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SOME GENERALIZATIONS OF NUMERICAL RADII INEQUALITIES

YONGHUI REN AND MOHAMED AMINE IGHACHANE *

(Communicated by F. Kittaneh)

Abstract. This paper focuses on establishing new upper bounds for the numerical radius of op-
erators on Hilbert spaces by utilizing the Moore-Penrose inverse and the generalized Cartesian
decomposition. The obtained estimates enhance the existing body of knowledge and are sys-
tematically compared with results from the current literature. Our findings not only extend but
also unify several recent contributions, offering a broader and more cohesive framework for un-
derstanding numerical radius inequalities. Through the application of the generalized Cartesian
decomposition, we provide deeper insights into the behavior of numerical radii, building upon
previous research and opening new directions for further investigation in this field.

1. Introduction

Let H be a complex Hilbert space with inner product (.,.) and B(H) be the col-
lection of all bounded linear operator on H. For A € B(H), A* denote the conjugate of
A. An operator A € B(H) is called positive, denoted A > 0, if it satisfies (Ax,x) >0 for

all x € H. For an operator A € B(H), we denote |A| := (A*A) 3. The Cartesian decom-
position of A is A = R(A) +i3(A), where R(A) = J(A+A*) and J(A) = 5 (A—A")
are the real part and imaginary parts of A, respectively.

The numerical radius of a bounded linear operator A on a Hilbert space H is
an important and widely studied quantity in operator theory, playing a crucial role in
understanding the behavior of operators. It is defined as

w(A) = sup{|(Ax,x)| : x € H, ||x|| = 1}.

This concept provides valuable insight into the structure of operators, offering an upper
bound for the spectral radius and satisfying fundamental inequalities that establish a
direct connection with the operator norm. Due to its significance, the study of numer-
ical radius inequalities has garnered considerable attention in the literature, leading to
various generalizations and refinements with applications in functional analysis, matrix
theory, and quantum mechanics.
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It is well known that
1
SIIAl < w(a) < Al m

These inequalities in (1) are fundamental and sharp, providing essential bounds for
the numerical radius. The first inequality becomes an equality if A> = 0, while the
second inequality attains equality if A is a normal operator. These conditions illustrate
the precise limitations of the numerical radius in different operator settings, further
motivating its study in various mathematical disciplines.

Kittaneh [21] improved (1) as follows

1 . 1 .

AP+ AP < wa) < [P+ a7, &)
where |A| = (A*A)% is the absolute value of A. El-Haddad and Kittaneh [13] showed
the following generalizations of the second inequality in (2),

w¥ (A) < |[tJA[* + (1 —1)|A"*]] 3)

where 0 <t <1and r>1.
Dragomir [12] presented an important upper bound for the numerical radii of prod-
ucts of two operators by showing that if A,B € B(H) and r > 1, then

1
W (BA) < S|[lAP"+ B @)

Let A € B(H) with the Cartesian decomposition A = B+iC. Then El-Haddad and
Kittaneh [13] showed the following generalized inequalities:

1. If 0 <r <2, then

w'(A) < [[|BI"+CI"]]- (5)
2. 1f r>2, then
w'(A) <2271 |[BI" + ||| (6)
and
27 |||B+C) + B—C|| <w'(A) < %H|B+C|’+ B—Cl'||.

Very recently, Bhunia, Sen, and Paul [4] introduced the generalized Cartesian decom-
position of A € B(H), which is defined as

A =R, (A) +iS,(A),

where R; (A) = 224 and G, (A) = 224 for A € T, with T= {z € C:|z| = 1}.

Observe that both operators R, (A) and 3, (A) are normal, which allows for a more
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refined analysis of operator inequalities and numerical radius bounds. This decomposi-
tion has been instrumental in obtaining new inequalities and improving existing results
in the study of numerical radii.

For further inequalities involving the numerical radius, readers are encouraged to
consult the following references: [1, 2, 4,9, 11, 20, 21, 22, 23, 26, 28, 30, 31, 32].

A central notion in operator theory is the Moore-Penrose inverse, which extends
the classical idea of inverses to a broader class of operators.

Given an operator A € B(H), the Moore-Penrose inverse of A, denoted by AT is
uniquely characterized by the following set of four Penrose equations [16]:

AATA=A, ATAAT=AT, (AAT)* =AAT, (ATA)* =ATA. (8)

These conditions guarantee both the existence and uniqueness of A", provided that A
has a closed range.

