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WEIGHTED NORM ESTIMATES FOR
COMMUTATORS OF SEVERAL SQUARE FUNCTIONS

JIARUT CHEN* AND WENHUA WANG

(Communicated by V. Bolotnikov)

Abstract. In this article, by using the atomic decomposition of weighted Herz-type Hardy spaces,
the authors obtain some strong type estimates for commutators of several square functions gen-
erated by BMO functions on these spaces. All these results are also new even for classical
Herz-type Hardy spaces.

1. Introduction

As is known to all, Hardy space H”(R") is a good substitute of the Lebesgue
space LP(R") with p € (0, 1] in the study for the boundedness of some operators.
For example, when p € (0,1], it is well known that some of the singular integrals
(for example, the Riesz transforms) are not bounded on L”(R"); however, they are
bounded on H?(R"), when p € (0,1]. As a generalization of Lebesgue spaces, Herz
spaces are essential function spaces in harmonic analysis. In 1995, Lu et al. [13, 14]
introduced the weighted Herz spaces and Herz-type Hardy spaces and gave their atomic
decompositions. Soon afterwards, the boundedness of some classical operators is also
established on these spaces, see [6, 7, 15, 17, 22]. More conclusions of the Hardy-type
spaces are referred to [3, 12, 19, 21, 23, 28, 29].

On the other hand, in recently years, the study of the square function on Lebesgue
spaces and Hardy-type spaces has attracted steadily increasing interest. For examples,
in 2007, Wilson [27] introduced a class of new square functions and obtained that they
are bounded on the weighted Lebesgue L) (R") with p € (1, ) and the weight ®
being in the Muckenhoupt class A,(R"). In 2014, Wang [25] proved that these square
functions are bounded from weighted Herz spaces to itself. In 2015, Wang [26] further
discussed the boundedness of these square functions on weighted Herz-Hardy spaces.
More conclusions of square functions are referred to [1, 2, 4, 16, 20, 24, 30].

Motivated by Wang [26] and Lu [14], it is a natural problem to ask whether com-
mutators of these square functions are bounded from weighted Herz-type Hardy spaces
to Herz spaces? In this paper we shall answer this problem affirmatively.

Precisely, this paper is organized as follows.
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In Section 2, we recall some notions concerning Muckenhoupt weights, weighted
Herz spaces and Herz-type Hardy spaces. Then we establish some strong type estimates
for commutators of sveral square functions from HK,"”(w;, @) to K*F (w1, 02), (see
Theorems 2.4, 2.5 and 2.6 below). All these results are also new even for classical Herz-
type Hardy spaces.

Section 3 is devoted to proving Theorems 2.4, 2.5 and 2.6. In the process of the
proof of Theorems 2.4, 2.5 and 2.6, it is worth pointing out that, establishing a more
subtle pointwise estimate for [b, .#](a;) plays an important role, where a; is a central
atom, (see Theorems 2.4, 2.5 and 2.6 below for more details).

Finally, we make some conventions on notation. Let Zy := {1,2,...} and N:=
{0}UZ, . Forany B :=(Bi,...,Bn) eN",let || :=Pi1+---+ P, and PLES (8‘771)31

(an)B". Throughout this paper the letter C will denote a positive constant that may
vary from line to line but will remain independent of the main variables. The symbol
P < Q stands for the inequality P < CQ. If P < Q < P, we then write P ~ Q. For any
sets E, we use |E| as its n-dimensional Lebesgue measure, Xg as its characteristic
Sunction. If there are no special instructions, any space 2 (R") is denoted simply
by 2 . For instance, L>(R") is simply denoted by L?. For any index ¢ € [I, ],
q' denotes the conjugate index of g, namely, 1/q+1/q' = 1. For any set E of R",
measurable function w, let @ (E) := [ w(x)dx. As usual we use By to denote the ball
{xeR": |x| < 2%} with k€ Z.

