,
G;’(T+S)R° (.XO)
= f0)" 72 f(Tx+ %) G 4 (x0)
fx

FO™ 72 (T x) 05 ¢ (x0) + f ()72 £ (Sx) 0 (x0)
= Ogrrps (X0) + Oprgps (X0). O

The following theorems give the characterizations on the rank one operators and
identity principles by using the local spectrum, which are useful in the proof of the main
result and are of interest in their own right.

THEOREM 3. Let xo be a nonzero vector of & and R € B(X") and let r and s
be two nonnegative integers with r+s > 1. Then the following statements are equiva-
lent.

(i) Re F1(Z);

(ii) Ojrpps(x0) contains only one element for any T € B(Z").

Proof. (i) = (ii) If R=0, then G} gys(x0) = {0} forany T € B(Z"). If R#0,
then T"RT* has rank one forany T € #(.2"). So, Ofrgys(x0) is a singleton.

(if) = (i) Suppose on the contrary that R has rank at least two, and let us discuss
two cases.

Case 1. There exist two vectors x1, x; € 2~ such that {x¢, Rx|, Rx,} is a linearly
independent subset of 2.

Now, we could take x € 2~ such that {x, xo, Rx|, Rx,} forms a linearly indepen-
dent set. Let Rx =u, Rxo =v;, Rx; =y; and Rx; =y,.

Assume that s =0 and r > 1. If r = 1, then we use .Z to denote the closed
subspace spanned by u and vy. Put 2" = .# © ¢ . Define T € B(Z") as

Tu=x,
Tvi =2xg—x,
Tz=0,Vze 7.
Clearly, T is finite rank and satisfies TRx = x and TRxp = 2xp —x. Then we have

orr(x) = {1} and orr(xo —x) = {2}. From Lemma 1 we get G;5(xo) = {1,2}, a
contradiction.
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If r > 2, then we take {v,:2<i<r} C 2 . Put .# be the closed linear subspace
spanned by the vectors {u,x,v;: 1 <i<r} and 2 =.# S ¥ . Define T € B(Z")
as

Tu=x,

Tx=x,

TVj:Vi+1, lglgr_la
Tv, = 2xy — X,
Tz=0,Vzex.

Then T is finite rank and satisfies that 7"Rx = x and T"Rxg = 2xyp —x. So, T"R(xo —
x) = 2(xo —x). It follows that orr(x) = {1} and orrr(xo —x) = {2}. Then we get
o7rr(x0) = {1, 2}, a contradiction again.

Under the case where » =0 and s > 1, by using the technique in the proof of [8,
Theorem 4.1], we could find some finite rank 7 € Z(.Z") such that 637 s(xo) consists
of two elements, which reaches a contradiction again.

Assume r > 1 and s > 1. Without loss of generality, we assume » > 2. Then we
take two sets of vectors {h;: 1 <i<r—1} and {k;: 1 <i<r—1}. Put .# be the
closed subspace spanned by the vectors {x, yi, y2, X, hj, ki : 0< j<2,1<i<r—1}
and 2 =.# @ .Define T € B(Z") as

Tx=x,

Txo = x1,

Txj=xj, j=1,2,
Ty =h,

Ty, =ki,

Thi=hiy1, 1<i<r-2,
Thi=kipy, 1<i<r—2,
Th, 1 =2xy—x,

Tk, =x,

Tz=0,Vze 2.

Then T is finite rank and it is trivial to check that T"RT*x =x and T"RT*xy = 2xp — x.
So, T"RT* (X() —x) = 2()6() — x) . It follows that oprgys (x) = {1} and o7rgys ()C() — x) =
{2}. By Lemma 1 we obtain that o}, pps(x0) = {1, 2}, a contradiction.

Case 2. {xo, Rx|, Rx,} is a linearly dependent subset of 2~ for any x;, x; € 2.

Now, we see that R is rank two and xo € ran(R). So, there are two linearly
independent vectors xj,x, € 2" such that xy = ox; + 0pxp, where oy, o € C and
not both zero. Also, we can find fi, f» € 2 such that R=x; Q f1 + x, ® f>. Put
Rx; =y; and Rxp =y,.

Assume that o #0 and o # 0. If » > 1 and s = 0, then we take vectors {z; :
1<i<r—1}and {w;:1<i<r—1}.Let # be the subspace spanned by {y;, zi, w; :
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j=121<i<r—1}andlet Z =.# ®# .Define T € B(Z") as

Ty, =z,
Ty, =wy,
Tzi=ziy1, 1<i<r—2,
TWiZWi+17 lgigl"—l

Tzp—1 =x1,
Twy—1 =2xz,
Tz=0,Vze x.

