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SOME INEQUALITIES FOR g-GENERALIZED
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(Communicated by F. Kittaneh)

Abstract. In this paper, we present several Berezin number inequalities involving upper bounds
of the g-generalized Euclidean Berezin number. For example, we show Berezin number in-
equalities for finite sums of n operators. Among other inequalities, if 7i,...,T,, Si,...,S, are
operators in B(.77(Q)), then we obtain

ber” (2(T,- +s,-)> < 2" 2ber(n),
i=1

where 1 = 31, (T + f1Si| + g% |T;"| +&*[St|), f and g are nonnegative continuous
functions on [0,e°) such that f(z)g(t) =1, (t > 0), and r > 2. Moreover, we present some
results involving hyponormal operators.

1. Introduction

A functional Hilbert space 57 = 5 (Q) is a Hilbert space of complex valued
functions on a (nonempty) set Q, which has the property that point evaluations are
continuous i.e. for each 7 € Q the map f +— f(7) is a continuous linear functional on
2. The Riesz representation theorem ensure that for each 7 € Q there is a unique
element k; € .7 such that f(t) = (f,k;) forall f € 5. The collection {k;: 7T € Q}
is called the reproducing kernel of 7. If {e,} is an orthonormal basis for a functional
Hilbert space J# , then the reproducing kernel of ff is given by k:(z) =Y, en(7)en(2);
(see [19, Problem 37]). For 7 € Q, let k AT Tl k I be the normalized reproducing

kernel of .77 . For a bounded linear operator 7 on .7, the function T defined on Q by
T(t) = (Thw.r,k 1) is the Berezin symbol of T, which firstly have been introduced
by Berezin in [7, 8]. For the complex Hilbert space 57 = 5 (Q), let B(#(Q)) be the
space of the Banach algebra of all bounded linear operators defined on 7 . In the case
when dims# = n, we identify B(.#(Q)) with the matrix algebra M[,(C) of all n xn
matrices with entries in the complex field. An operator T € B(.#(Q)) is called positive
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if (Tk,k) >0 forall k € 7, and we then write T > 0. An operator T € B(J7(Q)) is
called that 7' is hyponormal if [T*,T]:=T*T —TT* > 0.

The Berezin set and the Berezin number of an operator 7 € B(#(Q)) are defined
by

Ber(T) := {T(1): 1€ Q} and ber(T) :=sup{|T(7)|: T € Q},

respectively, (see [22]). In [5], the authors show that ber(T) = supy.p ber (R(eT)).
The Berezin symbol and Berezin number has large application in the study of various
questions of operator theory in the functional Hilbert space, quantum physics and non-
commutative geometry. These are the important tools to study operators on Hardy and
Bergman spaces, especially for Toeplitz and Hankel operators. Recall that the Hardy
space 74 (D) of the unit disk D = {z € C: |z < 1} is a RKHS of analytic functions
on D with reproducing kernel k;(z) = 1+fz (see, Paulsen and Raghupati [27]). Since,
the collection of normalized reproducing kernel of 77 is a subset of the unit sphere
of 27, so the numerical radius and the Berezin number of an operator on .7 may not
be equal. The Berezin number inequalities have been studied by many mathematicians
over the years, interested readers can see [9, 18, 23, 24, 26]. Namely, the Berezin
symbol have been investigated in detail for the Toeplitz and Hankel operators on the
Hardy and Bergman spaces; it is widely applied in the various questions of analysis and
uniquely determines the operator (i.e., for all 7 € Q,S(t) = T(t) implies S = T'). For
further information about Berezin symbol we refer the reader to [3, 6, 4, 16, 17] and
references therein.

The Berezin number of operators S, T satisfy the following properties:

(i) ber(aT) = |oc|ber(T) forall o € C;

(ii) ber(T +S) < ber(T) + ber(S).

Recall that the numerical radius of T € B(°(Q)) is defined by

w(T) == sup{|(Tx,)| : x € A, x| = 1}
It is clear that
ber(T) < w(T) < ||T|| forall T € B(J2(Q)). (1)

Recently, in [5] the authors proved that
1
ber?(T) < ber(T"T+TT7)  forall T € B(A#(Q)). (2)

Moreover, they showed the Berezin number inequality involving the product of two
operators as follows

ber(7T*S) < %ber(T*T +5%S) forall S,T € B(s¢(Q)). (3)

Assume that T; € B(2°(Q)) (1 < i< n). The generalized Euclidean Berezin number
of T1,..., T, defined in [3] as follows:

1

n P
bery(T,---,T,) := sup (2 T,-(T)|1’> forall p>1.
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In the case p =2, we have the Euclidean Berezin number and denote by

