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SOLVABILITY OF THE SYLVESTER TENSOR EQUATION

LI LIANG

(Communicated by B. Jacob)

Abstract. Exploring the Sylvester tensor equation not only enhances our understanding of com-
plex systems in various fields but also furnishes us with powerful mathematical instruments to
tackle practical challenges. In this study, relying on distinct inequality relationships among the
indices that define the positions of elements, we carry out a comprehensive and profound inves-
tigation into the solvability of the Sylvester tensor equation by leveraging the theory of block
tensors. Furthermore, via rigorous mathematical derivations, we uncover the analytical solution
to this arduous equation and offer a thorough analysis of the dimensionality of the solution space.

1. Introduction

The Sylvester equation
AX +XB = C

where A , B , and C are square matrices, and X is the unknown matrix, was initially
proposed by the British mathematician James Joseph Sylvester in 1884. Subsequently,
this equation has been generalized to incorporate tensor operations, giving rise to the
Sylvester tensor equation

X ×1 A(1) +X ×2 A(2) + · · ·+X ×m A(m) = P, (1)

with A(k) ∈Rnk×nk , P ∈Rn1×n2×···×nm and the k -mode product [6] “×k ”. The Sylves-
ter tensor equation frequently emerges in the finite element [5], finite difference [2] or
spectral method [9,10] discretization of a high-dimensional partial differential equation.

Exploring the solution of the Sylvester tensor equation not only enhances our un-
derstanding of intricate systems but also furnishes us with powerful mathematical in-
struments to tackle real-world challenges. In the early stages, the numerical solution
of the Sylvester-like tensor equation was discussed using some well-established meth-
ods, such as the Krylov subspace method [1, 7], the Schur decomposition [10], and the
preconditioned iterative solvers [4]. Recently, several novel algorithms have been de-
veloped to obtain numerical solutions for the Sylvester-like tensor equation. In 2020, Li
et al. presented multiple numerical algorithms for solving the discrete Lyapunov tensor
equation, including the simple iterative method, the gradient-based iterative method,
and the residual norm steepest descent iterative method [11]. In 2023, Zhang et al.
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proposed the tensor form of the generalized product-type biconjugate gradient method
for solving generalized Sylvester quaternion tensor equations [15]. In the same year, Li
et al. investigated the generalized coupled Sylvester tensor equations using the tensor
forms of the biconjugateA-orthogonal residual and the conjugate A-orthogonal residual
squared algorithms [8]. In 2024, Zhang et al. put forward the biconjugate A-orthogonal
residual stabilized and the generalized product-type biconjugate A-orthogonal residual
methods in tensor forms for solving the generalized Sylvester quaternion tensor equa-
tions [16]. In contrast, the analytical solution of the Sylvester-like tensor equation rarely
emerges.

In this research, the solvability of Eq. (1) is established through the utilization of
the Jordan canonical form and the block tensor. Subsequently, the analytical solution
and the dimension of the solution space of the equation are presented. Specifically, the
transformation of A(k) ∈ Rnk×nk to the Jordan canonical forms J(k) = U (k)A(k)(U (k))−1

transforms Eq. (1) into

Y ×1 J(1) +Y ×2 J(2) + · · ·+Y ×m J(m) = Q (2)

where Y = X ×1 U (1) × ·· ·×m U (m) and Q = P ×1 U (1) × ·· ·×m U (m) . Then, it is
decomposed into smaller equations based on the sub-blocks of J(k) , k = 1,2, . . . ,m .
Evidently, the solvability, the analytical solution, and the dimension of the solution
space of Eq. (2) are determined by those of all the smaller equations. Consequently, it
is sufficient to conduct an investigation on these smaller equations.

The present paper is structured as follows. In Section 2, certain preliminary ma-
terials are introduced. In Section 3, the primary results are presented, encompassing
the solvability, the analytical solution, and the dimension of the solution space of the
Sylvester tensor equation. In Section 4, two numerical examples are provided. Finally,
the main results are proven in the appendix.

2. Preliminaries

An n1 × n2 × ·· · × nm tensor A is an array [A (l1, l2, . . . , lm)]n1,n2,...,nm
l1,l2,...,lm=1 , where

A (l1, l2, . . . , lm) denotes the ( l1, l2, . . . , lm )-th component of A . The act of partitioning
a tensor A into smaller tensors results in a block tensor [Ai1,i2,...,im ] , where Ai1,i2,...,im
represents the (i1, i2, . . . , im)-th block within A . Evidently, Ai1,i2,...,im(l1, l2, . . . , lm) is
the ( l1, l2, . . . , lm )-th component of the (i1, i2, . . . , im)-th block in A .

The question arises: how can a tensor A be partitioned into the block tensor
[Ai1,i2,...,im ]?