Then by calculation we get 7"Rx; = x; and T"Rx; = 2x,. It follows that G;-5(x0) =
{1, 2}, a contradiction.

If r=0 and s > 1, then similar to the process above we could construct an operator
T € B(X) such that oj7.(x0) = {1, 2}, which reaches a contradiction again.

If > 1 and s > 1, then we take two sets of vectors {h;: 1 <i<r—1} and {k;:

1 <i<r—1}. Put .# be the closed subspace spanned by the vectors {xj, vj, hi, ki :
j=121<i<r—1}and & =.# &% .Define T € B(X") as

Tx;=xj,j=1,2,

Ty =h,

Ty, =ki,

Thi:hi+17 1<i<r—2,

Thki=kiy1, 1<i<r—2,

Thy—| =x1,

Tky—1 =2x,

Tz=0,Vze % .

It is easy to check that T"RT*x; = x; and T"RT"x; = 2x3. S0, Gjrpps(x0) = {1,2}, a
contradiction.

If oy #0 and 0p =0, then xo = 0 (x; —x2) + oyxp and R = (x; —x2) ® f1 +
X2 ® (fi + f2). Using the process above, we could find some T € (%) such that
Ofrgys(Xo) contains two elements, a contradiction again.

Similarly, we could obtain the result under the assumption that oy =0 and o #
0. O

THEOREM 4. Let A,B € A(Z") and 0 # xy € 2 and let r and s be two non-
negative integers whose sum is at least 1. Then the following statements are equivalent.

(i) A=B;

(ii) OpraTs ()Co) = OTrBTs (X()), for any T € %(%) N

(lll) OTrATS (JC()) = GTrBTs(xo),fOV any T € ﬁl(,%/),

(iv) OrraTs ()Co) = OT'BTS (XO),fOF any T € fl(%) \Jﬁ(%),

(v) G (X0) = Ofrgs(x0). for any T € F1(2)\ ().
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Proof. Tt is obvious that (i) = (ii) = (iii) = (iv) = (v). Next we show (v) =
(i). Take any T € Z1(Z)\ M (Z). Then T =x® f, where x€ 27, f € 2" and
f(x) #0. Then T"AT® = f(x)" 2 f(Ax)x® f and T"BT* = f(x) "2 f(Bx)x® f. If
f(xo) #0, then

{F ()2 f(Ax)} = OFrags (x0) = OFrpys (x0) = { £ ()" "2 f(Bx)}.

So we get f(Ax) = f(Bx). If f(xp) =0, then we could take g € 2™ such that
8(x0) # 0, g(x) # 0 and g(x) # —f(x). Now, (f+g)(xo) #0 and (f+g)(x) #0.
By the process as above, we obtain g(Ax) = g(Bx) and (f + g)(Ax) = (f +g)(Bx).
So, f(Ax) = f(Bx). This tells us that f(Ax) = f(Bx), forany x € 2", f € 27 with
f(x) £0,

If f(x) =0, then we could find f1, f> € Z™* such that f = f; + f> and f;(x) #0,
Sf2(x) #0. Thus, we get fi(Ax) = f1(Bx) and f»(Ax) = f2(Bx), and so f(Ax) = f(Bx).
Therefore, the equality f(Ax) = f(Bx) holds for any x € 2" and f € Z*. By the
arbitrariness of x and f we obtain A=B. [

3. Proof of Theorem 2

In this section, we will display the proof of Theorem 2, which is influenced by
ideas from [7, 8].

Proof of Theorem 2. In the following, we will give the proof from several steps.

Step 1. @ is injective and ¢(0) =0.
Assume that @(A) = ¢(B). Then forany T € A(Z"), we have

Or7ars (X0) = O(r)rg(a)9(r): (Y0) = Op(ryrg(8)p(r)* (Y0) = Orb7s (X0)-

From the surjectivity of ¢ and Theorem 4 we obtain A = B.
Take any T € #(Z"). Itis clear that

Op(ryr00(r)s (¥0) = {0} = 77073 (X0) = O (10 (0)0 (1) (V0)-

By using Theorem 4 again we get ¢(0) = 0.
Now, ¢ is bijective and ¢! possesses the same properties as .

Step 2. (@ preserves rank one operators in both directions.

