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A CHARACTERIZATION OF AN ADDITIVE
IDENTITY ON MATRIX ALGEBRAS

ABDUL NADIM KHAN AND MAJED ALBAITY

(Communicated by M. Omladic)

Abstract. Let M, (R) be the algebra of n x n matrices over R, where R is a commutative two-
torsion free ring. In this manuscript, we obtain a structure theorem for the map y on M, (R) sat-
isfying w( o/ B*ot) = y(A)B* oA — Ay (B)* o + 4P (/). Moreover, a complete char-
acterization of y on B(H), algebra of all bounded linear operators on H, infinite dimensional
complex Hilbert space, is given.

1. Introduction

Let A be an algebra. Following [1], a mapping v : A — A, forany &/, B € A,
satisfying
V(A B ) = ()W ( By (7

is called a Jordan semi-triple mapping. Molnar showed in [11] that in the case of
standard operator algebras acting on infinite dimensional Banach spaces every bijec-
tive semi-triple mapping is additive. Lu [10], demonstrated Jordan semi-triple map on
standard operator algebra A in different way. He proved that y is additive on A if

y (ke Bel) = ky( )y (B)y ()

for all &/, # € A and k € Q. Later, Gorazd Lesnjak and Nung-Sing Sze [4] gave
a characterization of injective Jordan semi-triple mapping on matrix algebra M, (F)
with entries from a field F. A map v : A — A is called Jordan semi-triple derivable
mapping if

Y( oA Bt ) =y () B + oy (RB)d + o By ()

forall o/, % € A. In [3], Du and Zhang characterized the Jordan semi-triple derivable
mapping on matrix algebra over 2-torsion free commutative ring with unity. Gao in [6]
introduced and characterized *-Jordan semi-triple mapping W on B(H), the algebra
of all bounded linear operators on H, where H is a Hilbert space over real or complex
field, as

V(A B ) = y(d \y(B) y()
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forall o7, % € B('H). In the context of Gao’s result, Chen and Zhang [2] characterized
a semi-triple Jordan derivable mapping using matrix algebra M, (R) as

(A B A ) = (A ) B A + A (B) A + A By ()

forall @7, & € A. In [13], Vukman and his team define a map v : R — R, where R
is a 2-torsion free prime ring, as

V(A BA ) =y(A) B — Ay (B)A + o By ()

for all &7/, % € R, proved that it is of the form 2y(&/) = q&/ + &/q, where ¢ is a
fixed element in the symmetric Martindale ring of quotients of R. Further extensions
of aforementioned results can be seen in [4, 5].

In this paper, motivated by the above discussed maps and results, we follow this
line of investigation and consider the map y : A — A satisfying

(LB A)=y(A) B oA — Ay (B) A+ A B () (1.1)
for all o7, % € A, and prove the following:

THEOREM 1.1. Let M, (R) be the algebra of n x n matrices over R, where R is
a commutative two-torsion free ring. If v : M, (R) — M,(R) is satisfying (1.1), then
there exists T € M,,(R) such that T* =T (x is transpose) and an additive endomor-
phism ¢ of R such that
3

1
W) =SS — 3y (1)+ ST ~ Tl +

forall o7 € M,(R), where <y is the image of </ under ¢ applied entrywise.

On the basis of this, as an application, we give a full characterization of (1.1)
on B('H), algebra of all bounded linear operators on H, infinite dimensional complex
Hilbert space.

2. Preliminaries and Proof of Main Theorem

Prior to beginning the proof, a few notations and preliminary steps must be fixed.
Throughout this article, R refers to the commutative two-torsion free ring, and M,,(R)
represents the algebra of all n x n matrices over R. For any 1 < j,k < n, we write
&k for the matrix having 1 as its (j,k)-th entry and zeros elsewhere. For a matrix
o/ € M,(R) and an endomorphism ¢ of R let .7y be the matrix obtained by applying
¢ entrywise. The following result is a special case of Theorem 1.1 for n = 2, and is
essential to complete the proof.