1

0 3
bere(Ti,...,T,) := sup (Z |Ti(r)2> :
i=1

TEQ

For p=1if Ty =--- =T, =T, then bery(T,---,T) = nber(T).
In [10], the authors obtained some generalized Euclidean Berezin number inequal-
ities. Among of them, they obtained the following inequality

1

bery(Ti, 7)< 3 (berz<m|+ |T,-*>P) L (> @
i=1

Recall that, a function g : [0,00) — [0,e0) is convex if g((1 —u)a+ub) < (1—pu)g(a)+
ug(b) forall u €[0,1] and a,b € [0,00). For a convex function g : [0,e0) — [0,0) such
that g(0) = 0, we have the superadditivity property, i.e.

gx)+g(y)<glx+y) forallx,ye[0,00). (5)

The above inequality is reversed if g is concave. Utilizing the concept of the definition
convex functions, we have the definition of the operator convex functions. We say that
a function g is operator convex on an interval J if

g((1—u)A+uB) < (1—pu)g(A)+ ug(B)

for all self-adjoint operators A and B with spectra in J. For instance, the function
g(t) =1?, (t > 0) is operator convex for all —1 < p <0 and 1 < p < 2. For more
information see [28] and references therein.

Recently, the authors in [15] defined the g-generalized Euclidean Berezin number
for operators Tj,---, T, in B(2(Q)) as follows:

bery(Ti,...,T,) : supg <2g(|T ))

where g :[0,00) — [0,00) is a continuous increasing convex function such that g(0) =0.
It is clear for g(t) =t” (p > 1) we have ber,(-) = berp(-) and for g(t) = 1> we
have ber,(-) = bere(-); see also [1].
The g-generalized Euclidean Berezin number ber,(-) has the following proper-
ties:

(i) berg(Ty,...,T,) =0 if and only if Ti:O(i: L,...,n);

(ii) berg(aTl,...,aT) |ot|ber, (T1,...,T,) forall a € C if g is multiplicative;
(iii) bery(T1,Ds,...,T,) =ber (T}, T;,. .. T*)

(iv) berg(Ty +S1,...,T, +Sn) < berg(T1,...,T,) +bery(Sy,...,S,), if g is geo-

metrically convex i.e. g(\/x—y) <\g(x)g(y), where T;,S; e B(#(Q)) (i=1,...,n).
In this paper, we obtain generalizations of (2). For this purpose, we use of the
Berezin number inequality for the finite sum of operators, which is shown in the first
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part of this paper. Some ideas of the first section are stimulated by [2]. Moreover,
we present some upper bounds for g-generalized Euclidean Berezin number. Further,
we obtain a refinement of (4). We also present some results involving hyponormal
operators.

2. Inequalities of the Berezin number
In this section, we obtain some extensions of the known Berezin number inequal-

ities. First, we prove some Berezin number inequalities for finite sum of operators. To
prove our results, we need the several known lammas.

LEMMA 1. [20] Let a,b be real numbers. Then
(a) la+b|"+la—b|">2(la|"+|b]"), r=2;
(b) @ +b" < (a+b)" <2 Y d" +b"), a,b>0and r > 1.

The following lemma known as Minkowski’s inequality.

LEMMA 2. [20] Let a;,b; (i=1,---,n) be positive real numbers and r > 1. Then

( <az-+bz->r> < (2) + (ibf)
i=1 =1 i=1

LEMMA 3. [30] Let T € B(s¢(Q)) be positive and x € 7€ be a unite vector.
Then

=
~SI—

(1) (Tx,x)" <A(T"x,x) for r>1.
(2) (Tx,x)" > (T"x,x) for 0<r<1.
LEMMA 4. [28] Let T € B(#(Q)) be self-adjoint operator and x € 7. Then
(Tx,0] < ([T]x,x)-
LEMMA 5. [25] (Mixed-Schwarz inequality) Ler T € B(57(Q)) and x,y €
be any vectors. If f,g are nonnegative continuous functions on [0,e0) which are satis-

fying the relation f(t)g(t) =t, (t = 0), then

(Tx, )P < (F2(IT)x,x) (87 (IT7])y, ).