2. Preliminaries

In this section, we first recall some notations and definitions. For any f8 € (0, 1],
let 3 be the family of functions ¢ defined on R”" such that supp ¢ C {x € R": |x| <

1},

o(x)dx =0,
Rn

and for all x;,x; € R",
lp(x1) — @(x2)| < |x1 —xz\ﬁ~
and (y, 1) € R :=R" x (0, ), let
Ag() (1) = sup |F*@ ()],

qoe%’ﬁ

Forall f € L}

loc

where, for all # € (0,), ¢(-) := £¢ (:). Then the intrinsic square function of f
defined by setting, for any x € R",

9= {[ [ maroordd)”

where T'(x) := {(y,7) € R : |y —x| < }. Also, define varying-aperture versions of
Z(f) by the formula

dydi ) "/?
yﬁy :{// ]2t"+1} y
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where T'y(x) :={(y,7) e R ¢ |y —x| < yt}.

The intrinsic L1ttlewood Paley ¢ -function and the intrinsic ¢} -function of f de-
fined by setting, for any x € R",

0w = { [ g0 }1/2

awo={[ (i) szt

The following definition is from [5, 24]. Let b be a locally integrable function on
R"™. Define the commutators of intrinsic square functions generated by b

and

2 ayar ]’
b, ZB](f [// (psg(gﬁ - (b(x) = b(2))o(y —2)f(2)dz th] ,
bl = | [ s | [ 0t sonme—ssraf %]
o 0 ety /R P

and

[b, %5 p1(f)(x)

¢ An
ki) 2
R1+1 t+ |x _y| (pé%)ﬁ

The classical A, weight was first introduced by Muckenhoupt in the study of
weighted L” boundedness of Hardy-Littlewood maximal functions in [18]. Let w be a
nonnegative, locally integrable function defined on R". All cubes are assumed to have
their sides parallel to the coordinate axes. We say that @ € A, with 1 < p < oo if

1/2
2 dydt /
tn+l )

/]R" (b(x) = b(2)e(y—2)f(2)dz

p—1
\B\/ {|B| /[w(x)}fp%l dx} < C forevery cube B C R",

where C is a positive constant which is independent of the choice of B.
Forthecase p=1, w € Ay, if

|B|/ x)dx < Cess 1nf[ w(x)]~! forevery cube B C R".

A weight function o is said to belong to the reverse Holder class RHI, if there
exist two constants » > 1 and C > 0 such that the following reverse Holder inequality
holds

1 l/r 1
{f/B[w(x)]’dx} <C®/Bw(x)dx for every cube B C R”.
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It is well known that if w € A, with 1 < p <o, then w € A, forall » > p, and
w € A, for some 1 < g < p. Moreover, if w € A, with 1 < p < o, then there exists
r> 1 such that o € RH,. For any given weight function @ on R”, and g € (0, =), we
denote by L, the space of all functions f satisfying

g = ([ lrpora)

A locally integrable function b is said to be BMO if
1
[bllsso = sup = [ 1b(x) — byldx < o
Bcre |B| /B

where bp := ﬁfBb(y)dy.

Next we recall the definitions of the weighted Herz spaces and weighted Herz-type
Hardy spaces. In what follows, we denote by .7 the set of all Schwartz functions and
by &' its dual space (namely, the set of all tempered distributions). For any f € .,
then the grand maximal function of f is defined by

Gn(f) == sup sup |g*f(y)l,

peady |y—x|<t

where @y :={@ € . :sup 4| gj<n x?dB @ (x)| < oo}, N € N is sufficiently large, and
forany 7 € (0,0), @(-) :=17"0(;).