Partitioning an n1 ×n2 matrix A into a block tensor [Ai1,i2 ]
b1,b2
i1,i2=1 involves divid-

ing row and column vectors into block vectors

m(1) = [m(1)
1 , . . . ,m(1)

b1
] and m(2) = [m(2)

1 , . . . ,m(2)
b2

],

where m(1)
1 , . . . ,m(1)

b1
, m(2)

1 , . . . ,m(2)
b2

∈N and m(1)
1 + · · ·+m(1)

b1
= n1 , m(2)

1 + · · ·+m(2)
b2

=
n2 . Analogously, an n1×n2×·· ·×nm tensor A can be partitioned into a block tensor
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[12] by defining the block vectors

m(k) = [m(k)
1 , . . . ,m(k)

bk
], k = 1,2, . . . ,m,

with m(k)
1 , . . . ,m(k)

bk
∈ N , m(k)

1 + · · ·+m(k)
bk

= nk . Indeed, the (i1, i2, . . . , im)-th block in
A is

Ai1,i2,...,im = A (ρ (1)
i1

+1 : ρ (1)
i1

+m(1)
i1

, . . . ,ρ (m)
im

+1 : ρ (m)
im

+m(m)
im

),

where ρ (k)
ik

= m(k)
1 + · · ·+m(k)

ik−1 and ρ (k)
ik

+1 : ρ (k)
ik

+m(k)
ik

, k = 1,2, . . . ,m, is the index
range.

The block tensor finds application in the problem of blocked multilinear products
[13]. Suppose there exists an n1 × ·· ·× nm tensor A and qk × nk matrices B(k) with

block vectors [m(1)
k ,m(2)

k ] , k = 1,2, . . . ,m . Let

C � A ×1 B(1)×·· ·×m B(m),

then the (i1, i2, . . . , im)-th block in C is

Ci1,i2,...,im = ∑
j1, j2,..., jm

A j1, j2,..., jm ×1 B(1)
i1, j1

×·· ·×m B(m)
im, jm

.

3. Solvability of the Sylvester tensor equation

Let

J(k) =

⎛
⎜⎜⎜⎝

(J(k))11

(J(k))22
. . .

(J(k))sk,sk

⎞
⎟⎟⎟⎠

nk×nk

,

(J(k))i j ,i j = λ (k)
i j

Itki j
+Ntki j

, Ntki j
=

⎛
⎜⎜⎜⎜⎜⎝

0 1
0 1

. . .
. . .

1
0

⎞
⎟⎟⎟⎟⎟⎠

tki j
×tki j

,

where i j = 1,2, . . . ,sk , tk1 + tk2 + · · ·+ tksk = nk and k = 1,2, . . . ,m. Then, Eq. (2) can be
partitioned into a series of smaller equations

Yi1,i2,...,im ×1 (J(1))i1,i1 + · · ·+Yi1,i2,...,im ×m (J(m))im, im = Qi1,i2,...,im (3)

for Yi1,i2,...,im ∈C
t1i1

×t2i2
×···×tmim , ik = 1,2, . . . ,sk , k = 1,2, . . . ,m , by blocking Y with the

block matrix J(k) , k = 1,2, . . . ,m . Consequently, it is enough to consider the solvability
of Eq. (3).
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LEMMA 1. The component of the solution of Eq. (3) is one of the following

(i) Yi1,i2,...,im(l1, l2, . . . , lm)

=
Qi1 ,i2,...,im (l1,l2,...,lm)−∑

t1i1
j1=1 Yi1,i2,...,im ( j1,l2,...,lm)N

t1i1
(l1, j1)−···−∑

tmim
jm=1 Yi1,i2,...,im (l1,l2,..., jm)Ntmim

(lm, jm)

λ (1)
i1

+···+λ (m)
im

if and only if λ (1)
i1

+ · · ·+ λ (m)
im

�= 0;

(ii) Yi1,i2,...,im(l1, l2, . . . , lm) is an arbitrary parameter if and only if λ (1)
i1

+ · · ·+λ (m)
im

=
0 and

Qi1,i2,...,im(l1, l2, . . . , lm)−
t1i1

∑
j1=1

Yi1,i2,...,im( j1, l2, . . . , lm)Nt1i1
(l1, j1)

−·· ·−
tmim

∑
jm=1

Yi1,i2,...,im(l1, l2, . . . , jm)Ntmim
(lm, jm) = 0;

(iii) Yi1,i2,...,im(l1, l2, . . . , lm) = /0 if and only if λ (1)
i1

+ · · ·+ λ (m)
im

= 0 and

Qi1,i2,...,im(l1, l2, . . . , lm)−
t1i1

∑
j1=1

Yi1,i2,...,im( j1, l2, . . . , lm)Nt1i1
(l1, j1)

−·· ·−
tmim

∑
jm=1

Yi1,i2,...,im(l1, l2, . . . , jm)Ntmim
(lm, jm) �= 0.