In particular,
{Tx, ) < (Tl (T |y, )-

Now, we are in a position to state the first result of this section.
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THEOREM 1. Let T;,S; € B(2#(Q)) (i=1,...,n), and f,g be nonnegative con-
tinuous functions on |0,0), which are satisfying the relation f(t)g(t) =t, (t >0). Then
forall r >2

ber” (Zn',(Ti + Si)) <2 %ber(n), (6)

i=1

where 11 =Y (f¥|Til + f21Si| + & |T7*| + g[S} 1) -

Proof. Let k1 be the normalized reproducing kernel of .7 (Q). Then

r

(T+S)k%‘[akﬁf‘[>

M=

(

'M= L

Il
-

|(T; + Sk o ko o)

|
M=

I
—_

|<Ti]}%’,7:,]%jf,7:> + <Si]}%’,7:,]%jf,7:> |r

N
M-

I
—_

(KTik s o kv )|+ 1(Sikowe ke 2)]) (by the triangle inequality)

n

< | (S el )7+ (

2}’ 1[

[

-

Il
—_

. R 1"
|(Sik e v ke 2)|) ’} (by Minkowski’s inequality)

™=

(Tikse o ke )| +(

M:

[(Sik .2,k 2)|"] (by Lemma 1(b))

—

sl
0o~

PAT Dkt e koe o) (8 (1T ko e koe o)

N
v
L
'M= L

—

Sl

Aoz ke 2) 2 (@S Dk, ke )

+
-Ms

—

} (by Lemma 5)

M=

<S22Y (P (TDkor o hor o) (&2 (1T Dk e ke 2)')

Il
—_

4
NeE

(P2 USiD ko o ko o) (82 (IS} Do ko 2) )]

—

(by the arithmetic-geometric inequality)

N TNk o kow ) + (87 (1T Dhse 2,k oo )
i=1

+ XS SiDkse 2 ko2 + (87 (ST Dhoe o ke ) (by Lemma 3)
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n
_y2 {2 (<f2’(|n|>k%,f,k%,f> (@ (T Do o)
n
S S ores) + (62 (1S D, e )}

<2 [E<(f2’<m|>+f2’<|sz->+g2’<|n*|>+g2’<|s;-*>>fw.,nfw,f>] (by 5).
Taking the supremum over all 7 € , we get the desired result. [J
COROLLARY 1. Let T,S € B((Q)) and let f,g be nonnegative continuous
Sunctions on [0,0), which are satisfying the relation f(t)g(t) =t,(t > 0). Then for
r=2
ber’ (T +S) < 2" *ber(f*|T|+ f[S|+&¥|T* |+ g”|S*|). (7)
In particular,

1
ber'(T) < sber(|T|" +|T°T). )

Proof. By putting T; = S; =0 (i =2,3,...,n) in (6), we have (7). Moreover for
T =S and f(t) = g(t) = vt in (7), we have (8). [

REMARK 1. Note that, by assuming =2 in (8), we have ber?(T) < ber (|T|*+
|T*|2). So (8) is an extension of (2).

REMARK 2. If T € B(/(Q)) and r > 2, then we have

1
ber’ (T) < Eber(|T|r+ |T*|")

1
E(ber (IT|") +ber(|IT*|")) (by the subadditivity of ber(-))
1
E(w ITI")+w(|T*|")) (by the inequality (1))
1

= 5(” IT|" ||+ 11Tl (since |T|" and |T*|" are normal)
1

=3 (T 1T 1) (by the functional calculus)
1 « .

= SUTI"+IT*7)  (since | [X]]| = IX)

=|ITI"  (since | X][ = [IX").

Hence,

ber (7)) < \/ ber(|T|"+|T*|") <||T]. ©)

The above inequality shows that the inequality (8) is a refinement of the inequality (1).
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EXAMPLE 1. Let {el,el} be the standard orthonormal basis for C2. Consider

C? as a RKHS on the set {1,2}. If we put the matrix T = (l !

12) and r =5 in the
inequality (9), we have

1
ber(T) =2 < i/iber(|T|5 |T*%) ~2.4540 < ||T| ~2.6173.
THEOREM 2. Let T,S € B((Q)) and f,g be nonnegative continuous functions
on [0,00), which are satisfying the relation f(t)g(t) =t, (t >0). Thenfor r =2
ber' (T +S)
<2 ber (27 (IT+S)+ (T = S|) + & (T +8)" )+ (T =5)])) . (10)

Proof. Let kypr € #(Q). Then
(T +S)kse .k o)
= |<Ti€%’,r7]}%’,7:> + <S]}%’,7:,]%jf,r>|r
<2 (IThop e )|+ (koo )
<22 (T + ko s ko) + (T = ok )
(by Lemma 1(a))

r

<2’2{< 21T + Sk e ko) (82T +8) Dhore e, hope )

|

S

+{fA (T - S|)k%’rak%’r> (ST =S Nkse ko z)

(by Lemma 5)
<2 [<fr<|r+s|>i%,zzw><gr<|<r+s>*|>f<mf?w>
(77T = SDoror.e) (8 (T = ) Do e ).
(by Lemma 3)
<2 [<f2r(|T +Skoez koee) + (87 (I(T +8) ko e, koez)

+<f2’<|T—S|>iw,f,fw,f>+<g2r<|<r—s>*|>1%%,f,iw,f>}

(by the arithmetic-geometric mean inequality and Lemma 3)
=2 (AT +S) + 27T = S)+8 (T +8)) + &% ((T = 8) ko e ko) -

Thus, by taking the supremum on over all T € Q, we get the desired inequality. [J
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By replacing T by S and assuming f(t) = g(t) = v/t in (10), we have the next
result.

