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FURTHER PROPERTIES OF THE MINUS ORDER IN HILBERT SPACES

WENTING LIANG AND CHUNYUAN DENG*

(Communicated by E. Poon)

Abstract. In this paper, we present the geometric structures of minus order, demonstrating that
the minus order is an extension of the star order. The properties of the common minus upper
bound are investigated. Some equivalent characterizations of (S,7)-complementability are
given, and several properties of the minus shorting operation are obtained.

1. Introduction and preliminaries

Let H and X be separable complex Hilbert spaces. We denote the set of all
bounded linear operators from H into K by B(H,K) and by B(H) when H = K. For
an operator A, N'(A) and R(A) denote the null space and the range of A, respectively.
R(A) is the closure of R(A). An operator A is said to be positive, i.e., A > 0 if
(Ax,x) is nonnegative for all x € H. The unique positive square root is denoted by

A7. An operator A is said to be selfadjoint if A* = A and is said to be idempotent if
A? = A. The orthogonal projection onto a closed subspace M C H is denoted by Py.
Let BS(H), BT(H), Q(H) and P(H) be sets of all selfadjoint operators, positive
operators, idempotents and orthogonal projections on H, respectively. For an operator
A€ B(H,K), if N(A) ={0} and R(A) = K, we say that A is injective with dense
range. If U € B(H) satisfies ||Ux|| = ||x|| forall x € N(U)*, then U is called a partial
isometry. The symbols “+ and “&” denote algebra direct sum and orthogonal direct
sum, respectively.

For A, B € BS(H), A < B means (Ax,x) < (Bx,x) for all x € H. The relation

“<” is the usual order on BS(H). For A,B € B(H), A < B means

A'A=A"B=B"Aand AA* = BA* = AB".

The relation “%” is a star order on B(H) [11], which is a generalization of the usual
order [7, 12]. The minus order < is defined by Hartwig [13] and Nambooripad [18]. It
is also called the rank subtractivity order in the finite matrix case because for matrices A
and B of the same order A<B if and only if rank(B — A) =rank(B) —rank(A) [12]. The
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concept of minus order is extended to operators in infinite-dimensional Hilbert spaces
by Antezana, Corach, Stonjanoff [3] and Semrl [21]. In [9], a new characterization of
the minus order for operators acting on infinite-dimensional Hilbert spaces is given in
terms of the so-called range additivity properties. Namely, it is proved that A<B if and
only if R(B) =R(A)+R(B—A) and R(B*) =R(A*)+R(B* — A*), which generalizes
previous results presented in the papers [12, 21]. In [17], Mosi¢ and Cvetkovié-Ili¢
present some interesting properties of the diamond, (left, right) star and sharp orders.
In [20], Raki¢ and Ljubenovi¢ study the star and the minus orders and extend some
results from the matrix case to the case of general operators. The minus order is also
present in papers [5, 6, 15, 16, 19]. As an application of the minus order, Antezana et
al. define the shorting operation of bilateral complementary operators in B(H,K) [3].
Let S CH and 7 C K be closed subspaces. Define the set of operators M~ (A,S,7T)
by

M~ (A8, T):={DeB(H,K): DA, R(D)C7T, R(D*)CS}. (1)

In [3], the authors prove that the infimum of M™(A,S,7) can be attained if A €
B(H,K) is complementable.

DEFINITION 1.1. [9, 12,21] Let A, B € B(H,K). We write A<B if there exist
idempotents P € Q(H) and Q € Q(K) satisfying R(P) = R(A*) and R(Q) = R(A)
such that A = OB = BP*. The relation < is called the minus order. In this case, we say
A<B with respect to P and Q.

For the usual order, Xu, Du and Fang [22] use the invariant subspaces of A and
B to characterize the common infimum A A B. As for the star order, Xu et al. [23]

b
obtain some necessary and sufficient conditions for which the common supremum A Vv

B exists and present an explicit representation for A V B. As we know, (B(H),<)
is a partially ordered set and not a lattice [3, Corlllary 4.14], [21, Corollary 3]. This
leads to considering the natural questions: what are the conditions for the existence of
upper and lower bounds with respect to the minus order and what are the relationships
between the minus order and the star order? In this note, we mainly consider how to
solve these problems. Some properties of the minus order and minus shorting operation
are investigated. In Section 2, we present some geometric structures of minus order. In
Section 3, the relationships between the minus order and the star order are given by
using the technique of operator matrix decompositions. In Section 4, the common
minus upper bound is given. In Section 5, as an application of the minus order, an
equivalent characterization of (S, 7 )-complementability is obtained.

2. Some lemmas and basic properties

In this section, we consider the matrix structures of operators with respect to minus
order. In order to give proofs of our results, we begin with some lemmas.

LEMMA 2.1. [10] If A, B € B(H), then the following statements are equivalent.
(i) A = BC for some operator C € B(H);
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(ii) AA* < kBB* for some k > 0;

(iii) R(A) CR(B).