Proof. Eq. (3) displays that the equation for Yi1,i2,...,im(l1, l2, . . . , lm) is

(λ (1)
i1

+ · · ·+λ (m)
im

)Yi1,i2,...,im(l1, l2, . . . , lm)= Qi1,i2,...,im(l1, l2, . . . , lm)

−
t1i1

∑
j1=1

Yi1,i2,...,im( j1, l2, . . . , lm)Nt1i1
(l1, j1)

−·· ·−
tmim

∑
jm=1

Yi1,i2,...,im(l1, l2, . . . , jm)Ntmim
(lm, jm). (4)

Hence, the result is obvious. �
It is evident that fulfilling either condition (i) or (ii) as stipulated in Lemma 1 re-

sults in the solvability and derivation of an analytical solution for Eq. (3). Additionally,
the application of an iterative method facilitates the reformulation of conditions (i) and
(ii), thereby yielding more expedient results.
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THEOREM 1. Assuming tqiq = max{t1i1 ,t2i2 , . . . ,tmim} ,

(i) if λ (1)
i1

+ · · ·+ λ (m)
im �= 0 , then the solution of Eq. (3) is existent and unique;

(ii) if λ (1)
i1

+ · · ·+ λ (m)
im

= 0 , then the solution of Eq. (3) is existent if and only if the
components of Qi1,i2,...,im meet the requirements

(a) for all k1, . . . ,kq−1,kq+1, . . . ,km , meeting k j ∈ {0, . . . ,t j
i j
−1}, j = 1, . . . ,q−

1,q+1, . . . ,m, and k1 + · · ·+ kq−1 + kq+1 + · · ·+ km < tqiq ,

∑i∈[m]\{q} ki

∑
r=0

(−1)r ·
min{r−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃
j

C
u j
r− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1,t

q
iq
− r,wq+1, . . . ,wm) = 0

(b) for all k1, . . . ,kq−1,kq+1, . . . ,km , meeting k j ∈{0,1, . . . ,t j
i j
−1}, j = 1, . . . ,q−

1,q+1, . . . ,m, and k1 + · · ·+ kq−1 + kq+1 + · · ·+ km � tqiq , solutions to the
system of non-homogeneous linear equations

tqiq−1

∑
r=0

(−1)r ·
min{r−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃
j

C
u j
r− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1, t

q
iq
− r,wq+1, . . . ,wm)

+(−1)t
q
iq ·

min{tqiq−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{tqiq−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki ,0}

j∈[m−1]\{q}

·(
⋃
j

C
u j

tqiq− ∑
i∈[ j−1]\{q}

ui
)x(w1, . . . ,wq−1,1,wq+1, . . . , ŵm)

= 0

exist,

where wl = tlil −(kl−ul),∀l ∈ [1,m−1]\{q} , wm = tmim − [km−(r− ∑
l∈[m−1]\{q}

ul)]

and ŵm = tmim − [km− (tqiq − ∑
l∈[m−1]\{q}

ul)] .

Theorem 1 is proved in the appendix.
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THEOREM 2. Assuming tqiq = max{t1i1 ,t2i2 , . . . ,tmim} and Eq. (3) is solvable, the
solution of Eq. (3) is composed of the following two forms

(i) if λ 1
i1

+ · · ·+ λ m
im �= 0 , then

Yi1,i2,...,im

=
t1i1

+···+tmim−m

∑
t=0

(−1)t(λ 1
i1 + · · ·+ λ m

im)−(t+1)

·( ∑
σ1+···+σm=t

Cσ1
t Cσ2

t−σ1
· · ·Cσm−1

t−σ1−···−σm−2
Qi1,i2,...,im ×1 Nσ1

t1i1
×·· ·×m Nσm

tmim
).

(ii) if λ 1
i1

+ · · ·+ λ m
im = 0 , then the (t1i1 − k1, . . . ,tmim − km )-th, k j ∈ {0, . . . ,t j

i j
−1} , j =

1,2, . . . ,m, component of Yi1,...,im is

(a) when k1 + · · ·+ kq−1 + kq+1 + · · ·+ km < tqiq −1− kq ,

Yi1,i2,...,im(t1i1 −k1, . . . ,t
m
im −km)

=
∑i∈[m]\{q} ki

∑
r=0

(−1)r ·
min{r−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki ,0}

j∈[m−1]\{q}

·(
⋃
j

C
u j
r− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1, t

q
iq
− (r+1)− kq,wq+1, . . . ,wm)

(b) when k1 + · · ·+ kq−1 + kq+1 + · · ·+ km � tqiq −1− kq ,

Yi1,i2,...,im(t1i1 −k1, . . . ,t
m
im −km)

=
tqiq−1−(kq+1)

∑
r=0

(−1)r ·
min{r−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki ,0}

j∈[m−1]\{q}

·(
⋃

C
uj
r− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1, t

q
iq − (r+1)− kq,wq+1, . . . ,wm)