COROLLARY 2. Let T € B(2#(Q)) and r>2. Then
ber'(T) < 2" 3ber(|T|" +|T*|"). (11)
THEOREM 3. Let T,S € B(57(Q)) be self-adjoint and r > 2. Then
ber’ (T 4 S) < 2" 2ber(|T +S|"+|T —S|"). (12)
In particular,

ber’(T) < 2" 2ber(|T|"). (13)

Proof. With letting f(t) = g(t) = /¢ in the inequality (10), we get
ber (T +S)
<2 3ber (IT + S| +|T —S|"+ (T +8)*|"+ (T - $)*|")
=2"3ber (2|T +S|" +2|T —S|")
=2""ber (|T +S|"+|T —S|").
For (13), it is sufficient to replace 7 by S in (12). 0O

In the following theorem, we obtain the Berezin number inequality for the products
of two operators in B(.77(Q)).

THEOREM 4. Let T,S € B(5#(Q)). Then

1
ber'(T°S) < sber (IT| +(S°(T*(S)") forallr>1. (14)

Proof. If ke € #(Q), then

r

|<S*T]A€%,T;]A<%J,T>|r = |<T]A<%J7T’S]AC%JJ>‘
< <|T|]}%’,r,]%jf,r>7
<|T|]}%’,r,]%jf,r>

N N 1 N N 1
< <|T|rk%,r7k%,r> 2{(SHT" \S)rk%7r,k%7f> 2 (by Lemma 10)

T*|Skype.Skr)®  (by Lemma 13)

IS

{
{

Sl

S* |T* ‘S]}W,T7]2W,T>

<5 [T ko o ke ) + ((STITS) kot o ke )]

(by the arithmetic-geometric mean inequality)

1

2
1 . U

= S U7V + (1718 Voo o).

Now, by taking the supremum on over all 7 € Q, we reach the desired result. []
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REMARK 3. Let 7,5 € B(2(Q2)) and r > 1. Similar to Remark 1, we have

1 T
ber(T*S) < \’/Eber(TUr (S*|T*|$)") < @{/1 + 1812 (15)

Moreover, if we put ¥ =2 and S =1 in (14), then we get the inequality (2) as follows

1
ber®(T) < Sber(T°T+TT").

EXAMPLE 2. Ifweput T = (3 ?) , 8= <(1) ;) and r =3 in the inequality (15),

then

1 T
ber(T*S) =12 < {/Eber(T3+(S*T*|S)3) ~16.05 5 @ 314|816 ~ 16.376.

3. Some upper bounds for g-generalized Euclidean Berezin number

In this section, we make use of some properties of g-generalized Euclidean Berezin
number and, then we obtain relations between the g-generalized Euclidean Berezin
number and the Euclidean Berezin number. Moreover, we present some refined in-
equalities. Specially, we obtain refinements of (2) and (4). First, we need the following
well-known lemmas.

LEMMA 6. [14] (Hermit-Hadamard inequality) Let f : [a, b] — R be a convex
function and let 0 < u < 1. Then

b 1 b b
f(a;r ) <t <5 [ rinar< M
where 1(u)=(1—u)f <%) +“f(w>
THEOREM 5. Suppose that T; € B(7(Q)) (j=1,2,...,n) and g :[0,00) —

[0,00) be an increasing operator convex function such that g(0) =0. If 0 < o, u < 1,
then

ber,(Ti,....T,)

(m(é{ <(1—M)IT,f2°‘+(;+u)T*jI2<l“>)

- )\leo‘;rulT*Jl“ “ )D)

+ug
<g (ber( N g (e T3> + ( t)T;‘z(l‘O‘))dt>>
0

Jj=1

g ( ber(ig \T5%%) + g (|77 21~ a))).