THEOREM 2.1. Let W be a map satisfying (1.1). Then there exists T € M(R)
suchthat T* =T (x* is transpose) and an additive endomorphism ¢ of R such that

3 1
W) = YD) — 3y (1)+ ST~ T+

forall o/ € My(R), where <y is the image of </ under ¢ applied entrywise.
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The proof is based on the following lemmas.

LEMMA 2.2. y(0) =0.

Proof. For </ =0, we have
w(0) = y(0)0"0 — 0w (0)*0+00"y(0) =0. O
LEMMA 2.3. y(I)* = y(I).

Proof. Tt follows from (1.1) that
v(I) =y(II'D) = y(OI' T = Ty(1)' T+ 1Ty (1) =2y(I) — y(I)".
This gives y()* =y(I). O

Assume that y(&11) = (wij), w(&12) = (xij), w(&a1) = (vij) and y(E2) = (i)
for some wj,X;j,vij,zij € R and 1 <i,j < 2.

0
Lowoon 24w (20 ). = (52, v (2 0),

) Y21 Y22
0 x
and y(&x) = ( >

yo )
Proof. Observe that

v(611) = w(E11671611)
= Y (&11)E1611 — Sy (611) 611 + Eudfiw(én)
=y (&1)é1 — Eny(é1) E1 + Eny(éin).

w11 W12

This gives wy, = 0. So we have (&) = (w 0 ) . Also, we have
21

V(612) = y(E12612612)
V(&E12) 612812 — E12W (612) 12 + E128L W (612)
= Y (E1)én — Eny(En) En+ Eny(é12).

This yields x21 = 0 and y(&12) = (x(l)l ?2) . Similarly, we can easily get y (&) =
2
yi1 O B 0 71
<y21 y22> and y(é22) = <221 122) . Next, we have

0=y (E1161561) = W(E11)EHLE — Eny(E12) En + EnéLw(én).

This yields x1; = wj;. Note that 5115)2*1 &1 = 5)225)1*2522 = 5)2252*1 &n =0. Reasoning
as above yields y;; =wy; and z12 = x22 and zp; = yp». This completes the proof. [
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Now define a map ¥ : M>(R) — M»(R) such that

W(et) = (e )~ 2 W)+ 3D 2.1
One can check that ¥ is a *-Jordan semi-triple like derivation and ¥ (I) = 0. Also
Y(of?) =Y (A ) + AP () (2.2)
forall & € Mh(R).
LEMMA 2.5. ¥(&*) = ()" forall & € Mh(R).

Proof. 1t follows from hypothesis and Lemma 2.3 that

(o) = y(r) = S W)+ Sy

2
=y — () + o y(I) - %%*W) + %w(l)%*
RS W
= (W)~ 2w + 3w
= -¥(&). O

LEMMA 2.6. ¥(&))) = (_Oa g‘) V(&) = (8‘ :g) W(8) = (—ﬁ(x g)

and ‘P(@@zz) = (O @

a 0 )forsome o, ER.

Proof. Without loss of generality, assume that y(I) = for some b € R as

0b
b0
per Lemma 2.3. Now, it follows from hypothesis and Lemma 2.3 that

3 1
Y(611) = w(é) — 5511111(1) + Ellf(l)gn (2.3)
o wi1 W12 _§ 00 +l 0b
~\wa O 2\b0 2\00

wii wia—3b
W21+%b 0 '

Similarly, we can get

3 1
~3p +1p 0
Y(é12) = (WUO : x121b> N (6) = <W21y21 : y22—3b>’
3
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0 xzz—F%b)
yn—3b )

V(&)= (

Since we know that &7, = &3, so it follows from Lemma 2.5 that W¥(&12)* = —¥(&21)
i.e.,

(le—%b X12 >*_ (le—%b 0 ) __<W21+%b 0 )
0 xn+3b X1 xp+3b ya yn—3b)°

Above expression gives
wiz+wa =b,xpp+yn=>b and x;2=—yz1. (2.4)
Also we know from above that W is a Jordan derivation. Thus, we have
0="Y(Eh) =¥(E12) 612 + EP (1)

This yields wis +x20 = b and it follows from (2.4) that wi, = y2> and wy; = x2,. Next,
apply the similar arguments for &7; and &%, we get wi; = z20 = 0. Let 200 = wyp +

