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UPPER BOUNDS OF NUMERICAL RADIUS AND ¢-NUMERICAL
RADIUS IN C*-ALGEBRA SETTING USING ORLICZ FUNCTIONS

SAIKAT MAHAPATRA, RIDDHICK BIRBONSHI AND ARNAB PATRA

(Communicated by F. Kittaneh)

Abstract. In this paper, several significant upper bounds for the numerical radius and a-numerical
radius of an element in a C* -algebra are obtained using Orlicz functions. Many well-known re-
sults are obtained from our findings, depending on specific choices of Orlicz functions.

1. Introduction and preliminaries

Let A be a unital C*-algebra with the unit denoted by 1 and A* represents the
dual space of A. A linear functional g € A* is said to be positive if g(x*x) > 0 for
all x € A and denoted by g > 0. By S(A) we denote the set of all states on A, i.e.,
S(A)={ge A*:g>0 and g(1) = 1}. The algebraic numerical range V (x) and the
algebraic numerical radius v(x) of an element x € A are defined respectively by

V(x) = {g(x) : g € S(A)}, vlx) = supfle] : 2 € V(x)}.

Let B(H) be the unital C*-algebra of all bounded linear operators on a complex sep-
arable Hilbert space (H,(-)). In particular, if A=B(H) and T € B(H), the spa-
tial numerical range and the spatial numerical radius of T are denoted by W(T') and
o(T), respectively. It is well known that V(T) is the closure of W(T) = {(Tx,x) : x €
H, x| =1}.
For any x € A, the fundamental inequality between the numerical radius v(x) and

the C*-norm is as follows:

1

Sl < () < . (L1)
A positive element x € A is denoted by x > 0. To indicate that x —y > 0, we use
x = y. By convention, the value of X0 is taken as 1 for any element x € A. Let A"
denote the set of all non-zero positive elements in 4. Now, for a non-zero a € A", we
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define S,(A) ={f e A*: f>0, f(a) =1} and it is nothing but S,(A) = {1,(%) ‘8 €
S(A), g(a) # 0}. Throughout this paper, a stands for a non-zero positive element of
A unless otherwise specified. Recently, a-numerical range and a-numerical radius of
elements in unital C*-algebras were introduced and studied by Bourhim and Mabrouk
in [9]. The a-numerical range and a-numerical radius of an element x € A are defined,

respectively, by

Va(x) = {f(ax) : f € Sa(A)}, valx) = sup{lz]: z € Va(x)}.

In particular, when a = 1, then a-numerical range and a-numerical radius of x be-
come algebraic numerical range and algebraic numerical radius of x respectively, i.e.,
V,(x) = V(x) and v,(x) = v(x). These ideas were presented in [9] as an extensions
of the spatial A-numerical range and spatial A-numerical radius of a bounded linear
operator T € B(H) defined respectively by Wa(T) = {(Tx,x), :x€H,|x]|a =1} and
wa(T) = sup{|z| : z € W4(T)}. Here A be a positive bounded operator on a Hilbert
space (H,(-)) and ||x[|3 = (x,x)a = (Ax,x), x€ H.

For an element x € A, let ||x||, = sup{+/f(x*ax) : f € Ss(A)}. It is clear that
|lx]|« = O if and only if ax = 0. Note that, it may happen that ||x||, = o for some
x € A. Let A denote the set of all such elements x € A such that ||x||, < e=. From
[9, Proposition 3.3] it is known that || - ||, is a semi-norm on A? and satisfies ||xy||, <
Ix]||l¥]|« for all x,y € A%. Thus A? is a subalgebra of A. For x € A, an element
x*a € A is said to be an a-adjoint of x if ax*e = x*a. The existence and uniqueness of
a-adjoint elements for x € A are not assured. The collection of all elements in A that
have a-adjoints is denoted by A,. That is

A, = {x € A:thereis x*« € A such that ax* = x*a}.

Additionally, A, is a subalgebra of A and A, is a subset of 4% (see [9]). If x € A,
and x™@ is an a-adjoint of x, then by [9, Corollary 4.9]

2 2
lellg = lhexla = flaoxlla = [l*]|2.

An element x € A is considered a-self adjoint if ax is self-adjoint, i.e., ax = x*a. It
is noted that every element x in 4, can be expressed as x = y + iz, where y and z
are a-self-adjoint but this decomposition is not unique in general. In fact if x"™ is an
a-adjoint of x, then x = R, (x) +iS4(x), where R, (x) = ’% and S4(x) = % An
element x € A is said to be a-positive if ax is positive, i.e., ax > 0 and it is denoted
by x >, 0.