J=1

N
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Proof. Let k ¢ € €. Using Lemmas 6 and 5, we have

) <o AmeThor sihor o) (TR0 Thor ko )
(1= TP+ 1+ |77 PO~
<(1—“)<g< - D) )k%‘rvk% ‘r>

Q=T+ p|T PO N
+,u<g< ! ) . )k%.ryk%‘r>

(1= w7 + (14 )77 Q= W)|T2% + p T PO 7
e R ) [ )

Since g is operator convex, the operator version Lemma 6 implies that
(1= )|T; P + (14 )| T7 P Q= W)|T;P% + p|T PO-0NT
< (lfﬂ)g< ! ) ! >+Hg< ! ) ! >]k%.ryk%.r>
1 ~ ~
<(([ e (emPesa-niz Pr0)a) ko ko)
JO

g(ITP*) +e(IT P 9) N, .
<<< (1717 2( j )>k%mk%r>-

g(' <Tji€3f.ryi<%.r>

Thus
2g<\<r,-iw,f,iw,f>\)
j=1
n (1= )| T3 2% 4 (14 )| 75 P 2— )| T P + | T3 P
<Z<[(1‘“)g( )T (2 T/ )+“g<( ;] 77

) | ko)

< 3 () sem P s =07 ) e

< 2 << 8(I7; \“)ﬂ;(\T*\“ ¢ )>12%5T,12%J>.

This is equivalent to

3 ¢({Tkor cr.o))
< < ; [(1 —H)g<(l - +(1 +“>|T.F‘|2“‘°‘)>

2

Q- wITP+ uTiPIONT
+Ug< . 3 ! >:|k%,‘r;kﬁf,‘r>

1 n . .
<(( [ Zet@ns -0z P Jor cor.c)
0 |

1/ . N
§<2 (g |T‘2a )+8(T; ‘21 * ))k%’,r»k%,r>-

J=1
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It follows from g~!

(3 ellGhrbira)))

j=1

< > 2
ngg(lzlu)T,zo‘;“Tj*z(l ) )] >)

[ storm z)T,*2<l-a>)dt)1%%,f,iw,f>)
<! (5( £ (mP) + TP k)]

is increasing, we have

_l’_
<g!
j=1

By taking the supremum over all 7 € Q, we get desired result. [

COROLLARY 3. Suppose that T; € B(J€(Q)) (j=1,2,...,n) and 0 < u < 1.
Thenfor 1 < p <2,

ber,(T,.

( r(ill— 1 u)TjIﬂ;(l+u)IT/*>p+“<(2—u)7;+ulf,»*l)”]>>5
j=1

1

(ber </01 zn:l tTi|+ (1 —1) T*|)Pdt>> '

j=

< (oo E10m IT*|P>))%,

Proof. This immediately follows from Theorem 5 by assuming g(¢) =P, p >
1. O

REMARK 4. By putting n=1, T} =T, o= % and g(t) = > in Theorem 5, we
have a refinement of (2) as follows:

ber?(T) < %ber ((W)Z’ (M)j
< ber (/Ol(lT +(1 —t)T*|)2dt)

1
< Eber(\T\er\T*F). (16)
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EXAMPLE 3. Consider for C2 the standard orthonormal basis {el , el} as a RKHS

on the set {1,2}. If we put the matrix T = (é é) in the inequality (16), then we have

1 T+ 37\ 2 T+ |74\ ?
ber’(T) =4 5 5ber<<| |+43| ) +<3| |1_| ) )%4.17

1
& ber ([ U110 Par) % 423

1 *
< 5ber(|T|2 +|T**) =4.5.

In the next theorem, we present g-generalized Euclidean Berezin number for prod-
uct of operators.

THEOREM 6. Let T;,S; € B(#(Q)) (j=1,...,n) and g : [0,00) — [0,%0) be an
increasing operator convex function such that g(0) = 0. Then

bery(T;'Sy,...,T;S,) < g ! (ber(/ (2 (t1S;1> + 1—z)Tj2)>dt>>
<g! (%ber (; (g (15,1 +g(|Tj2))>> :

Proof. Let k w1 € and j=1,...,n. Then, by the Cauchy-Schwarz inequality
we have

& (KT jSikoe .z ko o)1) = g (I(S ke 2, Tikoe 1))

gl
(”Tkﬁf r” ”S kﬁf r“)
(% <|T,-21%f7f,/%jf,f><s,-|21%%,ﬁzzm>)
g <<Tj|2i€%,r,i¢%,r> + <Sj|2i€%’.,r77€%’7r>>
2

N

8

N

1 ~
< [ 8 0T Pk ek )+ (L =08 P e o)) .
)

Moreover, the convexity of g implies that

g (LT Pkow 2 ke ) + (L= 1) (IS)1*k s 2. ke 1))
= g ([T + (1= 0)IS; ko 2. ke 1))

(& (T3P + (1 =0)ISiI?) ko .o z)

t

<
<t (IT1P) ko ko ) + (1= 1) (g (ISi17) koo ke z)
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So,

1 ~ ~
8 (|Tj ko e, ko o) + (L= 0){|S 1P ko v, ke o)) dlt

<(/
. |2
< << ‘Tj| —;g(\S,| )>i<jf,r,i<jf,r>~ (18)

With combining the inequalities (17) and (18), we get

(=)

1 ~ ~
ST+ (1-0)|8;2)dr) k%,f,k%7r>>

o\

~ ~ 1 ~ ~
el Tk oo ) < { [ (T +1 =015, or rbor.c)

< <g<|r,»2>;g<|sj2>) b,

This implies that

A A L 1 A A
(5T lor ) < 3 ( [ eI+ 1—r>|s,-|2>dt)k%,nkf,f>

. 2<(g L) + (1S, >)k ,W>

J=1

.
M=
L
~.
.