3wp; and 8 = yp;. Then woy + %b = —wip+ %b =« and x;» = —f. Thus, we have
0 —«a - — a 0
‘{I(éall) = (OC 0 ), ‘P(@@lz) = ( 0 aﬁ), ‘{I(éazl) = (ﬁ —O() and ‘{1(522) =
_Oa g for some o, € R. Hence the lemma. [J

Observe from Lemma 2.6 that W(&};) = &;; 2" — 2 &;j, where 2" = (g g) and
1 <1i,j < 2. Now define

() =VW(A)— (AL — XA (2.5)
forall & € M>(R). Itis clear that § satifies (1.1) and §(&j;) =0.

LEMMA 2.7. §(&/) = ty, where ¢ is any map on R satisfying ¢ (ab) = ¢(a)p(b)
and ¢(a+b) = —(¢(a) + ¢(b)).

Proof. Let &/ = (a;;) and ¢(7) = (b;;). Then it follows from (2.5) and §(&j;) =
0 that
—bij6ji = = &6 ()&} = (614 &ij) = 8(ajiciy).

This implies that (i, j)-th entry of (%) depends on (j,i)-th entry of </. Therefore,

. __ (pulan) piaa) y
we may write §(«) = (le (a12) pra(ann) for some maps p;; on R. Next, let

T = (i i).ThenforanyaeR,wehave

—p(a)T = =T (p(a)én)T =—T6(aé1)T =6(aTénT)

B ~ [ pii(a) pi2(a)
= s(ar) = (Pl e,
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This yields p11 = P12 = P21 = P22 = —p = ¢ (say). Therefore, we can write 6(&/) =
<7y . Furthermore, from 6(&7;) =0, we conclude that ¢(0) = ¢ (1) = 0. Next, for any
a,b € R, let & =ad&y)+b&,. Then () = ¢p(a)é11 + ¢(b)E1,. Since 5(4272) =
8(7)?, so we have

O (a®)E + 0 (ab)Ein = 0(a)* &1 + ¢ (a)d (D) Ea.
Also, we have
—(9(a)+ 0 (b)T = -T8(A)T =8(TAT)=58(a+b)T)=d(a+b)T.

From above, we get ¢(ab) = ¢(a)d(b) and ¢(a+D) = —(¢(a)+0(b)). O
The main result of this section can now be proven:

Proof of Theorem 1.1. For any M,(R), we define

W(et) = ()~ 2 W)+ 3w (D). (2.6)

In view of Lemma 2.2 and Lemma 2.5, we know that W¥(0) =0 and W(&7*) = —¥ (& )*.
The Theorem is proven by induction of n for ¥. The result holds for n = 2 according
to Theorem 2.1. For n = m, we assume it is true. The proof is made for n =m+ 1. Let
P=1,®[0] and P’ =1—"P = [0],,®[1], where [0],, and I, are zero and unit matrix
in M, (R), respectively. Since ¥(P?) =¥ (P)P + P¥(P), so it follows that

W(P) = P¥(P)P' + P¥(P)P =P — UP,

where % = PY(P)P'—P"¥(P)P € M,+1(R) and Z* =% . Forany <« € M,.11(R),
replacing ¥ by the mapping

A V(A )~ (AU —UA). 2.7)

We may assume ¥(P) = 0. Thus, for any o7, € M,(R), let o/ = 27, & [0]. Then it is
simple to demonstrate that &7 = P.&/P € M,,;1(R) and ¥(P) = 0 implies that

V(o) =W(PAP) = —P¥(A)P = B 0]

for some matrix %, € M,(R). Define a mapping ‘i‘(% ) = %y . Clearly, ¥is a x-
Jordan semi triple derivation on M,(R). By induction thereisa S € M,(R) with §* =
S and a multiplicative homomorphism ¢ on R such that ‘i’(sz{m) = 2, S — Sy + Ay
forall o7, € M,,(R). Let ¥ =S @[0]. Forany X € M, 1(R), define

[(X) =¥(X)— (XV — ¥ X). (2.8)