In [9], Bourhim and Mabrouk have shown that for any x € A,, the inequality
between the a-numerical radius v,(x) and the semi-norm || - ||, holds as below:

1
5 lIxlla < va(x) < [lxlla- (1.2)

If x is a-self-adjoint, the second part of the above inequality becomes equality and
the first part of the above inequality becomes equality if ax> = 0. In [19], Mabrouk
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and Zamani further have given some upper bounds of a-numerical radius, which are as
follow:

1

V(x) < QHxx#“ + xax||, (1.3)
1 1

V2 (x) < Eva(xz)+ZHxx’**“+x4“‘“x||a. (1.4)

Clearly, inequality in (1.3) refines the right side inequality in (1.2) and the inequality in
(1.4) is sharper than the inequality in (1.3) for the power inequality v,(x?) < v2(x). It
is worth mentioning that several research articles exist in the literature that focus on the
estimation of quantities w(T'), wa(T), v(x), and v,(x). Here, we refer to the articles
[5,7,9, 11,13, 14,15, 17,19, 23] and the books [4, 12].

In this article, by employing the concept of Orlicz functions, we obtain several
upper bounds of a-numerical radius of an element in unital C*-algebras. In addition,
several well-known results are established from our findings. Some examples are pro-
vided to supplement our results.

2. Main result

Throughout this article, let .4 denote a complex unital C* -algebra with unit 1. We
start this section with the following lemmas, which will be useful for our study.

LEMMA 2.1. [8] Let g be a non-zero positive linear functional on a C* -algebra
A. Then |g()c*y)|2 < g(x*x)g(y*y) forall x,y € A.

As a consequence of Lemma 2.1 we have the following result.
LEMMA 2.2. Let f € S,(A) and x,y € A, then ’f()c*ay)|2 < f(x*ax) f(y ay).
LEMMA 2.3. [1] Let A be a unital C* -algebra and g € S(A). If x € AT, then

for every continuous, convex function ¢ on [0,), the inequality (P(g(x)) < g(d)(x))
holds.

COROLLARY 2.4. Let A be a unital C*-algebra. If x € A", g€ S(A) and
0<r<1, then
(8(x)" = g((x)").
Proof. Taking ¢(¢)=1*,t>0and s > 1 inLemma2.3, we get (g(x))’ <g((x)*).
r
Since x € A* 5o, (g(x))" = (g((x’)i)> . Since 1 >1 and g >0, we get g((x’)%) >

L
(g(x"))" . Hence, the result follows. [J

If ¢ is a continuous, convex function on [0,e0) with ¢(0) = 0, then using Lemma
2.3 we get the following useful results.
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LEMMA 2.5. Let x be an a-self-adjoint element in a unital C*-algebra A such
that the spectrum of ax is contained in [0,00) and a > 1. If ¢(t) is a continuous,
convex function on [0,0) with ¢(0) =0, then for all f € S,(A)

f(o(ax)) = o(f(ax)).

Proof. Let f € Sq(A). Then there exists g € S(A) such that f = ﬁ, where
g(a) #0. Since a > 1, it implies ﬁ < 1. Again ¢(0) =0, it gives ¢(A1) < Ao(7)
for 0 < A < 1. Now, using Lemma 2.3, we get

F(o(ax)) =4 ($@)  #ls@) _ (g(‘“)> —¢(f(ax)). O

g(a) g(a)

COROLLARY 2.6. Let A be a unital C*-algebra. If x is an a-self adjoint element
in A such that the spectrum of ax is contained in [0,%), a > 1 and f € S,(.A), then
forany r > 1

(flax))" < f((ax)").

Proof. Taking ¢(¢) =¢", t >0 and r > | in Lemma 2.5, we get the above in-
equality. O

LEMMA 2.7. Let x,y € Ay and f € S,(A). Then
SO axy) < |Ixll3f (" ay).

Proof. See the Proposition 3.3 of [9]. U

Next result follows from [2, Lemma 2.12].

LEMMA 2.8. Let (H, ()) be a semi inner product space. If x,y,e € H with

(e,e) =1, then
[s.ede)| < 5 (VEIVT + ).

Let A be a complex unital C*-algebra. Now, take A" = {(x1,x2,--,x,) : x; € A}.
Let ('xlax2a"'7'xl’l)7(y1’y2a"'ay") € A" and A € C. Define

(x17x27"'7xn)+(y17y27"'7yn) = (xl +y17x2 +y27"'7xn +yn)
A1, X2, x) = (Ax1, Axa, -+, Axy).

Under these operations, 4" forms a complex vector space.