Since g~ ! is increasing,

gl(ig<|<s;ff,-@f,f,iw,f>>)

J=1

<o (S ([ @uin+ 0 -nisPan) ke ))

j=1

n
<6 (5 2 (60T 480 e or) ).
Now, by taking the supremum over all 7 € Q, we get the desired result. [J

COROLLARY 4. Let T;,S; € B((Q)) (j=1,...,n) and 1 < p <2. Then

ber,(T{S1,..., T;'S,) < ber? (/ (i(qsﬁ 1—t)|T/|2>p)dt>

Jj=1

< Lperd (Z (1577 + Tﬁp)) ~

27 j=1
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In particular,

ber?(T*S) < ber (/01 (t|S|2+ (1 —t)T|2)pdt>

1
< Eber(\S\zp—f— T|). (19)

Proof. Since g(t) =17, (1 < p < 2) is an increasing operator convex function,
so by letting g(¢) =17, (1 < p < 2) in Theorem 6 we get the first result. Moreover,
by assuming n =1, T} =T and S; = S in the first inequality, we have the second
result. [

REMARK 5. Note that, the inequality (19) is a refinement of (3).

4. One application

The reproducing kernel Hilbert space ## = J7(Q) is said to be standard (see
Nordgren and Rosental [26]) if the underlying set Q is a subset of a topological space
and its boundary dQ is nonempty and has the property that {IAc .t} convergence
weakly to 0 whenever {7,} is a sequence in Q that convergence to a point in dQ. The
common reproducing kernel Hilbert space of analytic functions, including the Hardy,
Bergman and Fock Hilbert spaces, are standard in this sense. For a compact operator
K, on the standard reproducing kernel Hilbert space .77, it is easy to see that

lim K(7,) =0
whenever {17, }, convergence to a point of dQ (since compact operators send weakly
convergent sequences to strongly convergent ones). In this sense, the Berezin symbol
of a compact operator on a standard reproducing kernel Hilbert space vanishes on the
boundary. For T € B(7(Q)), its Berezin norm is defined also by

HTHber (= sup HT]%%TH .
TEQ

For more information and relationship about the Berezin set, numerical range, Berezin
number and numerical radius, we refer the readers to Karaev [24].

In this section, in terms of Berezin numbers we give a new necessary condition for
hyponormality of operators on the reproducing kernel of Hilbert space 5’ (Q). For any
operator T € B(57(Q)), we denote

§(T) = Tiggfz‘f(r)‘ and A7) = inf [|Thoc]|.

It is obvious that 6(T') < A(T). We begin with the following simple proposition where
[T*,T] =T*T — TT*.
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PROPOSITION 1. If T € B(.%°(Q)) is a hyponormal operator, then
ber (7", 7)) < ||T | — A*(T°), (20)
or equivalently
ber([T*,T]) < ber(T*T) — A*(T*). 21)

—~

Proof. 1t follows from [T*,T] > 0 that [T*,T](t) > 0 for all T € Q. Then we
have

ber([T*,T]) = sup ((T*T — TT*Vkow v,k z)

TEQ
= jgg (Tkyee,Thoe 2y — (T ke e, T ke t)]
< sup|[Thop " — inf | T"Kor ol
= (| T [[fer — A%(T7),
which proves the inequality (20). [
We remark that if §(7) # 0, then

A4 %
<2A2( T)— ) (252( ))
AY(T) 5 L N(T) AT
(62<T ) sty s
_A(T)
ﬁ”T”ber»
hence
(AT NP AT
n(T) = <2A2(T) _52(7—-)) 5(T) HT”beh

where % > 1. We also denote o := ||T||per -

Our next result essentially improves the inequality (20) for some class of operators.