+(−1)t
q
iq
−(kq+1) ·

min{tqiq−(kq+1)−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{tqiq−(kq+1)−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃
j

C
u j

tqiq−(kq+1)− ∑
i∈[ j−1]\{q}

ui
)Yi1,i2,...,im(w1, . . . ,wq−1,1,wq+1, . . . , ŵm)
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where where wl = tlil − (kl − ul),∀l ∈ [m− 1]\{q} , wm = tmim − [km − (r−
∑

l∈[m−1]\{q}
ul)] and ŵm = tmim − [km− (tqiq − (kq +1)− ∑

l∈[m−1]\{q}
ul)] .

Significantly, if the indexes in the parenthesis of components

Yi1,i2,...,im(t1i1 − k1, . . . ,t
q−1
iq−1

− kq−1,1,tq+1
iq+1

− kq+1, . . . ,t
m
im − km)

are the same as that of the variate x of the system in Theorem 1(ii)(b), then
they satisfy the system; otherwise are arbitrary parameters.

Theorem 2 is proved in the appendix.
Under the solvability condition, we now proceed to the exploration of the dimen-

sion of the solution space of Eq. (3) for the undetermined values of the solution in
Theorem 2.

THEOREM 3. Assuming tqiq = max{t1i1 ,t2i2 , . . . ,tmim} and Eq. (3) is solvable, the
dimension of the solution space of Eq. (3) is one of the following

(i) if λ 1
i1

+ · · ·+ λ m
im �= 0 , the dimension of the solution space is 0;

(ii) if λ 1
i1

+ · · ·+ λ m
im = 0 , the dimension of the solution space is

t1i1 · · ·t
q−1
iq−1

tq+1
iq+1

· · · tmim − r

where r is the rank of the coefficient matrix of the system in Theorem 1(ii)(b),
and

(a) if t1i1 + · · ·+ tq−1
iq−1

+ tq+1
iq+1

+ · · ·+ tmim − (m−1) < tqiq , then r = 0 ;

(b) if t1i1 + · · ·+ tq−1
iq−1

+ tq+1
iq+1

+ · · ·+ tmim − (m−1) � tqiq , then

1 � r � t1i1 · · · t
q−1
iq−1

tq+1
iq+1

· · · tmim

−
tqiq−1

∑
n=0

[Cm−2
m+n−2 +

m−1

∑
t=1

(−1)t ∑
j1 < · · ·< jt

j1, . . ., jt ∈ [m]\{q}

Cm−2

m+n−2−∑t
l=1 t

jl
i jl

],

where Cm−2

m+n−2−∑t
l=1 t

jl
i jl

is valid when n � ∑t
l=1 t jl

i jl
.

Theorem 3 is proved in the appendix.
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4. Numerical example

In this section, we substantiate the aforementioned results by presenting two illus-
trative examples.

EXAMPLE 1. Determine the solution to the equation

X ×1 A1 +X ×2 A2 +X ×3 A3 = P,

where matrices A1 , A2 and A3

A1 =

⎛
⎝3 −4 0

1 −1 0
0 0 2

⎞
⎠ , A2 =

⎛
⎜⎜⎝

1 1 0 0
0 1 0 0
4 3 4 1
−4 −7 −4 0

⎞
⎟⎟⎠ , A3 =

(−2 1
0 −2

)

and slices P(: : 1), P(: : 2) of P

P(: : 1) =

⎛
⎝1 1 1 1

1 0 1 1
1 1 1 1

⎞
⎠ , P(: : 2) =

⎛
⎝1 2 1 1

0 1 1 1
1 1 1 1

⎞
⎠ .

According to the Jordan canonical forms Jj = UjA jU
−1
j of the matrices Aj , j =

1,2,3, the original equation is transformed into

Y ×1 J1 +Y ×2 J2 +Y ×3 J3 = Q

with
Y = X ×1U1×2U2×3U3, Q = P ×1U1×2U2×3U3.

Now we partition Y and Q into smaller tensors Yi1,i2,i3 and Qi1,i2,i3 , i1 = 1,2, i2 =
1,2, i3 = 1, by

J1 =

⎛
⎝1 1 0

0 1 0
0 0 2

⎞
⎠ , J2 =

⎛
⎜⎜⎝

1 1 0 0
0 1 0 0
0 0 2 1
0 0 0 2

⎞
⎟⎟⎠ , J3 =

(−2 1
0 −2

)
,

According to Theorem 1 and 2, the solutions of the above block tensor equations as
follows:

Y1,1,1(: : 1) =
(

y111 y121

y211
1
2

)
, Y1,1,1(: : 2) =

(−(y121 + y211) − 3
2

1
2 −1

)

with three arbitrary parameters y111 , y121 , y211 ;

Y1,2,1(: : 1) =
(

4 −2
−6 5

)
, Y1,2,1(: : 2) =

(
4 −6
2 −1

)
;
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Y2,1,1(: : 1) =
(
1 0

)
, Y2,1,1(: : 2) =

(
0 1

)
;

Y2,2,1(: : 1) =
(

1
4

5
2

)
, Y2,2,1(: : 2) =

(−2 5
)
.