In this paper, we denote C;, = By \ Bx_1 and denote briefly the characteristic func-
tion xp\p, , by Xk, where By := {x € R": |x[ < 21,

DEFINITION 2.1. [13] Let ¢ € R, 0 < g < oo, 0 < p <o and wy, w, be two
weight function on R”. The homogeneous weighted Herz space KgP(wy, @,) and
the non-homogeneous weighted Herz space K; " (wy, ;) are defined respectively by
setting,

KEP (01, 02) 1= {1 € L (R0}, @) 2 | fl g ) <=

and
K (1, 02) i= {f € L (R, @2) 1 1 g0y ) < >
where
1/p
1A ke @y, om) = {2 (1 (Be) P | £ 2617, }
keZ “2
and

1/p
Hf“Kg‘P(wl,wz) = { 2 [ (Bk)]ap/"kaHZ{)z}

keZy

Here, there is the usual modification when g = co.
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DEFINITION 2.2. [14] Let ¢ € R, 0 < g < oo, 0 < p <o and wy, w, be two
weight function on R”, N € N be sufficiently large. The homogeneous weghted Herz-
type Hardy space H K;X "P(wy, y) and the non-homogeneousweighted Herz-type Hardy
space HKy'(wy, 0,) are defined respectively by setting,

HKG P (o1, ) = {f € 7" |G ()] € K (w1, an) }

and
HKP (o, an) = {f € S |Gy (f)]| € K7 (o1, )},
where
Hf”HKg‘p(whwz) = HGN(f)”]'(g‘p(whwz) and ||fHHKg‘p(wl7w2) = ||GN(f)HKg‘p(wl7a)2)'

Here, there is the usual modification when g = oo.

DEFINITION 2.3. [14] Let 1 < g <eo, n(1—1/g) < a <o, s be a non-negative
integer greater than or equal to a+n(1/g—1) and b € BMO.

(1) A real-valued function a is called a central (c,q,s;b)-atom with respect to
(w1, ap) if it satisfes

(i) (support) suppa C B,, where B, = {x € R" : |x| <r},r>0;
(i) (si20) g, < o (B,)] 7

(iii) (vanishing moment) [r, a(x)xPdx = [pn a(x)b(x)xPdx = 0 forany B € 7/,
with |B] <'s.

(2) A real-valued function a(x) is called a central (o, q,s;b)-atom of restricted type
with respect to (wy, @,) if it satisfies

(i) (support) suppa C By, where B, = {x e R" : |x| < r}, r>1;
(if) (size) [lal| g, < [y (B,)] %/

(iii) (vanishing moment) [g, a(x)xPdx = [gn a(x)b(x)xPdx = 0 for any B € 7.
with |B] <s.

The main results of this paper are as follows.

THEOREM 2.4. Let 0 < p<eo, 1 <g<eo, 0<PB <1 and n(l—1/q) <
<n(l1—1/q)+B. If o, 0 € Ay and b € BMO, then [b, 3| is bounded from
HK;"p(a)l7 ) to K;"p(wh ). Moreover, there exists a positive constant C such
that, for any f € HK; P (wy, @),

1[5, 78] (D) k2w, p) < CllBIBMONLF |18 P 01, )
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THEOREM 2.5. Let 0 < p<oeo, 1 <g<oo, 0<B <1 and n(l-1/q) <«
<n(l=1/q)+B. If w1, w, € Ay and b € BMO, then [b,%ﬁ] is bounded from

HI'(,;X’p(wl, m) to Kg’p(wl, ). Moreover, there exists a positive constant C such
that, for any f € HKqO"”(wl, ®),

H [ba gﬁ] (f)HK;X”(wlwz) < C”b”BMOHfHHKgP(wIwZ)

THEOREM 2.6. Let 0 < p<oo, 1 <g<eo, 0<fB <1, n(l-1/qg) <o <n(l—
1/q)+P and A >3+2B/n. If w1, 0y € Ay and b € BMO, then [b, %j‘ﬁ} is bounded
from HK;" (w1, mp) to Kg°P (w1, @n). Moreover; there exists a positive constant C
such that, for any f € HK; P (wy, 02),

[o%.6] )

K P (01, 0) S C”b”BMO”fHHan'p(M7w2)'

REMARK 2.7. All these results for non-homogeneous weighted Herz-type Hardy
spaces can also be proved by atomic decomposition theory. The arguments are similar,
so the details are omitted here.