THEOREM 7. Let T € B( be an operator such that §(T) # 0 and

H(Q))
A(T)g\/a2—a\/a2—62(T). (22)

If T is hyponormal, then

ber(IT*,T]) < | T per (| T | 3er — 53(T))?, (23)

which is better than the estimate (20) in Proposition 1.
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Proof. Since T is hyponormal, the Berezin symbol of the self-commutator [T, 7]
is positive. Then, by considering that |T*(t)| = |T(t)| and Tk —T(T)kw o L
]’%jfﬂr, we have:

—~—

0 < [T, T)(v) = (Thow . Thowr) — (T ke e, T ke )
Tk o, Thyer — T(T)i(%,r> + <T]A€3f,‘ra T(T)]}%,r>

- <T*]%jf’f, T*I%%,T - /ﬁ(r)]%%"[> - <T*]%%,T7 ﬁ(r)]’%jf’1>

a N ~ N ~ 2
- <Tkjf’f,Tk%4T - T(r)k%,r> v ’T(r)’

a ~ —~ N —~ 2
- <T*k%’T,T*k%,T - T*(r)k%,r> - T*(T)‘

- <T]%jf’f, T]}%),T - T(T)]}%’T> - <T*]%‘}f7r, T*IQ%J’T - ﬁ(r)]}%"[>

< <T]%ﬁf,‘[7 Tl}ﬁf,‘r - T(T)]%%,r> s

and hence by the Cauchy-Schwarz inequality, we have

—~

[T%,T)(t) < || Thow ||

Thor o= T(Dhor .z

A~ N 2 ~ 2\ 2
<o o (7| |70 )
1
~ ~ 2 . ~ 2\ 2
< sup ||Thow || <supHTk%J7TH — inf )T(’L’)‘ )
TeQ TEQ TEQ
1
=T |per (|| T [|fer — 6*(T))? forall T € Q,
so it follows that
ber([T*, 7)) < || [ber (|| [3er — 83(T)) 2

as required. Now, we show that for operators T € B(#(2)) with the condition (22),
the estimate (23) is better than (20). Indeed, x = A?(T). It is easy to see that the
condition (22) implies that

¥ =20+ a?83(T) >0,

that is
(AX(T))? —202A*(T) + o*8*(T) > 0.
Whence

AN(T)
O < STy 63T
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or equivalently

AT ?
7o < (552075 b7 ) - 49

An elementary calculus shows that the estimate (24) is equivalent to the inequality
2 2 i 2 2 (o
”T”ber(HTHber -5 (T))z < HTHber —A (T )v

which shows that (23) is better than (20). The theorem is proven. [

Notice that if A(T) = 0, then the estimates (20) and (23) are the same, since
A(T) = 8(T). For example, if 5 = . (Q) is a standard reproducing kernel Hilbert
space, then for every compact operator K on ¢, A(T) = 0.

For another necessary conditions for Toeplitz operators the reader can consult in
the works [11, 12, 13, 21, 29].

Declarations

Funding. The authors declare that there is no source of funding for this research.
Competing interests. The authors declare that they have no competing interests.

Authors’ contributions. The authors contributed equally to the manuscript and
read and approved the final manuscript.

Acknowledgement. The authors wish to express their gratitude to the referee for
the valuable comments and suggestions provided.

REFERENCES

[1] M. W. ALOMARI, M. SABABHEH, C. CONDE, AND H. R. MORADI, Generalized Euclidean Opera-
tor Radius, Georgian Math. J. 31 (2024), no. 3, 369-380.

[2] W.AUDEH AND M. AL-LABADI, Numerical radius inequalities for finite sums of operators, Complex
Anal. Oper. Theory 17 (2023), no. 8, Paper No. 128, 10 pp.

[3] M. BAKHERAD, Some Berezin number inequalities for operator matrices, Czechoslovak Math. J. 68
(143) (2018), no. 4, 997-1009.

[4] M. BAKHERAD, C. CONDE AND F. KITTANEH, A new family of semi-norms between the Berezin
radius and the Berezin norm, Acta Appl. Math. 192 (2024), Paper No. 3, 18 pp.

[5] M. BAKHERAD AND M. T. KARAEV, Berezin number inequalities for operators, Concr. Oper. 6
(2019), no. 1, 33-43.



64

[6]

[7]

[8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

M. BAKHERAD, N. E. MAHDIABADI, M. HAJMOHAMADI AND M. GARAYEV

M. BAKHERAD AND F. KITTANEH, Some estimations of the Berezin radius and the Berezin norm,
Rend. Circ. Mat. Palermo (2) 74 (2025), no. 4, Paper No. 119, 16 pp.

F. A. BEREZIN, Covariant and contravariant symbols for operators, Math. USSR-Izv. 6 (1972), 1117—
1151.

F. A. BEREZIN, Quantizations, Math. USSR-Izv. 8 (1974), 1109-1163.

P. BHUNIA, M. T. GARAYEV, K. PAUL, AND R. TAPDIGOGLU, Some new applications of Berezin
symbols, Complex Anal. Oper. Theory 17 (2023), no. 6, Paper No. 96, 15 pp.