A vector P = (py,pa,---,pn) is called probability distribution over n elements if
pi >0 forevery i € {1,2,---,n} and ¥ | p; = 1. The set of all such distributions over
n elements is denoted by P, . The following two lemmas are generalizations of Lemma
2.8 in a C*-algebra setting.
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LEMMA 2.9. Let A be a unital C*-algebra and P = (p1,p2,--,pn) € Pn be a

probability distribution. If X = (x1,x2,--+,X%,), ¥ = (y1,¥2,---,yn) € A", and [ €
Su(A), then

f(yi‘a)’

f(axi)’

+ V2 pif OFaxi) /I pif (Viay)
5 .

|5 pif O ax)
<

Proof. Let A be a unital C*-algebra with unit 1 and X = (x;,x2, -+, x,), ¥ =
(v1,¥2,--yom), I=(1,1,---,1) € A". Define a semi-inner product on 4" by

Z pif (y; axi),

which satisfies (I,I) = 1. Now, from Lemma 2.8 for the vectors X,Y and I, we get the
required inequality. [

As a consequence of Lemma 2.9 we have the following result.

LEMMA 2.10. Let xj,yi € Aq, i=1,2,---,n. If P=(p1,p2,---,pn) € Pp isa
probability distribution and f € S,(A), then

f(ayi)

f(ax;)

n n 1 n
> pif(axiex), | Y pif(ayii) + 3 ’ > pif(ayix;) ’ .
i=1 i=1 i=1

Proof. Since y; € A, so there is yf" € A such that ayf“ =yfa forall 1 <i<n.
Hence Y#« = (yf“, yg”, - yfa) € A", Now, if we apply Lemma 2.9 for the elements
X = (x1,%2,---,%,) and Y#« = (y¥e y¥e ... y¥#a) then we get the following inequality

gpif(axz')H gpif((y?“)*a))
%\/21 pof (1) \/ S n (0F) ) + 5| 3 pur(0Fan)|
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Again, we know that if f € S,(A), then f(x*) = f(x). Now, from the above inequality,
we get

if (ax;) if (ayi)
=1 =1

N

1 [z 1
§¢Eﬁﬂwﬁn prwx zprXW
i=1

n

1
3 D p,-f(xj-‘y,’-‘a)‘

i=1

1 n n
=3 \/ 2 pif (axf“x,-)\/ 2. pif (ayiy) +
= \/Zptf ax “X;) \/Zptf ayzy,

i pif (ayixi) ’ . 0O

i=1

Now, we derive several upper bounds of a-numerical radius of an element in a
C* -algebra using Orlicz function.

A map ¢ :[0,00) — [0,0) is said to be an Orlicz function if it is continuous, con-
vex, non-decreasing, ¢(0) =0 and ¢ (u) — o as u — oo (see [18]). An Orlicz function
is said to be non-degenerate if ¢(u) > 0 when u > 0 and it is said to be degenerate
if ¢(u) =0 for some u > 0. Throughout this paper, whenever the Orlicz function
appears, we interpret it as non-degenerate. An Orlicz function can be expressed by
¢(u) = [y p(t)dt, where p is a non decreasing function such that p(0) =0, p(r) >0
for 1 > 0, limy—. p(t) = . When ¢(u) is equivalent to the function u then those
restrictions on p are excluded. Let g be the right inverse of p and it is defined as
q(s) = sup{r: p(r) < s}, s > 0. The Orlicz function y, defined as y(v) = [y g(s)ds
is called the complementary Orlicz function of ¢. If ¢(¢) = %, t >0 and p>1 then

the corresponding Orlicz function is y/(r) = %, where 11—7+$ = 1. Recently, Manna
and Majhi [20] derived several numerical radius inequalities using Orlicz functions.

LEMMA 2.11. [18] Let ¢ and y be two complementary Orlicz functions. Then
for any x,y > 0, the following inequality holds

Xy < o) +w(y)

The following lemma is used to prove the Theorem 2.13.

LEMMA 2.12. Let x € A, and ¢ be a Orlicz function. If a > 1, f € S,(A) and
0< o<, then

o (1f(@0)) < af(9(adx) + (1 - a)f(9(ax™)).
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Proof. Let x € A, and f € S,(A). Then we have

[F(@n)]” = alf(ax)[* + (1 - )| ()
— o f(ax)|* + (1 — o) [ flax) |’
= alf(an))*+ (1 - o) f(xa)?
= alf ax)}z—l—(l—a)}f(ax#”) :
< of(xax) + (1 — o) f((x")*ax)
= af(x*ax) + (1 —a) f((x*)*x*a)
= of (ax™x) + (1 — &) f (axx™)

where the third and last equality come from the fact that f(y*) = f(y) forall y € A.
Applying Lemma 2.2, it follows that |f(ay)|*> = [f(1*ay)|> < f(a)f(y*ay) = f(y*ay)
holds for all y € A. Therefore, the above inequality holds.