3. Proofs of Theorems 2.4, 2.5 and 2.6

To prove the main results, we need the following technical lemmas.

LEMMA 3.1. [14] Let w1, p € A, 0< p<oo, 1 <g<ooandn—n/q< o < oo,
s be a non-negative integer greater than or equal to o« +n(1/q—1) and b € BMO.
Then we have that f € HK; " (w1, wy) if and only if

=3 Ajaj in &,

JEZ

where each a; is a central (o, q, s; b) -atom with support contained in Bj and

1/p
(2 %’”) < oo,
jez

1/p
”fHHK;“p(wl,wz) Ninf(z M’jp> )

JEZ

Moreover,

where the infimum is taken over all above decompositions of f.

LEMMA 3.2. [24] Let 0 <B <1, 1 <p <o, w €A, and b € BMO. Then
the commutators [b, g and [b,4g] are bounded on Ll,. If A > max{p, 3}, then the
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commutator [b, E?;L‘B} is also bounded on LE,. Moreover; there exist constants Cy, Cs
and Cs such that, for any f € Lb,

[16,7B)(£)]

< Cil|bllsmol fll 2z -

[16:6](£)] 2 < Cillbllmmoll £,

and

b 610,

< Gs[blBmol| f1l 2 -

LEMMA 3.3. [18] Let w € AjNRH, with r > 1. Then there exist two positive
constants Cy and Cy such that

E| _ o(E) <|E|><“>/’
Crm S —7= <G| 0 ;
F| S a(F) |F|
where for any measurable subsets E, F C R" satisfying E C F .

The following lemma is from [9] or [8, 1 1].

LEMMA 3.4. (John-Nirenberg inequality) Let b € BMO. Then for any ball B C
R", there exist positive constants Cy and Cy such that for all A > 0,
CoA

[{x € B:|b(x) —bp| > A}| < C|Blexp(— 77—
|5][BMO

).

Proof of Theorem 2.4. According to Lemma 3.1, for any f € HK, " (w1, 0,), we
have the decomposition f =3 ;7 Aja;, where (X7, |A;|P)!/P < co and a; is a central
(a, g, s;b; o1, wy)-atom with supp a; C B;. To prove Theorem 2.4, we only need to
show that

I/p
10500105 000 (S )

JEZ
Now we prove Theorem 2.4 by two steps: p € (0, 1] and p € (1, ).
Step 1. If p € (0, 1], then

14
10 2510 s < Sl (B (zm 16, ) (@)l )

JEZL
< DB Y (AP b, Sp) (@) il
keZ jez “2

~ DA [0 (B [b, ) ap) el -
jez keZ @2
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Therefore, to complete the proof of Step 1, we only need to show that, for any central
(&, g, 53 b; 0y, an) -atom a;,

ke%[wl(Bk)]“”/"H[b Vﬁ}(aj)xk\\ﬁ < [18l5mo- 3.1)
We can write
j+l
X (B (b Fpl(apalfy = 3 lon(BOI* (b, Fpl(a)
keZ A
+ 2 o1 (BY)]“"|[b, fﬁ}(aj)xk\\
k=j+2
=1 +1I.

For Iy, by the fact that w, € A C A, with 1 < g < e, we know that w € RH, for
some r > 1. From this and the boundedness of [b, .#3] on Lf, , the size condition of
aj, and Lemma 3.3, we have

j+l

=3 (B b, Al
k=—oo
Jj+1
S Z [wl(Bk)]ap/nHajHZZ]zHngMo
k=—oo
J+1 B ap/n
k
<3 (28] ol
k=—oo
Jjt1 |Bk| (r—1)/nr
< 3 [ i
k——oo LIBj+1
& (k—j—1 1)
~ 3 20 e Db B S 1Bl o
k=—oo