Consequently, the solution of the original equation is

X (: : 1) =

⎛
⎜⎜⎝
−2y111 + y211 −2y121 + 1

2 −14 8y111−4y211 +6y121 + 71
2

−y111 + y211 −y121 + 1
2 −10 4y111−4y211 +3y121 + 51

2

1 0 1
4 −2

⎞
⎟⎟⎠ ,

X (: : 2) =

⎛
⎜⎜⎝

2(y121 + y211)+ 1
2 2 −6 −8(y121 + y211)+15

y121 + y211 + 1
2

1
2 −2 −4(y121 + y211)− 11

2

0 1 −2 6

⎞
⎟⎟⎠ .

EXAMPLE 2. Solve the equation

X ×1 A1 +X ×2 A2 +X ×3 A3 +X ×4 A4 = P

with

A1 =
(−1 0

0 −1

)
, A2 =

(−3 1
0 −3

)
, A3 =

(
3 6
0 −3

)
, A4 =

⎛
⎝−1 1 2

3 1 −2
−5 1 5

⎞
⎠

and slices of P

P(1 1 : :) =
(

3 0 3
−2 1 −2

)
, P(1 2 : :) =

(−1 1 0
0 0 −2

)
,

P(2 1 : :) =
(

2 1 2
1 2 0

)
, P(2 2 : :) =

(
1 0 1
0 1 −1

)
.

According to Jordan canonical forms Jj =UjA jU
−1
j of matrices Aj, j = 1,2,3,4,

the original equation is transformed into

Y ×1 J1 +Y ×2 J2 +Y ×3 J3 +Y ×4 J4 = Q

with

Y = X ×1U1 ×2U2 ×3U3 ×4U4, Q = P ×1U1×2U2×3U3×4U4,

where

Q(1 1 : :) =
(−1 −1 2
−1 −1 −1

)
, Q(1 2 : :) =

(
0 1 0
2 4 0

)
,

Q(2 1 : :) =
(−2 −1 6
−1 0 3

)
, Q(2 2 : :) =

(
0 1 2
0 1 1

)
;
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Then Y and Q can be partitioned into smaller tensors Yi1,i2,i3,i4 and Qi1,i2,i3,i4 ,
i1 = 1,2, i2 = 1, i3 = 1,2, i4 = 1,2 by

J1 = A1 =
(−1 0

0 −1

)
, J2 = A2 =

(−3 1
0 −3

)
, J3 =

(
3 0
0 −3

)
, J4 =

⎛
⎝1 0 0

0 2 1
0 0 2

⎞
⎠ .

According to Theorems 1 and 2, the solutions of the above block tensor equations
are obtained, and they are combined to present the solution of the equation Y ×1 J1 +
Y ×2 J2 +Y ×3 J3 +Y ×4 J4 = Q as follows:

Y (1 1 : :) =
(

y1111 −4 2
1
9

2
25

1
5

)
, Y (1 2 : :) =

(−1 1 0
− 1

3 − 4
5 0

)
,

Y (2 1 : :) =
(

y2111 −4 4
1
6 − 22

125 − 16
25

)
, Y (2 2 : :) =

(−2 −1 2
0 − 6

25 − 1
5

)
;

with two arbitrary parameters y1111, y2111.
Finally, the solution of the equation X ×1A1 +X ×2 A2+X ×3A3 +X ×4A4 =

P by X = Y ×1 (U1)−1 ×2 (U2)−1 ×3 (U3)−1 ×4 (U4)−1 .

Appendix

Proof of Theorem 1

Proof. We just prove (ii) since (i) is well known [4, 14].

The conditions that λ (1)
i1

+ · · ·+ λ (m)
im

= 0 and the solvability change Eq. (4) into

Qi1,i2,...,im(l1, l2, . . . , lm)
= Yi1,i2,...,im(l1 +1, l2, . . . , lm)+ · · ·+Yi1,i2,...,im(l1, . . . , lm−1, lm +1) (5)

with l j = 1,2, . . . ,t j
i j

, j = 1,2, . . . ,m . Specially, the term Yi1,i2,...,im(l1, . . . , l j−1, l j +

1, l j+1, . . . , lm) is nonexistent when l j = t j
i j

.