We define the collection of all operators in B(H) admitting a Moore-Penrose in-
verse as follows:

CR(H) = {A € B(H) | range(A) is closed} .

Whenever A € CR(H), its Moore-Penrose inverse A" belongs to B(H) as well.
The Moore-Penrose inverse enjoys several important properties when applied to
elements of CR(H):

e Self-adjointness: If A is self-adjoint, meaning A = A*, then AT is also self-
adjoint:
(AT =AT.

e Involutive property: The Moore-Penrose inverse satisfies
(AN =A.
e Order reversal: If A; < A, in the operator ordering, then
Al <Al
e Product rule: For A;,A; € CR(H) with range(A;) C range(Az), it holds that
(A2A1)" = AJAL.

For further properties and developments on the Moore-Penrose inverse, we refer the
reader to [10, 14].

Recently, Sababheh and collaborators [29] introduced a refined inequality for the
numerical raduis involving the Moore-Penrose inverse. Specifically, for A € CR(H),

1
w(A) < 5 [[|AP +aa"]). 9)

A significant topic in operator theory concerns establishing sharp estimates link-
ing the numerical radius and the operator norm. Several researchers have provided
improvements in this direction. The next result offers a notable estimate:
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THEOREM 1. ([29]) Let A € CR(H). Then the following inequality holds:
w(A) < % [|1A]> +ATA|| + %W(ATAz). (10)
An alternative bound is also valid
w(A) <%H|A*|2+AA*|\+%w(A2A'*). (11)

Throughout this paper, we assume that every function under consideration is con-
tinuous and satisfies the following conditions: J is a subinterval of (0,e), and f:J —
(0,00).

This paper is organized as follows. In the next section, we introduce several key
lemmas that form the foundation for our subsequent analysis. Section 3 is devoted to
deriving new upper bounds for the numerical radius of operators on Hilbert spaces,
incorporating the Moore-Penrose inverse. These new estimates enrich the current body
of knowledge and are carefully compared against existing results from the literature.
In Section 4, we present our principal findings by establishing fresh numerical radius
inequalities based on the generalized Cartesian decomposition. We also explore various
generalizations and enhancements of known inequalities, highlighting their relevance
and impact within the broader study of operator inequalities.

2. Preliminary

In this section, we begin by revisiting and summarizing fundamental lemmas that
are crucial for our analysis.

LEMMA 1. ([25]) Ler A € B(H) be positive, and let x € H be any unit vector.
Then

(Ax,x)" for 0 <v< 1,

(A"x,x)
V< (AVx,x) for 1< v

<
(Ax,x)" <

LEMMA 2. ([8]) Let Aj,As,---A, = 0. Then for every non-negative concave
function f on [0,c0) and for every unitarily invariant norm ||| -/,

I GEall<Z

LEMMA 3. ([17] p. 26) For a,b >0, 0 <v <1, and r #0, let M,(a,b,v) =
(va"+(1— v)b’)% and let My(a,b,v) = a'b'~™". Then

M, (a,b,v) < Mg(a,b,v) for r<s.
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LEMMA 4. ([15] p. 118) (Operator Jensen inequality for convex function [27]).
Let A € B(H) be a self-adjoint operator with Sp(A) C [m,M] for some scalars m < M.
If f is a convex function on [m,M], then

F({Ax,x)) < {f(A)x,x) (12)

for every unit vector x € H.

LEMMA 5. ([19]) Let a,b,x € H with ||x|| =1, let J be a set such that (0,1) C
J CR, let y be a mapping y :J — [%,1], and r > 1. Then we have

[ (@ x)(x,0)|" < 2 (@)llal"|[b]|" + (1 = x () [{a,b)]"- (13)

Taking r =2 in (13), we obtain

[ (@) (e, b)[* < (@) [al P[] 2+ (1 = (@) (a,5)* (14)

The following lemma is a direct consequence of the well-known Young’s inequality.

LEMMA 6. Let u,v € R be positive, let J be a set such that (0,1) C J CR, let
be a mapping € :J — [0, 1] be such that {(a) + (1 — o) = 1. Then, we have

wv < (§(a)u+E(1—0)v)(C(1 —aju+E(a)).