To deal with the term I, we have

L=Y [oB)]""|b,.7B)(a) x|y
k=j+2 “2

o rla
<C Y (o (By)|*P/" </Ck |(b(x)—bs;) 7 (a)) (x)]qwz(x)dx>

k=j+2
rlq

+ 3 @ { [ 7100 -bn) o) 0 oxtryir

k=j+2
=:C(Iy; +1In2).
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For Iy, let ¢ € %”5 with 0 < 8 < 1. From the vanishing moment condition of a i, the
size condition of a;, Holder’s inequality and @, € A, we deduce that

/ 2) [ (y—2) —@(y)]dz
s ,nTﬁ/B_ |a;(2)] |z1Pdz

< 2/f —d'/q Ve
~ m“aj“LZ,z [/B, (2(z)) dz]
- 2J(B+n) 1/g
Nt,,TH J||L" [ (B})]

2J(B+n)
ST

’Clj*(p, | =

(w1 (B)] " [a (Bj)] /1.

Thus, for any (y,7) € R, we have

2J(B+n) —a/n 1/g
Ag(aj) (v t) = sup laj* o (y)| S g (1 (B))] %" [ (B))] 7. (3.2)
Qe
If x € G with k> j+2, and z € Bj, then we have |z| < |7 By the assumption

condition of ¢, we know that

2> eyl +ly—2l > el 2 e - el >
From this and (3.2), we conclude that, for any x € C; with k> j+ 2,
dydt ) /?
@)l ={ [ [ o0 e } 63)
T'(x) 4
1/2
< 278+ [0, (B )]~/ [wa(B)] dydt
~ 2 [wl (Bj)] (/x /y —x|<t l2 Vl+ﬁ it
J(B+n) N)—o/n 1/q
<2 [01(B;)] " [02(B;)] |x|n+ﬁ
Substituting the above inequality into the term Ip;, we get
o p/q
L = 2 o (By)] O‘p/" (/ | —bp; YB (aj) (x )|qm(x)dx>
k=j+2

< 2214 [y (B)] /" [, (B;)] P/

. b~ br |7 r/a
% 2 (1 (By ocP/n (/Ck%m(x)d)g

k=742
op/n |b bB |51 p/q
] / T xa@ B o (x)dx | .

~ 2P [y (B,)] P/ S [
k=j+2
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For the last integral, by the John-Nirenberg inequality, it is easy to see that

|b —bp. |f1 pla
/ck ) 200 (34)
1 p/q
< SorF K/q |b(x) —ka,wz’qwz(x)dx)

+ (|ka —ka7w2| + |b3k —ij’)p (/a (Dz(X)dx> p/q‘|

1 » 2 pla
S 0T llbllBMo(/BkwﬂxMx) +1j — kP bBMo(/Bkwxx)dx)
1
<2kpn+ﬁ 7= k‘prHBMo[UD(Bk)}p/q,

where bp, o, = m Jp, b(x)@2(x)dx. By the above inequality, the fact that o <
n+f—n/q, b€ BMO and Lemma 3.3, we obtain

< S e [wl(Bk>]ap/n[w2(Bk>r = kIPlIbll
Nk=j+22kp(n+ﬁ) w1 (B;) (B)) oo
< i 2Rt By k=papyk=iinp/d| j  k|P||b||5 o
k=jt2
~ Y 2l -ap-nplalyHpoB) oo/ pip|p|L
k=j+2
< 1815mo-

To estimate the term Iy, since wr € A; C Ay, by the property of A, weight, we see
!
that ), ¢ € Ay. If x € G with k> j+2 and z € B}, then

x|

2> =yl +ly =z = -z = v o] > 7

Therefore, using the vanishing moment of a; and a;b, and the assumption condition
@, it follows that

[(b(-) = bs;) aj] (x) (3.5)

1
2 2
dydt
sup
o =
1
22ip 2 dydt|?
[/x /b’ x|<tt2n+ﬁ (/ |b bB |a] )|dZ> tn+1]

/ (z) —bs;) ¢i(y —2)aj(z)dz
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1