If one of these conditions holds, then there is a unique solution Cy € B(H) such
that BCy = A with R(Cy) C N'(B)* and N(Cy) = N(A). This solution is called the
Douglas reduced solution of the operator equation BX = A.

LEMMA 2.2. [14, Proposition 2.7] Let A, B and C € B(H) be such that R(B) =
R(C). Then R(AB) = R(AC).

The next lemma presents the relationship between an idempotent P and the or-
thogonal projection with the same range. Note that (P*+P —1I)? =1+ (P* — P)*(P* —
P) > 0. Then P*+ P —1 is invertible. Define

Wp:=(I—P"—PP)I—P—P) '=I—-P—P) '(I—-P-PP). (2)
Then, we have the following observations.

LEMMA 2.3. Let P € Q(H) and Wp be defined by (2). Then the following state-
ments hold.

(1) Wp is invertible.
(i) Prr(pry = Wp(I — P) = (I— P*)Wj.
(iii) Pr(p) = WpPW, '

(iv) Let A € B(H) and Q € Q(H) be such that R(P) = R(A*) and R(Q) = R(A).
Then

Wo.

A=WoAWz, P*=WiPrus(Wp)™', Q0 =Wy Pryy

Proof. (i) ~ (iii) For every P € Q(H), it holds that

P (é?) . Ry e BN(P),R(P)).

By a direct calculation, one has

papnti=(Lh (1 P(I+PyR) B Po(I+ PRy
p—1) ~\ (+PR)'E;  —(U+PR)" )

So,

p (00 I —Py(I+PiP)~ Py Py(I+PyPy) ™!
N = Ror) P0 —1 (I+PR) 'y —(I+PiPy)~!

=(I-P)YI-P-P) ' =(1-P-P)'(1-P).
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Note that Pyr(ps) + P is invertible. One has

Wp = (I—P*—PP*)(I—P—P*)"!
=(I-P)YI-P-P) ' —PP(1—P—P")!
= (I—PYI-P—P) ' 4+PU-P-P)I—-P—P")!
=(I-P)YI-P-P) ' 4P
= Py N(P )—|-P

1R

is invertible and Wp = Pyy(p+) + P = (O /

).Hence,
Pyr(pry =Py (pry(I = P) = (Wp = P)(I—P) =Wp(I - P) = (I— P")Wp

o (IR (IR (IR _ (10
WpPWp _<01><0 0)(0 I )‘(00)_PR<P>'

Items (i) ~ (iii) hold.
@iv) If R(P) =R(A*) and R(Q) =R(A), then

1-00) (10) (10 10
Wo ' PriWo = (o 10> (oo) (o 10>:<0 OO)ZQ'

Similarly, by a direct computation, we obtain

and

A =WoAWp and P* = Wy P (Wp) ™!

The proof is complete. [

We first consider a special case that P and Q are orthogonal projections in Defi-
nition 1.1.

THEOREM 2.1. For A, B € B(H), ifthere exist P, Q € P(H) satisfying R(P) =
R(A*) and R(Q) = R(A) such that A = QB = BP, then B = A+ Pyr(4+)VPr(a) for
some V € B(H).

Proof. One can write P and Q as operator matrix forms

P=(00): (7)) e=(00):(¥3)
vty e (F42) (50 1 (B0 iy

N(P)
sois (j\z[((g))) If A € B(H) with R(A*) = R(P) and R(A) = R(Q), then A has the

operator matrix form

a=(58): (%) — (%)

!
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where A; € B(R(P),R(Q)) is injective with dense range. If A = OB = BP, then B
has the corresponding matrix form

A O
B= ( 0 *) = A+ Png)VPy(p) = A+ Prnas)VPr(a)
for some V € B(H). This completes the proof. [J

REMARK 2.1. In [8&, Corollary 2.1], Deng and Yu prove that A % B if and only if
B = A+ Ppr(4+)VPyr(a) for some V € B(H). By Theorem 2.1, it follows that the minus
order is an extension of star order. In particular, if there exist P, Q € P(H) satisfying
R(P) =R(A*) and R(Q) = R(A) such that A = OB = BP, then A<B is reduced as

*
A<B.

If A<B, then there exist idempotents P and Q satisfying R(P) = R(A*) and
R(Q) = R(A) such that A= QB = BP* by Definition 1.1. Notice that T*P(T*)~! and
SQS~! are idempotents for arbitrary invertible operators S and 7. By Lemma 2.2,

R(T*P(T*)™") = R(T*P) = R(T"A") = R(T*A*S*) = R((SAT)"),

R(SOS™!) = R(SQ) = R(SA) = R(SAT)

and
*

SAT = (SQS™Y)SBT = SBT(T~'P*T) = SBT [T*P(T*)~']".

Hence, SAT<SBT .
The following observations follow immediately by Definition 1.1.