Proof. Let o ={(t) and B = (1 —1). Then o, €[0,1] and oc+ 3 = 1. Since
u,v >0, we have
uv = u%PyetB = (B (P ).

By the classical Young inequality x*y'~* < Ax+ (1 —A)y (applied with x =u, y=v),
we obtain
uvP <ow+ By and  uPv* < Bu+ av.

Multiplying these two inequalities yields
wv = (u®vP)(WPv®) < (ow+ Bv)(Bu+ awv),
which is the desired inequality. [J

The last lemma is stated as follows.

LEMMA 7. ([1]) Let f:[0,00) — [0,0) be a convex function, and let A, B € B(H)
be positive operators. If 0 < o < 1, then

1F (1= a)A+aB) | < [|(1-a)f(A)+ af(B)].
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3. New numerical radius via the Moore-Penrose inverse

To achieve our result, we will incorporate concepts related to convexity into our
discussion. Recall that if f:[0,00) — [0,0), then f is referred to as doubly convex if
f is convex in the conventional sense and

f (%) < F0@f ). ab>0,0<0<1, ()

The functions f(¢) = sinhz and f(¢) = coshz are examples of functions that are doubly
convex on [0,0).

The first key result of this section is the following theorem, which provides a new
upper bound for the numerical radius of operators on Hilbert spaces. This bound is
derived by leveraging the Moore-Penrose inverse. The theorem extends existing results
by offering a refined estimation technique for numerical radii. We present the detailed
proof and implications in the following subsections.

THEOREM 2. Let A € CR(H), let J be a set such that (0,1) C J C R and let
§ :J —[0,1] be a mapping such that {(a)+ (1 —o) =1 with 0 < o < 1. If f:
[0,00) — [0,0) is an increasing doubly convex function, then

\/IIC N+ =a)f(IAP) [1E(1 = a) f (AAT) + C(a) £ (JA12) ]I
(16)
In particular, forany r > 1,

o' (A) < \/IIC(OC)AAT + (L= ) AP[IE(1 = )AAT+ () AP (A7)
Proof. Let x € H be a unit vector. Applying the well-known Cauchy-Schwarz
inequality together with Lemma 6, we obtain
|{Ax,x)| = [(AAAx,x)| = |{Ax,AA"x)|

|AA x| (| Ax]|?

= \/(AATx.2) {|APx.x)
< \/(C( )(AATx, x)+C (1—a)(|A]Px,x)) (£ (1- @) (AATx, x)+ () (|A]Px, x))
= \/ 0)AAT + L (1 = a)|AP)x,x) (£ (1 — )AAT + (@) |A]?)x,x).

Using the fact that f is an increasing doubly convex function, we obtain

F(ltav)) < 7 W (E(@ART L= AR (€1~ 0)AA +E (@A) )
<P @A+ (—@lAP)50) £ (E1—00AaT+E (o) AR))
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< \/ 0)AAT+E(1=a)|AP)x,x)) ((f(E(1—)AAT+L () |A]?)x, x))
< \/Ilf 0)AAT+HE(1=a) JAP[[[1f (C(1—a)AAT+L () |A]?) 1)
—\/IIC fAAT) +E(1=a) f (JAP) IS (1—a) f (AAT) +-L () f (JAP) |-

Taking the supremum over all unit vectors x € H, we obtain the desired inequality. []

REMARK 1. Setting r =1 in inequality (17) and choosing (o) = %,We recover
inequality (9).

The following alternative bound is likewise valid.

THEOREM 3. Let A € CR(H), let J be a set such that (0,1) C J C R and let
§ :J —[0,1] be a mapping such that {(a)+ (1 —o) =1 with 0 < o < 1. If f:
[0,0) — [0,0) is an increasing doubly convex function, then

<\/HC FATA) + 81— o) f (A P) IS — ) f (ATA) + L () f (JA*P) -

In particular, for any r > 1,

\/HC ATA+ (1= a)|A[[|S (1 — a)ATA+ C (o) |A* >

Proof. Let x € H be a unit vector. We have
|{Ax, x)|
= [(AATAx,x)| = |[(ATAx, A"x)|

|| AT Ax[|[| A*x]|2

= \/ ATAx,x) (JA*|2x, x)

< \/ J(ATAx,x) + E(1 = o) (JA*Px,x)) (E (1 — o) {ATAx, x) + (@) (|A*[?x, x))

—\/ 0)ATA + E(1 = a)|A*?)x,x) ((E(1 — a)ATA+ L () |A* P )x, x).