Given r , k1, . . . ,kq−1,kq+1, . . . ,km , we let l1 = t1i1 − (k1 − u1), . . . , lq−1 = tq−1
iq−1

−
(kq−1 − uq−1) , lq = tqiq − r , lq+1 = tq+1

iq+1
− (kq+1 − uq+1), . . . , lm−1 = tm−1

im−1
− (km−1 −

um−1) , lm = tmim − [km − (r−u1 −·· ·−uq−1−uq+1−·· ·−um−1)] with u j = max{r−
k j+1−·· ·−kq−1−kq+1−·· ·−km−u1−·· ·−uq−1−uq+1−·· ·−u j−1,0}, . . . ,min{r−
u1−·· ·−uq−1−uq+1−·· ·−u j−1,k j} , j = 1, . . . ,q−1,q+1, . . .,m , in Eq. (5), then

min{r−∑i∈[ j−1]\{q} ui,k j}
∑

u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}
j∈[m−1]\{q}

(
⋃
j

C
u j
r− ∑

i∈[ j−1]\{q}
ui
)

·Qi1,i2,...,im(w1, . . . ,wq−1,t
q
iq
− r,wq+1, . . . ,wm)
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=
min{r+1−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r+1−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

(
⋃
j

C
u j
r+1− ∑

i∈[ j−1]\{q}
ui
)

·Yi1,i2,...,im(w1, . . . ,wq−1,t
q
iq − r,wq+1, . . . , w̃m)

+
min{r−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

(
⋃
j

C
u j
r− ∑

i∈[ j−1]\{q}
ui
)

·Yi1,i2,...,im(w1, . . . ,wq−1,t
q
iq − (r−1),wq+1, . . . ,wm)

where wl = tlil − (kl − ul),∀l ∈ [1,m− 1]\{q} , wm = tmim − [km − (r− ∑
l∈[1,m−1]\{q}

ul)]

and w̃m = tmim − [km− (r+1− ∑
l∈[1,m−1]\{q}

ul)] .

Summing all the equations with r = 0,1, . . . ,min{k1 + · · ·+ kq−1 + kq+1 + · · ·+
km,tqiq −1} yields Theorem 1(ii)(a)(b).

Now we prove the converse of Theorem 1(ii).
We will substitute Yi1,i2,...,im(t1i1 −k1, . . . ,t

q−1
iq−1

−kq−1,t
q
iq −kq,t

q+1
iq+1

−kq+1, . . . ,tmim −
km), k j = 0,1, . . . ,t j

i j
−1, j = 1,2, . . . ,m , into the left side of Eq. (3)

Yi1,i2,...,im(t1i1 − (k1−1), . . . ,tq−1
iq−1

− kq−1,t
q
iq − kq,t

q+1
iq+1

− kq+1, . . . ,t
m
im − km)

+Yi1,i2,...,im(t1i1 − k1,t
2
i2 − (k2−1), . . . ,tq−1

iq−1
− kq−1,t

q
iq
− kq,t

q+1
iq+1

− kq+1, . . . ,t
m
im − km)

+ · · ·+Yi1,i2,...,im(t1i1 −k1, . . . ,t
q−1
iq−1

−kq−1,t
q
iq
−kq,t

q+1
iq+1

−kq+1, . . . ,t
m
im −(km−1)),

to verify whether they are the solutions or not, where the term Yi1,i2,...,im(t1i1 − k1,

. . . ,t j−1
i j−1

− k j−1, t
j
i j
− (k j −1),t j+1

i j+1
− k j+1, . . . ,tmim − km) is nonexistent when k j = 0.

1) When k1 + · · ·+ kq−1 + kq+1 + · · ·+ km−1 < tqiq −1− kq

(a) and kq �= 0, the (t1i1 − k1, . . . ,tmim − km)-th component in the left side of Eq. (3) is

∑i∈[m]\{q} ki

∑
r=0

(−1)r ·
min{r+1−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r+1−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃

C
uj
r+1− ∑

i∈[1, j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1,t

q
iq
− (r+1)− kq,wq+1, . . . , w̃m)

+
∑i∈[m]\{q} ki

∑
r=0

(−1)r ·
min{r−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki ,0}

j∈[m−1]\{q}
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·(
⋃

C
uj
r− ∑

i∈[ j−1]\{q}
ui
Qi1,i2,...,im(w1, . . . ,wq−1,t

q
iq
− r− kq,wq+1, . . . ,wm)

+(−1)0Qi1,i2,...,im(t1i1 −k1, . . . ,t
m
im −km)

= Qi1,i2,...,im(t1i1 −k1, . . . ,t
m
im −km)

(b) and kq = 0, the (t1i1 − k1, . . . ,tmim − km)-th component in the left side of Eq. (3) is

∑i∈[m]\{q} ki

∑
r=0

(−1)r ·
min{r+1−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r+1−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃

C
uj
r+1− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1,t

q
iq
− (r+1),wq+1, . . . , w̃m)

According to Theorem 1(ii)(a), the left side of Eq. (3) is equal to

Qi1,i2,...,im(t1i1 − k1, . . . ,t
q−1
iq−1

− kq−1,t
q
iq
,tq+1

iq+1
− kq+1, . . . ,t

m
im − km)

where wl = tlil − (kl −ul),∀l ∈ [m−1]\{q} , wm = tmim − [km− (r− ∑
l∈[1,m−1]\{q}

ul)] and

w̃m = tmim − [km− (r+1− ∑
l∈[m−1]\{q}

ul)] .