Thus we can get a *-Jordan semi triple derivable like mapping on M,(R) such that
(X, ®[0]) =T(X,) @ [0]. This is equivalent to

(X, @ [0]) = Xy & 0. (2.9)
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X1 X2

Note that any & € M, 1(R), we can write X =
y +1( ) (le Xon

can observe that PXP = X}, & [0]. Therefore

) with X EM,,(R). One

—PL(X)P =T(PXP)=1(X1;®[0]) = (X11)s @ [0]. (2.10)
Let us define matrices A; for each fixed i = {1,2,3,...,m} by
Ai = Ini1 = Gii = Sl 1) (mr1) + Eima 1) T Elmr1)i-

It follows from (2.10) that PI'(A;)P = 0. Then there exist x; = (x;1,Xi2,.-.,Xim)
vi = Vi1, Yi2,---,vim) € R™ and z; € R such that

ra)= ().

Since Ai2 = I,,+1 for each fixed i, so we have
[(A?) = AT(A) +T(A)A; = T(Lyy1) =0.

This yields x;; = —y;; and xj =y =0 (i# k), zi=0. So, we have ['(A;) = xii&}p11) —
Xii&(minyi- Let j € {1,2,...,m} and j #i. Then one can observe that A;jAA; =
Ly — &ii— &jj+ &+ &i. Tt follows that
0 =P(n+1 — i — &)+ Eij+Ei)P

= PT(A;AA;)P

= P[F(Aj)AiAj — AjF(Ai)Aj + AinF(Aj)]P

= Pllxii —xjj) & + (xj; = xit) &5l P

= (it —xj) 61+ (xjj = Xit) Eji-

This infer us that x;; = x;; with i # j. Therefore,
L(Ai) = X118y 1) — X116 (mr1)i

foreach i€ {1,2,...,m}. Let £ =[0],,®x;;. Forany Y € M, 1(R), replacing T" by
the map

V¥ (Y) - (Y2 - 2)). 2.11)

We may assume that I'(A;) =0 for all i € {1,2,...,m}. As m > 2, there is an-
other j € {1,2,...,m} with i # j such that éol-(erl) :AjéoijAj, é()j,' :Ajéo(erl)iAj and
Emr1)(m+1) = A1611A; . Then for any a € R, we obtain

D(adimr)) =T(Aj(adij)Aj) = —Ajo(a)&ijAj = —d(a)Eipnrr).  (2.12)
Similarly, we can get

F(aéo(m-&-l)i) = _¢(a)£)(m+l)i~ (2.13)
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and

F(a@@(erl)(erl)) = _q)(a)@@(erl)(erl)' (2.14)

It follows from (2.9), (2.12), (2.13) and (2.14) that I'(aé};) = —¢(a)&;; = ¢'(a)é;; for
alli,je{1,2,...,m+1} and a € R. Finally, forany &/ € M, {(R), let I'(«/) = (b;;).
Then

—bij€ji = =&l () Eji = T(Ejidd Eji) = T(adi).

This yields that I'(.«7) = (¢'(a;;)) = <y = @/ (for brevity, we assume ¢ = ¢ ) for all
&/ € M,+1(R). Thus, in view of (2.7), (2.8) and (2.11),we get V() =T — T o/ +
oy forall o7 € Myy1(R), here T =% + ¥ + 2 such that 7% =7 . Hence by (2.6),
we have

3 1
V() = S = Jw(D)+ ST — Tl +

forall &7 € M, 1(R). Hereby the proof is completed. [

3. Applications on B(H)

In this section, we use Theorem 2.1 in the context of B(H), the algebra of all
bounded linear operators on H, infinite dimensional complex Hilbert space. Here, for
o/ € B(H), o/* = o/ denotes self adjoint of «7. Since dimH = oo, so there exists a
projection P € B('H) such that dim(PiH) = dim(P,’H) = . Let A;; = P;B(H)P;,
1<i,j<2. Then B(H)=A1 @ AnD Ay @ Ap.