Take any rank one operator R € #(.2"). Then from Theorem 3 we see that
orrrrs(Xo) contains only one element forany 7 € (2"). Note that Gy (7)o (r)e(1)s (0)
= orrrrs (X0) - Then Gy (7)rp(r)p(r)s (Vo) contains only one element forany 7' € %(2").
It follows from the surjectivity of ¢ and Theorem 3 that ¢(R) € .%#1(Z2"). From step 1
we obtain that @(R) has rank one. Since ¢! has the same properties as ¢, it follows
that ¢ preserves rank one operators in both directions.
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Step 3. ¢ is linear.
Take any A, B€ #(2"). Forany R € .%(Z), we have

O Ry p(a+B)p(R) (V0)
= Ogr(a+p)rs(X0)
= Ogrags (X0) + Ogrgps (X0)
= Op(ry pa)o(r) (Y0) + Oo(ryg(s)p(ry (Y0)
= OpR) (p(4)+p(B)) p(Ry (0)-

It follows from Theorem 4 that ¢(A+ B) = ¢(A) + ¢(B).
Take any A € #(2") and A #0. Forany T € #(Z"), we have

Oo(T) Ag(A)p(T) (Y0)
= A0y(rypa)p(ry Vo)
= Aorrars (xg)
= OTr(AA)TS (x0)
= O (1) p(ra)p(T)s (¥0)-

Using Theorem 4 again we obtain ¢(AA) =A¢(A).

If A =0,then ¢(AA) =@(0)=0=A1¢(A), VA € (Z"). Thus, @ is linear and
so @ preserves Z(Z) in both directions.

Step 4. @(I) = o for some o € C with o/ 5+ =1.
Assume @(R) =1 for some R € #(2"). Itis easy to see that the equality

{07 (x0)} ! = Oprisii (x0) = G(pyrasit (0) = {Gp(ry (v0) } ! (1)

holds for any T € #(.Z"). To prove step 4, we firstly give the following two assertions.

Claim 1. For any x € 2", Rx is either linearly dependent with x or xq.

In fact, suppose that there is x € .2 such that Rx is linearly independent with both
x and xo. Take f; € 27 with f1(Rx) =0, fi(x) #0 and fi(xp) #0. Put T} = x® fj .
Then we have T/RT}(xo) = 0. So,

{0} = or7rry (%0) = Op(1y yo(R) (1) (V0) = Oy yrs (V0) = { Oy (v0) 1
From (1) we obtain o7, (xo) = {0}. Note that Tjxo = fi(xo)x. From Lemma 1 we have
or, (x) = {0}. Since Tix = fi(x)x, it follows that o7, (x) = {fi(x)} # {0}, a desired
contradiction.

Claim 2. Rx is linearly independent with xo, for any x € 2.

If not, then there exist some x € 2" and f3 € C such that Rx = Bxy. If B =0, then
Rx=0. Now, we take f, € Z* such that f>(x) = fo(xo) =1. Set h =x® f>. It is
easy to check that T RT; (xo) = 0. Using the process as in the proof of Claim 1 we get
o7, (x0) = {0} . Note that Troxg = x. So, from Lemma 1 we get or, (x) C {0} . However,
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from the fact 7ox = x we could obtain o7, (x) = {1}, a contradiction. This shows 8 #0.
Take f3 € 27" such that f3(xp) =1 and f3(x) =2f. Put T3 = x® f3. By calculation
we get T{RT; (x) = B(2B)"**'x, from which we obtain o777 (x) = {B(28)"*~'}.
BCSidCS, T3VRT3‘Y(X()) = ﬁ(Zﬂ)r+si2x. SO, GT3’RT§ (x) - GT3’RT3“ ()C()) - GT3’RT3“ (x) U {O}
Combining this with (1) we get 6, 7. (yo) = {u}, where Wt =pB(2B)*~1. On the
other hand, since T3x = 2fx, it follows that o7, (x) = {2} . Besides, from T3xy =x we
get {2B} C ory(x9) € {0,2B} and so o7, (xo) = {28}. By using (1) we get p = 4.
So, (4B)"+s =2"5=1B3"+5 and then r+s = —1, a contradiction.

From Claim 1 and Claim 2, we get that Rx is linearly dependent with x, for any
xe Z . So, thereis Y, € C such that Rx = %x, Vx € 2. Take two linearly independent
vectors x and y in 2. Then R(x+Y) = Yity(x+¥) = YeryX+ %tyy. On the other hand,
R(x+y) = Rx+ Ry = ¥%x+ ¥y, which shows that % = Y%, = %. Thus, the constant
Y. is independent of the vector x, that is to say, there is some y € C such that Rx = yx,
Vx € 2 . Therefore, R = yI. From equation (1) we get Y+ =1. Put a =y~ !.
From the linearity of ¢ we obtain that ¢(I) = of and o1 =1.