2) When k1 + · · ·+ kq−1 + kq+1 + · · ·+ km−1 � tqiq −1− kq

(a) and kq �= 0, the (t1i1 − k1, . . . ,tmim − km)-th component in the left side of Eq. (3) is

tqiq−kq−2

∑
r=0

(−1)r ·
min{r+1−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r+1−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃
j

[Cuj
r+1− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1,t

q
iq
− (r+1)− kq,wq+1, . . . , w̃m)

+
tqiq−kq−1

∑
r=1

(−1)r ·
min{r−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki ,0}

j∈[m−1]\{q}

·(
⋃

[Cuj
r− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1,t

q
iq − r− kq,wq+1, . . . ,wm)

+(−1)0Qi1,i2,...,im(t1i1 −k1, . . . ,t
q−1
iq−1

−kq−1,t
q
iq −kq,t

q+1
iq+1

−kq+1, . . . ,t
m
im −km)

= Qi1,i2,...,im(t1i1 −k1, . . . ,t
q−1
iq−1

−kq−1,t
q
iq
−kq,t

q+1
iq+1

−kq+1, . . . ,t
m
im −km).
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(b) and kq = 0, the (t1i1 − k1, . . . ,tmim − km)-th component in the left side of Eq. (3) is

tqiq−2

∑
r=0

(−1)r ·
min{r+1−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{r+1−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃
j

C
u j
r+1− ∑

i∈[ j−1]\{q}
ui
)Qi1,i2,...,im(w1, . . . ,wq−1,t

q
iq − (r+1),wq+1, . . . , w̃m)

+(−1)t
q
iq
−1 ·

min{tqiq−1−∑i∈[ j−1]\{q} ui,k j}

∑
u j=max{tqiq−1−∑i∈[ j−1]\{q} ui−∑i∈[ j+1,m]\{q} ki,0}

j∈[m−1]\{q}

·(
⋃
j

C
u j

tqiq−1− ∑
i∈[ j−1]\{q}

ui
)Yi1,i2,...,im(w1, . . . ,wq−1,1,wq+1, . . . , ŵm)

where ŵm = tmim − [km− (tqiq −∑l∈[1,m−1]\{q}ul)] . Significantly, components

Yi1,i2,...,im(w1, . . . ,wq−1,1,wq+1, . . . ,wm−1, ŵm)

satisfy the system of the non-homogeneous linear equations in Theorem 1(ii)(b).
Therefore, the left side of Eq. (3) is equal to

Qi1,i2,...,im(t1i1 − k1, . . . ,t
q−1
iq−1

− kq−1,t
q
iq ,t

q+1
iq+1

− kq+1, . . . ,t
m
im − km). �

Proof of Theorem 2

Proof.
(i) Eq. (3) can be written as

(λ (1)
i1

+ · · ·+ λ (m)
im

)Yi1,i2,...,im = Qi1,i2,...,im −Yi1,i2,...,im ×1 Nt1i1
−·· ·−Yi1,i2,...,im ×m Ntmim

.

Multiplying λ (1)
i1

+ · · ·+ λ (m)
im on both sides repeatedly gets

(λ (1)
i1

+ · · ·+ λ (m)
im

)rYi1,i2,...,im

=
r−1

∑
t=0

(−1)t(λ 1
i1 + · · ·+ λ m

im)r−(t+1)

· ∑
σ1+···+σm=t

Cσ1
t Cσ2

t−σ1
· · ·Cσm−1

t−σ1−···−σm−2
Qi1,i2,...,im ×1 Nσ1

t1i1
×·· ·×m Nσm

tmim

+(−1)r ∑
σ1+···+σm=r

Cσ1
r Cσ2

r−σ1
· · ·Cσm−1

r−σ1−···−σm−2
Yi1,i2,...,im ×1 Nσ1

t1i1
×·· ·×m Nσm

tmim
.
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When r = t1i1 + · · ·+tmim −(m−1) , the second series vanish for N
t j
i j

t j
i j

= O, j = 1,2, . . . ,m .

Hence Theorem 2(i) is proved.

(ii) The proof of Theorem 1(ii) shows that there exists a solution like Theorem 2(ii)(a)(b)
in Eq. (3). Next we will prove that the solution of Eq. (3) is unique regardless of the
choice of arbitrary parameters.

Suppose that Yi1,i2,...,im is a solution of Eq. (3).