Exploiting the fact that f is increasing and doubly convex, we find

£ (1 (Ax.x)])
<f<\/<(C(06)ATA+C(1 — )P {(4(1 —a)ATA+c<a>|A*|2>x7x>)

< \/f 0)ATA+ E(1— a)|A*[?)x,x)) f (((E(1 — &) ATA + L () |A*?)x,x))
< \/ 0)ATA+{(1 = a)|A*2)x,x)) ((F(E(1 = )ATA + { () |A*[?)x, x))
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\/Ilf 0)ATA+ E(1 = o) |A*P[l[|f (E(1 — ) ATA + L () |A*2) )
—\/IIC fATA) +E(1 =) f (A P) IS — ) f (ATA) + L () f (JA* ) -

Considering the supremum over all unit vectors x € H, we deduce the desired inequal-
ity. O

The next main result of this section is a theorem that establishes a novel upper
estimate for the numerical radius of operators on Hilbert spaces, utilizing the general-
ized Buzano inequality introduced in Lemma 5. This estimate is obtained through the
application of the Moore-Penrose inverse. The theorem advances previous findings by
providing a sharper method for estimating numerical radii.

THEOREM 4. Let A € CR(H) is normal, let J be a set such that (0,1) C JCR
and § :J —[0,1] be a mapping such that {(o) + (1 —a) =1 forall 0 < a < 1,
and let y be a function defined as in Lemma 5. If f :[0,00) — [0,0) is an increasing
doubly convex function, then

f(0*(A)

\/IIC + S =) f(JA*) NIE (1 — o) f (AAT) + () f (JA[*) ||
+( —x(a >>Hf(\ \)|~ (18)

In particular, for any r > 1,

0™ (A) < %(Oﬂ)\/IIC(OC)AAT + (1= o)A [[|E(1 — ) AAT 4 £ (o) |A[*|]
+ (1= x ()AL (19)

Proof. Let x € H be a unit vector. Using the Cauchy—Schwarz inequality together
with Lemma 5, we get

|<Ax7x>|2 = |<AATA)C,X>‘2 = ‘(AvaATtz
< <AATx,x><|A|2x,x>
< x (@) AAT X [[|APPx]| + (1 = x(ex)) [(AATx, |A]x)

= x(a)\/<AATx,X><|AI4x,X> + (1= x(e))|{|APAATx, )]

< x(a)\/(C(OﬂMAATx,)C) +C(1 =) (|A%x,x)) (E(1 — ) (AATx,x) + L () (|A[*x, x))
+

(1= x(e))[{|APx,x) | since (|APAAT = |A?)
\/<(C 0)AAT+ C (1= o) |A[*)x,x) (S (1 — a)AAT + () |A[*)x, x)
+ (1= x(e))[{A]Px,x)] .
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Using the fact that f is an increasing doubly convex function, we obtain
£ (|Ax.x)1?)
< x(o)f (J ((G(@)AAT + 0= a0 (€1 a)ad’ + E(@) ) )

x(0))f ([(lAPx,x)])
W(«c Q)AAT+ L (1= ) |A[)x,x)) £ (((§(1 = 0)AAT + & () |A[*)x,x))
< x(0))|(f (JAP?) x,x)]
<o M((f«é(a)Achu )| A*)xx)) (F(E(1 = a)AAT + & () |A[*)x,x)
+ (L= x (@) (1AP)x.x)]
<x \/Ilf ()AAT+E (1= a)AP|[1 £ (§(1 - a)AAT+ S (@) A )|
(o)|(f (|A|2) x,%)]

=x(e \/IIC (@)f (AAT) + C(1—a)f (JA) NS (1 = a)f (AAT) + C(a) £ (JA1*) |
+ (1= x(a ))IIf(\A\ ) -

Considering the supremum over all unit vectors x € H, we deduce the desired inequal-
ity,. O

4. New numerical radius via the generalized Cartesian decomposition

In this section, we present further theorems on numerical radius inequalities, with
the first one extending a recently established result from the literature. Our findings
build upon existing work, offering a broader perspective on numerical radius properties
and their implications.