THEOREM 3.1. If a map y : B(H) — B(H) with w(—</) = —y () for all
o/ € B(H) satisfying (1.1), then there exists T € B(H) with T* =T such that

w(e) = %m/(z) - %w(z)% + AT —Tot

forall o € B(H).

Let
W(et) = ()~ S wl) + 3 D)S

forall &7 € B('H). Then it follows from Lemma 2.3, (2.2) and Lemma 2.5 that ¥(/) =
0, ¥ is a Jordan derivation and W(&/*) = —W(&/)*. If ¥ is additive, then ¥ is an
additve Jordan derivation. In view of [7, Theorem 3.1], ¥ is a derivation. By Kadison-
Sakai theorem [8, 12], W is an inner derivation i.e., V(&) = &/ 2 — 2 o for all
o/ € B(H). We only need to show y is additive. We shall proof Theorem 3.1 in a
series of lemmas.
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LEMMA 3.2. Y(P;) =P — #%P;, where ¥* =% for some % € B(H).

Proof. In view of (2.2), we have
Y (P;) =Y(Pi)Pi + P (P:). 3.1
For 1 <i# j <2, wehave P;¥(P;)P; =0, and hence
Y(Pi) =P¥Y(Pi)P;+ P,¥(P;)Pi. (3.2)
From hypothesis, observe that
Y(P1) =Y (P1)P1—Pi¥(Pi)Pi+Pi¥Y(Pr). (3.3)
Multiply above expression by P, from left (right), we get
P¥Y(P1) =P¥(P1)P1 and ¥(Py)Pr=Pi¥Y(P1)Ps. (3.4)
Similarly, we can get
Pr¥(P2) =P1¥(P2)P2 and ¥ (P2)P1 =Pr¥(P2)P;. (3.5)
Above two equations together with (3.2) gives
Y(P;) =P¥Y(P;)+¥(P)P;. (3.6)
Let % = P,¥(P1) —¥(P1)P>. Then from Lemma 2.5, we have #* = % . Thus,
Y(Pi) =P — P, (3.7)

Hence the lemma. [

Now, define O(&) =¥ (&) — [/, %] for all & € B('H). Easily verifiable that
© is a *-Jordan semi-triple like derivation on B(H) and ©(P;) =0 for i =1,2.

LEMMA 3.3. ©(0)=0.

Proof. 1t is straight forward. [
LEMMA 3.4. Fori,j={1,2}, ©(P.a/Pj) = PiO()P; forall </ € B(H).

Proof. According to hypothesis and ©(P;) =0, we have
O(Pa/'P;) = —-PO(H)P; (3.8)

for all &/ € B('H). By polar decomposition theorem, there exists a partial isometry

M € Ap suchthat A . #* =P, and .4*.# = P,. Thus, we have
0=O(AP\AIPr.M)=—MO(P1AP,) M (3.9)



10 A.N. KHAN AND M. ALBAITY
for all &7 € B('H). Multiply (3.9) by .#* on both sides, we get
PrO(P1/ P2)P1 =0 (3.10)
forall &7 € B('H). In view of (3.8) and (3.10), we have
O(P1oP2) = P1O(P14/P2) P> (3.11)
forall &7 € B(H). Similarly, we can get
O(Pr/ P1) = P2O(Pra/ P1) P (3.12)

forall o7 € B(H). Since A *of M* = M*P\2/ Pr.#*, so we have from the last two
relations that

QM PLAPLM") = O(M*YPLA Pl — M OPLAPo)M* (3.13)
+ M P A PO M)

for all 7 € B('H). On the other hand,

M AM*) = (M)A M — M O(A) M (3.14)
YA M)

forall 7 € B(H). Observe from (3.12) that ©(.#™*) = P,O(.#*)P; . Thus, it follows
from (3.14) that

QUM A M) = O(M*YPLA Pl — MO(A )M (3.15)
+ M P A PO M)

for all & € B('H). In view of (3.13) and (3.15), we have .Z*O (P, P,).#* =
MO ).M* for all &/ € B(H). Multiply both sides of last relation with ., we
get P1O(P1/ Pa)Py = P1O(&/ )P, for all o7 € B(H). In view of (3.11), we have
O(P14/Py) = P1©(/ )P, for all &/ € B(H). In a similar manner, we can obtain
O(PrdP1) = P20(«7 )P, forall o/ € B(H). This completes the lemma. [J

LEMMA 3.5. O(37 -, 4j) = 37 ;- O(j) for all o € Ajj.