Given k1,k2, . . . ,km , we let l1 = t1i1 − (k1 − u1), . . . , lq−1 = tq−1
iq−1

− (kq−1 − uq−1) ,

lq = tqiq − (r +1)− kq , lq+1 = tq+1
iq+1

− (kq+1 −uq+1), . . . , lm−1 = tm−1
im−1

− (km−1 −um−1) ,
lm = tmim − [km − (r− u1 − ·· ·− uq−1− uq+1− ·· ·− um−1)] with u j = max{r− k j+1 −
·· ·− kq−1− kq+1−·· ·− km −u1−·· ·−uq−1−uq+1−·· ·−u j−1,0}, . . . ,min{r−u1 −
·· ·−uq−1−uq+1−·· ·−u j−1,k j} , j = 1,2, . . . ,q−1,q+1, . . .,m−1 and r = 0,1, . . . ,
min{k1 + · · ·+ kq−1 + kq+1 + · · ·+ km,tqiq −1− (kq +1)} in Eq. (5). Using the method
in the proof of necessity of Theorem 3.2(ii) induces the formulas of the solution in
Theorem 2(ii)(a)(b). Besides, the proof of necessity in Theorem 1(ii) indicates that
components

Yi1,i2,...,im(t1i1 − k1, . . . ,t
q−1
iq−1

− kq−1,1,tq+1
iq+1

− kq+1, . . . ,t
m
im − km),

the indexes in the parenthesis are the same as that of the variate of the system of
non-homogeneous linear equations in Theorem 1(ii)(b), satisfy the system of non-
homogeneous linear equations in Theorem 1(ii)(b).

There are apparently no other restrictions on the solution Yi1,i2,...,im since Eq. (3)
has a solution like Theorem 2(ii)(a)(b). The proof is completed. �

Proof of Theorem 3

Proof.
(i) It is obvious for the uniqueness of the solution.
(ii) The number of equations in Eq. (5) is t1i1t

2
i2
· · · tmim .

(a) If t1i1 + · · ·+ tq−1
iq−1

+ tq+1
iq+1

+ · · ·+ tmim − (m− 1) < tqiq , then k1
i1

+ · · ·+ kq−1
iq−1

+ kq+1
iq+1

+

· · ·+ km
im < tqiq , k j = 0,1, . . . ,t j

i j
− 1, j = 1, . . . ,q− 1,q + 1, . . . ,m . The num-

ber of equations in Theorem 1(ii)(a) is t1i1 · · · t
q−1
iq−1

tq+1
iq+1

· · · tmim and that in Theo-
rem 3.2(ii)(b) is 0. Since Eq. (5) can change the components of Qi1,i2,...,im in
the equations of Theorem 1(ii)(a) into linear combinations of the components
of Yi1,i2,...,im , Eq. (5) and the equations of Theorem 1(ii)(a) yield t1i1t

2
i2
· · ·tmim −

t1i1 · · · t
q−1
iq−1

tq+1
iq+1

· · ·tmim equations with t1i1t
2
i2
· · · tmim − 1 unknowns. Adding arbitrary

element Yi1,i2,...,im(1,1, . . . ,1) obtains t1i1 · · ·t
q−1
iq−1

tq+1
iq+1

· · ·tmim arbitrary parameters
in Yi1,i2,...,im .
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(b) If t1i1 + · · ·+tq−1
iq−1

+tq+1
iq+1

+ · · ·+tmim −(m−1)� tqiq , then both k1
i1

+ · · ·+kq−1
iq−1

+kq+1
iq+1

+

· · ·+ km
im < tqiq and k1

i1
+ · · ·+ kq−1

iq−1
+ kq+1

iq+1
+ · · ·+ km

im � tqiq , k j = 0,1, . . . ,t j
i j
, j =

1, . . . ,q− 1,q + 1, . . . ,m , occur. The number of equations in Theorem 1(ii) is
t1i1 · · · t

q−1
iq−1

tq+1
iq+1

· · ·tmim with the coefficient matrix, its rank is r , of the system of
non-homogeneous linear equations in Theorem 1(ii)(b). Utilizing an argument
similar to the one used to the proof of Theorem 3(ii)(a) gets the dimension of the
solution space.

Furthermore, due to “the inclusion-exclusion principle” [3], the number of equa-
tions in Theorem 1(ii)(b) is

t1i1 · · · t
q−1
iq−1

tq+1
iq+1

· · ·tmim −
tqiq−1

∑
n=0

{Cm−2
m+n−2 +

m−1

∑
t=1

(−1)t ∑
j1 < · · ·< jt

j1 , . . ., jt ∈ [m]\{q}

Cm−2

m+n−2−∑t
l=1 t

jl
i jl

},

where Cm−2

m+n−2−∑t
l=1 t

jl
i jl

is valid when n � ∑t
l=1 t jl

i jl
.

The proof is completed. �
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