Now, using the non-decreasing and convexity property of ¢ and from Lemma 2.5,
we get

o(I7@)f) < o (@@ +(1-a)f(avt))
< o ¢(flax*x)) + (1 — ) (f(axx™)) (2.1)
<o f(9(ax®x)) +(1—a)f(9(ax)). O

THEOREM 2.13. Let A be a unital C*-algebra and 0 < o < 1, then the following
results hold:

(a) If x € Ay, then

vi(x) < Hax#”x+ (1— )xx#”

(b) If x € A and ¢ be an Orlicz function then
9(V(x)) < [loed(x"x) + (1 — o) (oex) .
Proof.
(a) Considering ¢(z) =t, ¢ > 0 in the inequality (2.1), we get

| f(ax)|?
| flax)|”

flax®x) + (1 — ) f(axx™)

<a
< fla (oxex + (1 — or)xx™)).
Now, taking supremum over f € S,(.A) on both sides of the above inequality, we
get
Vv2(x) < va(ax#“x—f— (1— a)xx#“).

Again, we know that for any a-self-adjoint element y, v,(y) = ||y||« holds. Hence,
the result follows.
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(b) Let x € A and f € S(A). Now, if we take a =1 in Lemma 2.12, we get

O(If(0)7) < af(9(x"x)) + (1 — o) f(9(xx"))
= f(a O(x"x)+ (1 — Oc)([)(xx*)).

Taking supremum over f € S(A) on both sides of the above inequality, we get

(7 (x)) < v(og (x"x) + (1 — o) ¢ (xx)).

Since, for a self-adjoint element y € A, we have v(y) = ||y||, the desired inequality
follows. [

The following corollary is an immediate consequence of Theorem 2.13.

COROLLARY 2.14. Let A be a unital C*-algebraand x € A. If 0 < o0 < 1 and
r>1, then

V2 (x) < [l x)"+ (1 — o) (xx*) .
Proof. Taking ¢(¢) =1¢", for t > 0 and r > 1 in Theorem 2.13 (b), we get the
required result. [J
The above result is also derived in [3, Theorem 3.5] for the case where r is a

natural number.

REMARK 2.15. Let A be a unital C*-algebra and 0 < o < 1, then we get the
following known results from Theorem 2.13 and Corollary 2.14.

(i) If we take oo = & in Theorem 2.13 (a), we get the right hand inequality of [19,

2
Corollary 3.5].

(ii) If we consider the C*-algebra A = B(H), the Theorem 2.13 (a) becomes [6,
Theorem 1 ].

(iii) If ox = % and ¢(¢) =1, t > 0 in Theorem 2.13 (b), we get [23, Corollary 2.8].
(iv) If we take A = B(H), in the Corollary 2.14 becomes [13, Theorem 2 ].

Next result is a generalization of the inequality (1.4).

THEOREM 2.16. Let x € A, and ¢ be an Orlicz function. Then

|| xxcHa +x#”xa>

6(20) < 50 (va()) + §¢< s
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Proof. Let x € A, and f € S,(.A). Now, taking n = 1 in Lemma 2.10, we get

2

@] < g1 @)| + 5/ (@) (e,

Again, using the non-decreasing and convexity property of ¢ we obtain

o(1r@)?) < 50(1@)]) + 50 (\/laxbon) flax)

1 1 [ flax*ax) + f(axx¥)
< §¢(va(xz))+§ ( ) )

1 1 ( f(a(xfax +xxa))
- bty et

1 ) 1 [|xxe 4 xfax||,
oo Lo I

Since, ¢ is continuous, non-decreasing and the above inequality holds for all f €
Su(A), we get the desired result. [J

An immediate consequence of Theorem 2.16 is the following corollary.

COROLLARY 2.17. Let x € Ay. If r > 1, then

1

r 1 r
) < 3907 + 5

S2

|xx#” + xtax

|r
a

Proof. If wetake ¢(¢1) =1", ¢t >0 and r > 1 in Theorem 2.16, we get the required
result. [

REMARK 2.18. Let A be a unital C*-algebra. Then we get the following known
results:

(i) If we take ¢(r) =1, t > 0 in Theorem 2.16, then we get [19, Theorem 3.3].
(ii) If we take A = B(H), the Corollary 2.17 becomes [6, Theorem 2 ].

The following lemma is required to obtain the next theorem.

LEMMA 2.19. Let x € A, and ¢ be an Orlicz function. If a> 1, f € S,(A) and
0< o<, then

@ 0(|f(@9)]?) < $0(|7(@)]) + £/ (olax)) + (1= 3)f (9lar'e).