THEOREM 5. Let A € B(H) and f be an increasing convex function. Let J be a
set such that (0,1) C J C R, and let y be a mapping x :J — [%, 1]. Then we have
Then

x(a)

Fwta)) < 2| (AF + 147 ||+ (1= 2(@)f (w2(42)).

Proof. For every unit vector x € H, replace a,b by Ax,A*x in (14), respectively,
we have

F(lAx0) < f(x<a>|Ax|2|A*x|2+ a —x(a))|<Ax7A*X>|2>

f(x<a><A2x,x><A*|2x,x> e —x<a>>|<A2x,x>|2)
<x(a)f ({APxx) (A" Prx) ) + (1= (@) f (|20
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<o (AP +2<A*'2’“’x>2) (- (@) (2 (1)
<oy (A TR s

(by Lemma 1)
< A=) Zf<<|A*|4X7x>) (1= (@) (2 (4%)
<EE({r(amyman)+ (7)) )+ (1= 2@ £ (20%)
< ZO (A 4 1A ) + (1 o) £ (02 (4%),

then we can get the desired results by taking the supremum over unit vector x. [
REMARK 2. Let f(x) = x in Theorem 5. We obtain

x(a)

wh(A) < S |[lAf AT [+ (1= x(0))w*(4%). (20)

Next, we explain inequality (20) improved (3) when » =2 and t = % . In fact,

‘ xX

) < O a4 7 4 (1 o))

< 2O A+ (1 e AT+ | (by (4))
=

Our second theorem extends inequality (6) using the generalized Cartesian decom-
position, providing a broader framework for numerical radius inequalities.

THEOREM 6. Let A € B(H) with the generalized cartesian decomposition A =
R, (A)+i3,(A) and [ be an increasing concave function. Then

T Q) < |[F(IR2A)P) + £(1S2A)) |-

Proof. For every unit vector x € H, we have

162 )) = £ sup (4P

[Ixf]=1

= \|S|l\1:plf(‘ (Ax, x) \2)

= Hsll‘l_pljc((‘ﬁ;L (A)x,x) + (S;L(A)x,x>2)
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< Hsll\lp FURAA)x,2)% + (1S (A) 1x,x)%)
x||=1

< Hsll‘lglf(QiR;L(A)\zx,x) + (IS;L(A)|2x7x>) (by Lemma 1)

= sup (R +13: 0P)e)

[Ixl[=1

= ((sop (0P + 330070

[Ix[]=1
= F([|%2 (AP +132(A)1]])
= [T (A +134(4) )H
<|[|F(R2(A)] )+f(\3/1 )1)|| (by Lemma2). O

REMARK 3. The inequality (5) comes from Theorem 6 when A =1 and f(r) =¢"
with 0 <r<1.

In the following theorem, we broaden the applicability of inequality (6).

THEOREM 7. Let A € B(H) with the generalized cartesian decomposition A =
R, (A)+i3,(A) and f be an increasing double convex function and f(1) = 1. Then

fr<W£)) < Hf(l%(A)I’);rf(SA(A)’)

)

where r > 2.

Proof. For every unit vector x € H, we have

(1) (Pt )

[\S]
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<

X

((f(|EK,1 (4)[")x,x) ; (f(IS2(4)]")x,x) ) " (by Lemma 4)

_ <<(f(I9TA(A)I’)+f(3A(A)’))X7X>> .

2

Since f is continuous and increasing, we have

(7)o 55

- ()

< sup <(f(\9h(A)\’)+2f(\3/1(A)\’))x,x>
[1xl|=1

_ ' SR (A1) + (S (A)])

2
REMARK 4. The inequality (6) comes from Theorem 7 when A =1 and f(r) =1.

. C

Another theorem, which presents the lower bound of f (W(A)) using the gener-
alized Cartesian decomposition, is given by the following result. This theorem estab-
lishes a connection between the function f and the numerical radius. The generalized
Cartesian decomposition plays a crucial role in deriving this bound. We now state the
theorem that provides this lower bound.