F. CHIEN, E. F. MOHOMMED, M. HAJIMOHAMADI, AND R. LASHKARIPOUR, Inequalities ()fgen—
eralized Euclidean Berezin number, Filomat 36, no. 16 (2022), 5337-5345.

C. C. COWEN, Hyponormal and Subnormal Toeplitz Operators. Surveys of Some Recent Results in
Operator Theory, vol. 1, 155-167, Pitman Res. Notes Math. Ser., 171, Longman Sci. Tech., Harlow,
1988.

C. C. COWEN, Hyponormality of Toeplitz operators, Proc. Amer. Math. Soc. 103 (1988), no. 3, 809—
812.

Z.CUCKOVIC AND R. CURTO, A new necessary condition for the hyponormality of Toeplitz operators
on the Bergman space, J. Operator Theory 79 (2018), no. 2, 287-300.

S. S. DRAGOMIR, Some inequalities generalizing Kato’s and Furuta’s results, Filomat 28 (1) (2014),
179-195.

N. ESLAMI AND M. BAKHERAD, An extension of the Euclidean Berezin number, Filomat 37, no. 24
(2023), 8377-8388.

M. T. GARAYEV, M. BAKHERAD, AND R. TAPDIGOGLU, The weighted and the Davis-Wielandt
Berezin number, Oper. Matrices 17 (2023), no. 2, 469—484.

M. T. GARAYEV, M. GURDAL AND S. SALTAN, Hardy type inequaltiy for reproducing kernel Hilbert
space operators and related problems, Positivity, 21 (2017), no. 4, 1615-1623.

M. HAJIMOHAMADI, R. LASHKARIPOUR AND M. BAKHERAD, Improvements of Berezin number
inequalities, Linear and Multilinear Algebra, 68 (2020), no. 6, 1218-1229.

P. R. HALMOS, A Hilbert Space Problem Book, 2nd ed., Springer, New York, 1982.

G. H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, 2nd ed., Cambridge Univ. Press,
Cambridge, 1988.

I. S. HWANG AND J. LEE, Hyponormal Toeplitz operators on the weighted Bergman spaces, Math.
Inequal. Appl. 15 (2012), no. 2, 323-330.

M. T. KARAEV, Berezin symbol and invertibility of operators on the functional Hilbert spaces, J.
Funct. Anal. 238 (2006), 181-192.

M. T. KARAEV, Reproducing kernels and Berezin symbols techniques in various questions of operator
theory, Complex Anal. Oper. Theory 7 (2013), no. 4, 983-1018.

M. T. KARAEV AND S. SALTAN, Some results on Berezin symbols, Complex Var. Theory Appl. 50
(3) (2005), 185-193.

F. KITTANEH, Notes on some inequalities for Hilbert space operators, Publ. Res. Inst. Math. Sci. 24
(1988), 283-293.

E. NORDGREN AND P. ROSENTHAL, Boundary values of Berezin symbols, Oper. Theory Adv. Appl.
73 (1994), 362-368.

V. I. PAULSEN AND M. RAGHUPATI, An Introduction to the Theory of Reproducing Kernel Hilbert
Spaces, Cambridge Univ. Press, 2016.

J. PECARIC, T. FURUTA, J. MICIC HOT AND Y. SEO, Mond-Pecaric Method in Operator Inequali-
ties, Element Zagreb (2005).



SOME INEQUALITIES FOR g-GENERALIZED EUCLIDEAN BEREZIN NUMBER 65

[29] H. SADRAOUIL, Hyponormanility of Toeplitz Operators and Composition Operators, Thesis, Purdue
University, 1992.

[30] B. SIMON, Trace Ideals and Their Applications, London Mathematical Society Lecture Note Series,
35. Cambridge University Press, Cambridge-New York, 1979.

(Received November 21, 2024) Mojtaba Bakherad
Department of Mathematics, Faculty of Mathematics

University of Sistan and Baluchestan

P.O. Box 98155-987, Zahedan, L.R. Iran

e-mail: bakherad@math.usb.ac.ir

Nooshin Eslami Mahdiabadi

Department of Mathematics, Faculty of Mathematics
University of Sistan and Baluchestan

P.O. Box 98155-987, Zahedan, L.R. Iran

e-mail: nooshineslami@pgs.usb.ac.ir

Monire Hajmohamadi
Hatef Higher Education Institute
Zahedan, L.R. Iran

e-mail: monire.hajmohamadi@yahoo.com

Mubariz Garayev

The Center for Mathematics and its Applications
Khazar University

Baku, Azerbaijan

and

Western Caspian University

Baku, Azerbaijan

e-mail: mubarizgarayev871@gmail .com

Operators and Matrices
www.ele-math.com
oam@ele-math.com