® o (If(@)’) < o (/@) +§7(9axtex) +(1- )7 (9(wr*)).
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Proof.
(a) Let xe A, and f € S,(A). Then we have,

O (|f (ax)?)
¢ (| f(ax)]?) + (1 — ) (|f(ax)[?) (2.2)
o (|f(ax)]?) + (1 — o) (f(x"ax))

o ( f (an)| + ¢f<c;x#ax> ¢f<axx#a>> +(1- )9 (f(ax*x))

N

N

N

F0UF@)) + 50 (\/laxto) flaxcts) ) + (1 0)9(f (ax'x)

2
< Zo(1fta))+ Lo (LI L aygarta)
< 2o(lf (@) + Fo(f (et + (1= 22 ) p(flarten) 3
< So(lf@d)) + G0t + (1= 2 ) folar™)

where the third and fifth inequality hold for the convexity property of ¢ and the
first inequality comes from Lemma 2.2. The second inequality comes from Lemma
2.10. Again, from the inequality 2pq < p?> +¢? forall p,q € R, we get the fourth
inequality. The last inequality follows from Lemma 2.5.

(b) Let x € A,. Then for any f € S,(A), |f(ax)| = |f(ax")| holds. Now, if we
replace |f(ax)| by |f(ax*)| in the inequality (2.2) and proceed similarly as in part
(a) of this lemma, then we get

o(|f (@)
3o

< So(Ir@d)]) + Fo(fladen) + (1= )o(flan®)) @4

< %q)(}f(axz)o f(¢(ax “x))—l—(l—%Ta)f(q)(axx#“)). O

THEOREM 2.20. Let A be a unital C*-algebra and 0 < a < 1, then we get the
following results

(a) If x € Ay, then

(i) VA(x) < Gva(x?) + || Gorxfa 4 (1 - 30y x|

(i) v2(x) < $va(x®) + || $afox+ (1 — 22 )xxe|

(b) If x € A and ¢ be an Orlicz function, then
() ¢02(x) < 2o(v(x?)) + || L (ax) + (1 —22)p (x*x) |
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(i) 907 (x)) < §OMOA)) +[|F9 () + (1= Z2) (xx*) |
Proof.

(a) Letxe A, and f € S,(A).

(i) Taking ¢(z) =1¢, t > 0 in inequality (2.3) and using the fact that |f(ay)| <
[¥lla ¥ y €A, we get

@) < Z{r@)| + % flax) + (1= 22) padten
< St oG - 20)0)
< %vu(xz) + H%xx#" + (1 - %X)x#“x )

Since, the above inequality holds for all f € S,(.A), we get our required
result.

(ii) Taking ¢(¢) =t¢, ¢t > 0 in inequality (2.4) and proceeding similarly as in the
first result of part (a) of this theorem, we obtain the required inequality.

(b) Letxe A and f € S(A).

(i) Taking @ =1 in Lemma 2.19 (a), we get

o(I707) < SO + T (00) + (1= 27 ) (9(x"x)
)+ 7(§ote)+ (1= 2 o)

v(x?)) +v<%¢(xx*) + (1 - 3!%)(])()&)6))

S =S
—~ o~ o~

P[RR R MNIR

=
><|\.>
S~—
SN—
+
|
<
=
><-)6
_l’_
/N
[
|
»|
SN—
<
><*
=
S~—

Now, taking supremum over f € S(A), we get

¢(v2(x)) < %¢(v(x2)) + H%(P(Xx*) + (1 - 3!TO‘>(;>()C*)C)

(ii) Taking a =1 in Lemma 2.19 (b) and proceeding Similarly as in the first result
of part (b) of this theorem, we obtain that required inequality. O

COROLLARY 2.21. Let A be a unital C*-algebraand x € A. If 0 < o < 1 and
r>1, then

i) v (x) < %vr(x2)—|— ||%(xx*)’—|—(1 - %)(x*x)’”
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(i) v*"(x) < %v’(xz) + ||%(x*x)’+ (1— %")(xx*)’”.

Proof. If we take ¢ () =1", 1> 0 and r > | in Theorem 2.20 (b), then we get the
required results. [

REMARK 2.22. Let A be a unital C*-algebra and 0 < o < 1, then we get the
following results:

(i) If we we put & = 1 in Theorem 2.20 (a), it becomes [19, Theorem 3.3 ].
(ii) If we consider A = B(H) in Theorem 2.20 (a), we get [6, Theorem 3].
(iii) If we consider A = B(H), the Corollary 2.21 becomes [7, Theorem 2.11].

(iv) If wetake ¢(z)=¢,¢ >0 and oc = 1 in Theorem 2.20 (b), we get the upper bound
given in [23, Theorem 2.4 ].

In order to obtain our next inequality that gives an upper bound for the a-numerical
radius of the sum of two elements of A, , we need the following lemma.

LEMMA 2.23. Let x,y € A,. If W1 be the complementary Orlicz function of Y,
and f € S4(A), then

[flatet9)f
< @) P+ 1 (@) P+ () |+ i ( f(adtox) ) + v (y rlaw®)).