THEOREM 8. Let A € B(H) with the generalized cartesian decomposition A =
R (A)+i3,(A) and f be an increasing concave function. Then

S (190 (4) + S2(A)]) + £([%a (4) - S} < £(w(4)).
Proof. For every unit vector x € H, we have

o)) = £ sup (50

[lx][=1
- |\S\l|l£1f(|<AX7x>|)
= Sup f<(<%l (A)x,x) + <3/1(A)x7x>2)5)
[lx][=1
—sup <<<9‘A<A>+SA<A>>x,x>>2;(<<ma<A>—sl<A>>x,x>)2)%)
[lx][=1
> sup f<}<(9TA(A)+3/1(A))x,x>}—;|<(9{,1(A)—SA(A))X7X>|>
[lx][=1
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FURL(A) +32(A)x,x)]) + £ ([{(Ra (4) — Sa(4))x,x)])

- Hi\l|1:p1 >
1
=3 <f<|§1|lp1 (R (4) +3,1(A))x7x>|)

+f(sup <(9n(A)—SA(A>>x,x>|)>

=1

(r(IFm@+sil]) + (@ -sial))

= 5 (I (8aa) + S D]+ (32 ) - S2))

N =

l\)l'—‘

> 1A% 4) + S2))) + 7% ()~ Sa @) O

In the next remark, we provide an example to illustrate our theorem, offering a
practical demonstration to clarify its application and the concepts discussed.

REMARK 5. Putting A =1 and f(r) =¢" when 0 < r < 1 in Theorem 8, we get

%HIEK(AHES(A)\W [R(A) =S| <w'(A),

which can be regard as a complement of the first inequality (7). Taking A = ( (l) ?) ,

then 3 |||R(A)+3(A)|+ |R(A) — 3(A)||| = 1 = w(A), which implies the obtained re-
sult is sharp.

Motivated by the ideas in Theorem 7 and Theorem 8, we now present a generaliza-
tion of the inequality in (7), which extends the previous result and provides a broader
perspective on the topic.

THEOREM 9. Let A € B(H) with the generalized cartesian decomposition A =
R (A)+i3,(A) and f be an increasing double convex function with f(1) = 1. Then

77 (9(4)) < 3 1F(R2(4) + S2(A)) + £(34.(4) = S3 A

where r > 2.

Proof. For every unit vector x € H, we have

f([(Ax.x)]) =f<(<9%(A)x,X>2+ (S2(A)x.x)?)

(S

)

+ (((ERJL(A) —SA(A))x7x>)2> %)

(R () + S (A))x,2))
-r(( z
( £ (A +SA<A>|f>+f<|9mA>—SA<A>f))x,x>)*
/ .
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Since f is continuous and increasing, we have

7wt = s fiar.n) )

=1
= sup f"(|{Ax,x)|)

=1

< LI+ 3@ +§(|9‘A(A)—SA(A)V))X7X>
=1

= %Hf(m(A) +SA)) + F(1F(A) =SA))]|. O

REMARK 6. The second inequality in (7) follows from Theorem 9 when A =1
and f(¢) = . This specific case simplifies the general result of the theorem. Thus, we
obtain the desired inequality for these parameter values.

Concluding remark

In this paper, we derived new upper bounds for the numerical radius of bounded
linear operators on Hilbert spaces by employing the Moore-Penrose inverse and the
generalized Cartesian decomposition. Our approach, based on increasing doubly con-
vex functions together with refined inequalities of Young and Buzano type, provides a
unified framework that extends and improves several known results in the literature.

In particular, our inequalities extend some of Bhunia, Kittaneh, and Sahoo [6],
where numerical radius estimates involving the Moore-Penrose inverse were first ex-
plored. Our results generalize their bounds by introducing a flexible weight function §
and a functional parameter f, which lead to strictly stronger estimates in many cases.
Furthermore, our results complement those of Bhunia, Jana, and Paul [7], who refined
lower bounds of the numerical radius using the classical Cartesian decomposition; by
contrast, we established new upper bounds through the A -generalized Cartesian de-
composition, showing that their inequalities are recovered when A = 1. Moreover, our
work is closely related to that of Barik, Bhunia, and Paul [3], who recently introduced
the P-Cartesian decomposition and the P-numerical radius. Our results correspond to
the special case P = I, and thus naturally suggest a possible extension of our methods
to the semi-Hilbertian setting.

The results presented here enhance the existing theory of numerical radius in-
equalities and open potential directions for future research. In particular, it would be
interesting to investigate extensions of our inequalities to P-numerical radii, reverse-
type bounds, operator matrices, and applications to perturbation theory and spectral
approximation problems.
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