2 2
dydt
~ 2P y
2 [/ Jo (/ 9(2) b 2z rmm%]

dydt
2, |:/x /y x|<[ t2 (n+B) +n+1:| / |b bB } |a./ |dZ
5—/ 1b(z) — b, ||a; (2)|dz.
5P U, ’

From this, we further conclude that

it r/a
In = 2 [ (Bk)]ap/n [/Ck |5ﬂﬁ [(b() —ij) aj] (X)|qw2(X)dX] (3.6)

iB r/a
[ (Bk)]ap/n l/c |j|ij+ﬁ (/B ’b( —bp; |\a1 |dz> wz(x)dx]
-, ) ,

~ gz[wlwk)]“”"zkw [ (), 161 asras] ™
)

(B2 (/ 1b(2) — b | sz |dz> ( /Csz(x)dx>p/q.

By Holder’s inequality, the John-Nirenberg inequality (see Lemma 3.4) and the size
condition of a;, we obtain

!

(f, o=l asonae)” < ([ 1o s a2) " s,
< 1ol [,

J

/
(@) ) o (3] 7"

Substituting the above inequality into (3.6), by w, € A| C A, the fact that k> j+2
and Lemma 3.3, we obtain

< = 200 tB) Ty (By) ap/n - (By) pla
23 151l5mo0
k=j+2

2krnth) | i (By) 2 (Bj)

<y 2(j—k)p(n+5)Z(k—j)apz(k—j)np/q||b||gMO
k=j+2
~ [1bllgmo-

Combining the estimates of I; and I, we obtain (3.1) and hence complete the proof of
Step 1.
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Step 2. If p € (1, e0), then we write
o P
[0 2510y < € T o B ( > 1. fg](a.f>xklng2>
ke j=k

—1
k-2 P
+C2[w1(Bk)}‘”’/”< > Allle, yﬁK"j)Xk%)

keZ
=:J1+15.

Jj=—o0

For the term J1, by the fact that w, € A; C A, with 1 < g < o, the boundedness of
[b, SB] on LZ,Z , and Holder’s inequality, we obtain

. P
IS Y lon(By) ap/”( )y ljlllangOzllbIIBMo>

kez, j=k—1

keZ =k—1

o p
< Dlon (Bk)}ap/"{ 2 Al (Bj)]a/"bBMo}
J

oo o p/v
sZ[wl(Bkﬂa”/"llbllﬁMo{ > (AP (B))] ap/zn}{ Y (o ap/zn} ,
J Jj=k—1

keZ j=k—1

If j > k—1,then B;_; C B;. By the condition that m; € A, we know that there exists
r > 1 such that w; € RH,. Therefore,

/v / p/v
- —ap'/2n _ —ap'/2n C ﬂ)(B_) i
{J Z (1 (B;)] p'/2 } = {[M(Bk—lﬂ 72 j:%l [;)T;J)l] }

j=k—1
< [y (Biy)] 7,
From this and Lemma 3.3, we further conclude that

Jl,S”b” MOZ ()} Bk 1 ap/z"{ 2 |A |P wl ap/2n}

keZ
Jj+1
~ [1Bllfno X 14717 Y, [on (B )] > (i (B))) /"
=/ k=—oo

S 1BlEmo X 1417

jez

Next we estimate the term J, . It is easy to see that, for any k£ > j+ 2,
g 1/q
||[b, Yg](aj)kaLZ)z <C [/; | (b(x) — ij) YB (aj)(x)| wz(x)dx]
k

1/q
el i1 o)

=:Jo1 +J00.
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To deal with J;, for x € G with k > j+ 2, repeating the proof of (3.3), it follows that

1

Fylaw) 20 an () an(B)) 1

(3.7)

From the above inequality, (3.4) and Lemma 3.3, we conclude that

x)—bg, 1/a

Jai 52'f("+ﬁ)[w1(3j)]a/"[wz(Bj)]W( o 7P
k

<27 oy (B;)] " [ (B))) V1270 B j— k|| bl o @2 (Bi)] 7
1/q
oK)t Niayn | @B
200008 8] | 2] ko
< 2UREHB=r/a) gy, (B;)] /| j — k] ||b||BMmo-