Proof. Let x,y € A, and f € S;(A). Then we have
[f(atx+y))P
< [ f(ax)? + [ £(ay)? + 21 f (ax)||f (ay)]
(@) P+ |F(ay) P+ | flayn) |+ 4/ Flaxto) /£ (ayy¥e)
< |f(@x) P+ (@) P+ [ f () |+ v (y/ flartex) ) + ya (1 Flavy®)) |

where the second inequality comes from Lemma 2.10 and third inequality holds from
Lemma2.11. O

N

REMARK 2.24. Taking (1) = % = y»(¢) in Lemma 2.23, we get

£ (aCe+y)) |
< @+ (@) + | flayn)| + L2 @)
2
3o+ yy* |,
L T

< V2(x) +VE(Y) + valyx) +

<V2(x) + v () 4 va(yx)
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Taking supremum over f € S,(A), we get

(2.5)

a

1
Valr ) <00 +50) 4 valix) + 3 [[xfex -+ yye

Now, if we take A = B(H), then the inequality (2.5) becomes that in [5, Theorem 3.6].

THEOREM 2.25. Let x,y € A,. Then for any n > 1

_n_
n—1
a

1 n—1
Va(x+y) < va(x) +va(y) +va(yx) + ;|\x||g+ THy

Proof. Let x,y € A,. Taking y,(t) = % and Y, (1) = ";1;,%1’ t>20and n>1
in Lemma 2.23, we get

[ (ate+y)
< 7@+ 1 an) P+ @)+ (Fladte) 4 2 (fapto)) 5

1 n—1 _n
<R (x) +va(y) +valyx) + ~ e+ THy#“IIZI :

n—1
[y

_n_
n—1
a

1
= Va0 +va0) + valox) + ~[|xllg +

n
Now, taking supremum over f € S,(A), we get the desired inequality. [J

Next, we consider an example and show that the bound obtained in Theorem 2.25
is better than that given in [5, Theorem 3.6].

1 1
EXAMPLE 2.26. Consider A=B(H), T= | 2 (1) ,S=1(4% (1) ,and A = L0 .
03 03 01
Then Theorem 3.6 in [5] gives w2(T +5) < 0.59375, whereas for n =3 Theorem 2.25

gives w?(T +8) < 0.5625.

Next, we obtain the following inequality for the sum of n elements of A, .

THEOREM 2.27. Let ¢ be an Orlicz function and x; € Ay, i =1,2,---,n. If
P = (p1,p2,--+,pn) € Py is a probability distribution, then

1
2
al

n l n l n l n
(72X pn)) < 30 (ra( X)) + 30 (I SpctosF | S poel
i=1 i=1 i=1 i=1
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Proof. Let x; € A, and f € S;(A). Then we get

oIl pi) )

o (17X ) )

<

N

N

%¢<}ipif(ax

i=1

M)+

N

<lzl pif ()] + /3 1pfax xi)\ S pif (i ))

1
2

( pr axfx; \/pr axix

%¢(’f<aépfx?>’)+l w (a Zm xl)\/f(ai;pix,-x?”))
¢(1rteZpid)l) + 301 Zpaleall | 3 pot

1
2)
a )

where Lemma 2.10 and the non-decreasing property of ¢ give us the first inequality
and the second inequality holds for the convexity property of ¢. Now, using the fact
that |f(ay)| < |ly||l« forall y € A, we obtain the last inequality. The desired inequality
is obtained by taking supremum over f € S,(A) on both sides of the above inequal-

ity. O

REMARK 2.28. Let A = B(H) and a be the identity operator. Now, if we take
¢(1)=t, t >0 in Theorem 2.27, we get [ |, Theorem 2.6].

To obtain the next theorem,

we need the following lemma.

LEMMA 2.29. Let x,y,z € Ay, ||ylla <1 and ¢ be an Orlicz function. If a > 1

and f € S4(A), then

o[t

Proof. Let x,y,z € A, and

| (axyz')

) <

1Y lla
2

f € S4(A). Then we have,

— £ () x"a)|

= | (") ax*)

<76 ) (0 arc)
’f(axx ) ((z#“)* *ayz )
< Iyl £(axs®) |2 [ £((* ) az) |2
= [[¥lla) (ax®) 2] (aze" )

< ||yHa

Flaxe®) + f(az)
2 )

(f((p(axx )+ ¢ (azz" )))

Nl—
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where the first equality comes from the fact that f(y*) = f(y) forall y € A and the first
inequality holds from Lemma 2.2. Now, the second inequality follows from Lemma 2.7
and the last inequality holds because 2pq < p*> 4 ¢* for any p,q € R. Now, using the
convexity, non-decreasing property of ¢ and ¢(A1) < A¢(r) for 0K A < 1,7>0, we
get

(| f(axyz™)

) < ot L)

< @ <¢ (f(axx™)) + ¢ (f(azz#”))) :

Again, from Lemma 2.5, we get

¢ (| f(axyz™)

) < Bl (p(otan)) + r(otaz) )

- % (f((p(axx#”) + ¢>(azz#”))). O

Next, we prove the following theorem.