Now, it is easy to prove that

or(x0) = &' 0y(7)(v0) 2)
forany T € A(Z").

Step 5. ¢ has the desired form.
From [18, Theorem 3.3] we get that either there are bijective mappings A : 2~ —
Z and B: Z* — 2" such that

Oox®f)=Ax®Bf,Vxe 2 ,Vfe X,
or there are bijective mappings C: 2" — 2 and D: 2" — 2™ such that
o(x®f)=Cf®Dx,Vx€ X2 ,Vfe X

Next, we show that the second form cannot occur. Suppose that p(x® f) =Cf ®
Dx forany x€ 2 and f € 2°*. Take g € #* suchthat g(yy) =0.Setx=D"lgc 2 .
Take f € 2 such that f(xp) # 0 and f(x) #0. Put T =x® f. Then we have
07(x0) = {f(x)} # {0}. On the other hand, it is clear that G;(T)(yo) = OCopy(0) =
O (o) = {0} since g(yo) = 0. This contradicts with (2).

In the following, we firstly claim that

f(x) = o (Bf)(Ax), Vx € 2, Vf € 2.
In fact, take any f € £ and any x € 2. If f(xy) # 0, then
{0} #{f(x0)} = Oxper(x0) = & Oy (xyr) (V0) = & Caxgesr (V0),

from which we get (Bf)(yg) # 0. Besides, we have

{f(0)} = 0725 (x0) = & O (v0) = {& " (Bf)(Ax)}.
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So, f(x) = o' (Bf)(Ax) forany x € 2" andany f € 2 with f(xo) #0.If f(xo) =
0, then we take g € 2™ such that g(xp) # 0. From the process above, we could get
g(x) =o' (Bg)(Ax) and (f +g)(x) = «""*(B(f +g))(Ax). By easy calculation, we
obtain f(x) = a""*(Bf)(Ax). The claim is proved.

Next, we show A is continuous and B = a~' (A~1)*.
Suppose that {x,} C 2" such that x, — x and Ax, — y as n — . For any
fe 2, we have

(Bf)y = lim (Bf)(Axy) = lim o™ f(on) = o~ f(x) = (Bf)(Ax).

By the arbitrariness of f we get y = Ax, which shows that A is continuous. Besides,
by the claim above we obtain B = o' (A~1)*. Thus, ¢(x® f) = a 'A(x® /)AL,
for any x € 2" and any f € 2. Next, we prove that Axg is linearly dependent with
yo. Otherwise, there exists some f € 27* such that f(xo) =1 and f(A~'yg) = 0. Put
T =xo® f. Itis easy to check that o7 (x9) = {1} and 0,74-1(y0) = {0}. On the other
hand, by (2) we have

or(x0) = &' 0p(7) (¥0) = 0" 14y a1 (0) = Oy pya-1 (0),

which gives a contradiction. Therefore, Axg = nyg for some 1 # 0. Without loss

of generality, we may assume 711 = 1, i.e., Axo =yp. Forany T € (%) and any
R e F(Z), we have

Op(R) (- 1ATA-)g(R)* (Y0)
= Oypra-1(ara-)arsa—1 (V0)
= Opgrrrsa—1 (0)
= orrrrs (A" y0)
= OgrrRs (X0)
= Op(r)yo(T)p(R) (Y0)-

From Theorem 4 we obtain that ¢(T) = o 'ATA™! forany T € Z(2"). Put A=~ !.
Then A"***! =1 and ¢(T) = AATA! forany T € (2"). O

REMARK 1. (i) Fix two nonzero vectors xg € 2 and yg € % . In [11], Bourhim
and Lee described the forms of any two maps ¢; and ¢, from #(2Z") onto B(¥)
satisfy

O, (5)¢a(1) (V0) = O75(%0)
for any T,S € #(Z"). Fix an integer k > 2, take A =S, A, =T and all other
Als are I. Assume that i; and i, appear exactly once in (iy, io, -+, in). Without
loss of generality, let iy = 1 and i, =2. Then A} xAy*---xA; = ST and @(A})*
O(Ay) %% @(Ar) = ©(S)@(T)(I)"2. The condition of Theorem 1 implies that
Op(s)o(T)o(nym2(¥0) = Ost(x0). Thus, the result in [11] applies to ¢i(-) = ¢(-) and
P() = o()p(D)" 2.

(i1) In finite-dimensional cases, one can get rid of the surjectivity condition. For
related results, see [2] and [10].
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