Proof. Let T = @(21-27 =2 7). Then, in view of Lemma 3.4, we have

Tij = Pi® ( i 527”> Pj = (PiQ( i Mﬂ%) = @(JZZJ)

0,j=2 i,j=2

Hence the lemma. [
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LEMMA 3.6. O(24;) =20(4;) forall of; € Ajj and 1 <i# j<2.
Proof. Tt follows from Lemma 3.2 and Lemma 3.5 that
O(I+ ;) = O(Py + P2 + 4j) = O(;). (3.16)
Thus, we have

©(2%;)

o((I+ ) ) (3.17)
O + o)1 + o)) + (I + ;)OI + ;)
O(a;) I+ ) + (I + )0 ()

20(;)-

R

Hence the proof. [J

LEMMA 3.7. @(Mj-i-%ij) = @(szij) +®(=@U) forall of;, %;; € Aij and 1 <
i#j<2.

Proof. The following can be observed from Lemma 3.5 and (3.16) that

O(j+ %ij) = O + .+ Bij)
1 1
o 1)
1 1
— j0tan) 1) 1+ 3%
1 1
I+ 5427,, @(I— @,‘j) I+ EJZZJ
1 1
+50 {1+ 59 | (- %;)0())

- 301 - 5,) (1+ 35,

1 1
+ (I—i— 542{,,) O(%;)) <I+ 5427”)

1 1
+30(1+ 3, ) 1~ 2)0(at)

1 1
= 59(42{1'./) +O(%;j) + 59(42717)

= 0(4)) + 6(Zi)).
Hence proved. [

LEMMA 3.8. @(JZ{ii—Fz@,‘i) = @(JZZ‘,‘) +®(=@ii) forall of;;, Bi; € Ay with 1 <i+#
j<a.
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Proof. Let o7; € Aj; and %;; € A;;. Then it follows from Lemma 3.4 and 3.5 that

O () — O(HiBi;) = O(yi — i Bi;)

O((P; — i) i(Pi — Hij))

(P — %,) i(Pi— Bij) — (Pi— %) (i)

X(P; — Bij) + (Pi — Bi;) :9(Pi — %ij)

= —O(%,;)i(Pi — Bij) — O(i) (Pi — Bij)
+~Q7”®(Pz - @11)

= —O() +O(;i) Bij + A:0(B;;)

Thus we have
O(gfi) — O(iBij) = —O (i) + O(i) Bij + A,0(Hij) (3.18)

forall o7; € A;; and %;; € A;;. Also, o+ i PB;j = (P +e%ij)£{ii(7)i -in@ij) for all
o € Aji and %B;; € A;j. The same arguments as above can be used to determine

O (i) + O(;HBij) = —O(;) — O( i) Bij + ::0(HBi;) (3.19)
forall «7; € A;; and %;; € A;;. Combination of (3.18) and (3.19) gives
O(AiBij) = —O (i) By (3.20)

forall «7; € A;; and %;; € A;;. In view of (3.20), for any «7;, %;; € A;; and €;; € A;j,
we have

O(Hi + Bii)€ij) = —O(Aji + Bii) Cij.- (3.21)
On the other hand,
O((Hi + %i)6ij) = O(i6ij) + O(Ziti;) (3.22)
= —O(;)%ij — (i) C;
= —((0(4) +O6(%:))¢€i)) (3.23)

In view of (3.21) and (3.22), we have
O(gti+ Bi)C;j = (O(i) + O(Hii))6ij

for all o7, B € Aii and 6;; € A;;. Therefore, O(7; + B;;) = O(Z;) + O (i) for
all «7;, Bi; € Aj;. This completes the lemma. [

LEMMA 3.9. O is additive.

Proof. Tt follows from Lemmas 3.3, 3.5, 3.6, 3.7 and Lemma 3.8 that © is addi-
tive. This completes the proof. [
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