THEOREM 2.30. Let A be a unital C*-algebra, then the following results hold:

(@) If x,y,z2€ A and ||y|la < 1, then

Va (xyz#”) < % Hxx#” +zZ%

v
(b) If x,y,z€ A, ||y]| <1 and ¢ be an Orlicz function, then

(P(v(xyz*)) < @Hq)(xx*) +¢(zz")

Proof.

(a) Taking ¢(r) =7, t >0 in Lemma 2.29, we get

\f (axyz*)

< % (f(axx#”) —|—f(azz#“))

= ||y2H“f<a(xx#” +zz “))

a’

< % ||xx#“ + ZZ#"

where the last inequality comes from the fact that |f(ay)| < ||y|| for all y € A.
Now, taking supremum over f € S,(.A), we get the desired inequality.
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(b) Putting @ =1 in Lemma 2.29 and using the fact that |f(y)| < ||y|| forall y € A,
we get

o(r0ox)) < 2 (poter + 0e)))
yH H<P (xx™) + @ (22") |-

Since the above inequality holds for all f € S(.A), so the desired result follows. [J

COROLLARY 2.31. Let A be a unital C*-algebra and x,y,z € A. If r > 1 and
Iyl < 1, then

V (x2) < ”yH ) + (22)|)- (2.6)

Proof. If we put ¢(t) =1", where ¢t > 0 and r > 1 in Theorem 2.30 (b), we get
the required inequality. [J

REMARK 2.32.
(i) Itis shown in [22, Lemma 4.4] that if T,S,R € B4(H), then

1
wa(SRT*) < §||TT#/‘ + 85| 4| |R]|a-

Now, if we take A= B(H) andput x=S5, y=R and z =T in Theorem 2.30 (a),
we get the above upper bound of w4 (SRT*2) for ||R|[4 < 1

(ii) If we take A = B(H) and y as the identity operator I in Corollary 2.31, we get
the existing inequality given in [10, Theorem 1].

A Orlicz function ¢ is said to be sub-multiplicative if for every u,v > 0, ¢ (uv) <
¢(u)¢(v) holds. In the following result, we use the sub-multiplicative property of ¢ to
find an upper bound of the numerical radius.

THEOREM 2.33. Let x,v,z € A and ¢ be a sub-multiplicative Orlicz function. If
x,z are positive, r > 2 and 0 < o0 < 1, then

o (v (1)) <o (") o () + (1= o)
Proof. Let x,z be positive, y € A and f € S(A). Then we have,
£y = (o))
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where the first inequality comes from Lemma 2.1 and the second inequality comes from
Lemma 2.7. Third and fourth inequalities follow from Corollary 2.6 and Corollary 2.4,
respectively. The last inequality holds for the fact that a*b'~* < Aa+ (1 — A)b where
a,b>0and 0 <A < 1.

Now, using non-decreasing, sub-multiplicative and convexity property of ¢, we
get

o (£ (62 =)[") < (vl (@ (F() + (1= )0 (£(2)) ).
Again, from Lemma 2.3, we get

o (12 N)) <o (1) (o () + (1 - )0 (2)))
<o (Il [o () + (1= o ()]

Taking supremum over f € S(A) of the above inequality, we get the desired result. [

REMARK 2.34. If we put ¢(¢) =¢, t > 0 and consider A = B(H) in Theorem
2.33, we get [21, Theorem 3.3 ].

THEOREM 2.35. Let ¢ be a multiplicative Orlicz functionand r,s > 1. If w,x,y,2

€ A, then
V(X w+2*y)
o(75)
< H<¢<w*w>>’+<¢<y*y>)’ || () + (072)" |

Proof. Let w,x,y,z € A and f € S(A). Then we get

f(Z"y)
2

2

(R

3 +

< (52 52

< (3VI@IVTwrw + 3V TEVTo)
S % (f (w'w) + f (y*y)> (f ("x) + f (Z*Z)>

= (50w + 3707) (3000 + 3462

where second inequality comes from Lemma 2.1 and the third inequality comes from
the fact that (ab + cd)? < (a® +c*)(b* +d?) for all a,b,c,d > 0.
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~
/N

x*w—l—z*y) )2
2

< o((5/00m) + 3700 (537670 + 3(2))

= o (570w + 300 (360 + 5372)