By (3.5), Holder’s inequality and the size condition of a;, we obtain
2iB q 1/q
Jn < [/c \X\Tﬁ/B_,- |(b(z) —bp;) aj(z)| dz wz(x)dx]
2iB 1/q
S s / |(b( a;(z)| dz (/Bk wz(x)dx>
<=3 [ |p@)—bg,| [022)]) 7 d " e, /g
<ot ] 1) =" on(@)]! 7 e}l B0

B . e
< g llovo { [ [an(0)"/def " fon (8] lanao)

< 2(J—k)(n+ﬁ—n/q)[w1 (B.,.)}—a/n

[6]lB7mo-

Combined with the estimates of J; and J,,, we have that, for any £ > j+ 2,
16, Zg)ap) el g, < 29702 0oy (B))] 7| j — Kl |bl o

From this, Holder’s inequality, Lemma 3.3 and the fact that o < n+f8 —n/q, we deduce
that

k—2 P
1< Z[wlwk)}“ﬂ/z"{ 3 (AU ) gy, (B )| — kaMo}
keZ

k—2
5b§Mo§l[w1(Bk)}“”/2"{ Y, (a2l bl 2 g, (B)| P2 — k”/z}
keZ

Jj=—o0

k=2 p/p
% { D 2(j—k)(n+ﬁ—n/q)p’/2[w1(B,.)}—ap’ﬂn[wl(Bk)}ap’/2n|j_kp’/Z}

Jj=—o0
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k=2
SbﬁMOZ[wl(Bk)}a”/z"{ 2 I/lf|p2("k)(”+ﬁ‘"/q)p/2[w1(Bj)]_“”/znlj—k”/2}
keZ

Jj=—o0

2 U=k ntB=n/a=a)p'/2 ; kp/2]

Jj=—o0

~ [IbllEmo 2 AP 2 QURtB a2 j p/2
Jj=—o0 k=j+2

< 16llgmo X 14517
jez

Combined with the estimates of J; and J,, we complete the proof of Step 2 and hence
the Theorem 2.4. [

Proof of Theorem 2.5. From [27], we know that, for any 0 < § < 1 and x € R",
the square functions .5 (f)(x) and ¥g(f)(x) are pointwise comparable, with com-
parability constants depending only on  and n. Therefore, repeating the proof of
Theorem 2.4, we obtain that, for any f € HK; " (w;, ),

H [b7 gﬁ] (f)”](gp(wlwz) < C”b”BMOHf”HKgp(wlwz)
This finishes the proof of Theorem 2.5. [
Proof of Theorem 2.6. By Lemma 3.1, we know that, for any f € HK; " (w1, ),
there exists a decomposition f = ¥ ;cz4;a;, where (¥jcz IA;|P)1/P < oo and a; is
a central (o, g, s; b; 1, w)-atom with supp a; C Bj. It’s easy to see that, for any

xeR", be BMO,

[b, %5 p1()(x)

P An
| ot
RN+ —Y])  gegy
<\ ()
S — sup
S Yo i< Nt [x -y Pty
T R
211 |x— y\<2't¢.gfgﬁ

<[b, Bl (N)(x) + 2 2742, S (1) ().

i=1

1/2
2 dydt /
tn+l

16— b@)0 -2 dz

/R., (b(x) = b(2) @1 (y—2)f(2) dz

1/2
2 dydt /
thrl

FRa 60 -b@)e0-2sG) d:

1/2
2 dydt /
thrl

From this and a similar proof of Theorem 2.4, we easily deduce that, for any f €
HK; P (w1, m),

|44} )

< .
Ky P (01,0) ™ ”fHHKz?"p(L"l’wZ)'
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To limit the length of this article, we leave the details to the interested readers. This
finishes the proof of Theorem 2.6. [
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