< (500 05w) + 30 (70°0) ) (30 (FG0) + 39(7())
(

Where the first and the second inequalities hold for non-decreasing and convexity prop-
erty of ¢, respectively. The third inequality comes from the fact that (%52)" < (%r + %r)
for all @,b > 0 and r > 1. Next, the fourth inequality follows from Lemma 2.5 and the
fifth inequality comes from Corollary 2.6. Now, taking supremum over f € S(A), we
get the desired result. [

COROLLARY 2.36. Let p,q € A and r,s > 1, then

o5 < (6la°0) + (@)’ | %

(6(qq"))" + (¢ (pp*))’
2

2 2

Proof. If we take x* = p, w=g¢q, z* = ¢ and y = —p in Theorem 2.35, then we
get the required result. [J

REMARK 2.37. If we take A= B(H) and ¢(¢) =1, t > 0 in Theorem 2.35, we
get the inequality in [10, Theorem 3 ].

LEMMA 2.38. [16] Let T = U|T| be the polar decomposition of an operator T
on a Hilbert space H. Then for any positive number o the following holds

IT*|* = U|T|*U*.
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Let x be an invertible element in a unital C*-algebra .A. Then there exists a unique

. 1 . .
unitary u such that x = u|x|, where |x| = (x*x)2. Now, using the same technique as
used in Lemma 2.38, it can be proven that if x is an invertible element in a unital
C*-algebra A, then |x*|* = u|x|*u* for any positive number o.

LEMMA 2.39. Let x,y,z € A and y be an invertible element in A. If 0 < a < 1
and f € S(A), then

| £ Cov) | < F (el P90 £ (2 [v2%2).

Proof. Let y be an invertible in .A. Then by polar decomposition there exists a
unique unitary element « in A such that y = u|y|. Now,

fv2)|* = | (aulyl2) [*
= | £ (auly "= ly|2)
< (raly Oy =t ) £ (2 1yl )
:f(xu‘y‘%l—a) * *) (Z*|y|2a )
= FOly P (2 1P %)

where the above inequality comes from the Lemma 2.1 and the last equality comes from
the fact

uly|“u” = y"%. O 2.7)

LEMMA 2.40. Let x,y,p,q,r,s € A. Let y; be the complementary Orlicz func-
tion of Y, and 3 be the complementary Orlicz function of Wa. If x,y are invertible,
feS(A) and 0 < o < 1, then

’f (pxq+rys) ’

- %((f(plx*lz(l_“) )>%> %(( (¢ )>%>

+W3((f(r\y*|2“_ >%>+‘V4(( $"[y s )>1>'

Proof. Let x,y,p,q,r,s € A. Now, f € S(A) and x,y are invertible. Then we
have

|f (pxq +rys)|
< |f(pxq)| + | £ (rys)|
< (Pl P05 ) (£(q" [Pe))E + (FOly PO s (£(5°[yPs) 2
< (Pl P99 ) +yn (£ (g 1x249))?)

s (O PO 2) + wa ((F57 %)) )
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where the second inequality comes from Lemma 2.39 and last inequality follows from
Lemma2.11. O

THEOREM 2.41. Let x,y,p,q,r,s € A. If x,y are invertible and 0 < o < 1, then
forany n>?2,

1 * — * % * — * %
v(pxq+rys) < ;H (plx 20=)p ) + (rly 2=y ) H

n—1 e Eom)
+ s q + s .

Proof. Putting w1 (1) = 5 = y3(1), ya(r) = 2111 = yy(r) for 1 >0 and n >
in Lemma 2.40, we get

q*‘x‘2a s*‘y‘2a

( pxq+rys) )’

( (phe P )%+( (rly" [ 1—a>r*)>3>

n— (( flq |x|2a )2 ( *yzas)>2(nnl)>

1<f (ple P -@p* )%>+f<(r|y*|2(la)r*)%>>
n— 1(\ )

- (f (b= p7) <r|y*2<1a>r*>3>>

n—1 (\ )

< Yoty (a0 |

n—1 sy
+ (q A ”).
n

Where Corollary 2.6 and the fact that |f(y)| < ||y|| forall y € A are used to get the sec-
ond inequality. Now, taking supremum over f € S(.A), we get the desired result. [J

+

n W0

‘205

§* ‘y‘2a

+ (n l)

‘205

S*‘ ‘20{

2(anl)

*‘x‘2aq + s

*‘y‘2a5

In the following example, we show that the bound obtained in Theorem 2.41 is
better than that given in [17, Theorem 2].
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0z 04

1o 30 5o
EXAMPLE 2.42. Consider A=B(H), A= (2 1), B = ( ) C= <(2) )
3
9

(8 (5)) and T =S = <(1) ?) . Then Theorem 2 in [17] gives w(AB+CD) < % ,

whereas for n =3 Theorem 2.41 gives w(AB+CD) < %ﬁ .
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