THEOREM 2.2. Let A,B € B(H). Then the following statements hold.
(i) AXB <= A*<B* <= SAT<SBT for arbitrary invertible operators S,T € B(H).
(ii) If A is injective or surjective, then A<B <> A = B.
(iii) [3, Corollary 4.14] If ASB, then R(A) € R(B) and R(A*) C R(BY).
(iv) If A<B and B<C, then A<C.

(v) If A<B, then BX = BY (resp. XB = YB) implies that AX = AY (resp. XA =YA)
for some XY € B(H).

Proof. (i), (ii) and (v) are obvious by Definition 1.1. (iii) follows immediately by
Lemma 2.1.

(iv) By Definition 1.1, if A<B and B<C, then there exist idempotents P; and Q;
(i =1,2) satisfying

R(P) =R(A*), R(P)=R(B*), R(Qi1)=R(A), R(Q2)=R(B)

such that
A=0\B=BP/, B=0,C=CP;.
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By item (iii) we know R(Q;) € R(Q2) and R(P;) C R(P;). Hence, Q10> and P\ P,
are idempotents satisfying R(PPs) =R(P;) =R(A*) and R(Q102) =R(0Q1) =R(A)
such that A = 0,0,C = CP; P} ,ie.,, ASC. O

In the sequel, we present matrix structures of operators with respect to the minus
order. Let A € B('H,K) have the operator matrix representation

_(An0Y. (R@AD) _ ([ R@A)
a=(%0): (M) — (W) ®
where Aj; € B(R(A*),R(A)) is injective with dense range. Let B € B(H,K), P €
Q(H) with R(P) =R(A*) and Q € Q(K) with R(Q) = R(A) have the corresponding
operator matrix forms

s=(oman) (M) — () @

= (o8) (W) —(3)
and _ .

o=(o%): () —(F) e

respectively. Then we have the following observations.

THEOREM 2.3. For given A € B(H), there exists B € B(H) such that A<B_if
and only if there exist P and Q € Q(H) satisfying R(P) = R(A*) and R(Q) =R(A)
such that

B=A+(I—-Q)V(I—P)* forsome V € B(H).

Proof. The sufficiency is obvious and it suffices to prove the converse. Assume

that A<B. Then there exist P,Q € Q(H) such that A = QB = BP* with R(P) = R(A*)
and R(Q) =R(A) by Definition 1.1. Let A, B, P and Q have the operator matrix forms
as (3)~(06), respectively. From A = OB, one has

An0Y) _ (1Qo Bi1 Bip . Bi1+ Q0B = Ay,
00 00 By Ba Bi2+ QpB» =0.

From A = BP*, one obtains
A 0 _ (B Bp 10 . Bi1+BioPy = Aqx,
00 By Bxn )\ Pr 0O By + ByyP; =0.

Bi1 =A11+ QoBnPy, Bi»=-Q0Bxn, By =—-BxnkF;.

Then,
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Hence,

B (An + QoBnFy —QoB22>

—By Py B2
_(Au0 n QoB»Py —0oBxn (N
00 —Bzng By

=A+(I—-Q)V({I—P)" (whereV e B(H)),

which completes the proof. [

REMARK 2.2. Let A,B € B(H). We have the following results.

(i) From the proof of Theorem 2.3, it is easy to see that if there exists Q € Q(H)
such that R(Q) = R(A) and A = OB, then B=A+ (I — Q)V for some V € B(H).
Similarly, if there exists P € Q(H) such that R(P) = R(A*) and A = BP*, then B =
A+W(I—P)* forsome W € B(H).

(i1) Here several counterexamples are presented to illustrate the properties of minus
order.

o *
(a) A<B # A < B. For example, put

10 21 -1 11 I1
a=(50) 2=(37) r=(50) e=(50)
Then A<B since A = OB = BP* with R(P) = R(A*) and R(Q) =R(A). But A*A #

A*B and AA* # BA*.
(b) A<B and B = B* % A = A*. For example, put

11 11 L/I1I 10
A‘(oo)’ B_<I—I>’ P‘E(U)’ 0= (00)'
Then A<B since A = QB = BP* with R(P) = R(A*) and R(Q) = R(A). But A is
not selfadjoint.

(c) A<B # A?<B?. For example, put
11 I 1 L/I1 10
A= (00)’ B= (21—21)’ P_§<II>’ 0= (00)'
Clearly, A<B since A = QB = BP* with R(P) = R(A*) and R(Q) = R(A). But
A? =A and
31 -1
2 _
w=(Ga )

It is easy to see that there is no idempotent Q' with R(Q') = R(A?) (i.e.,R(Q") =
R(A)) such that A2 = Q'B?.
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(d) A’<B? % A<B. For example, put

01 I 0
A= (00)’ B= (0—21)'
Clearly, A% = 0<B? while there is no idempotent Q with R(Q) = R(A) such that
A=0B.

As we know, if 7" =T for T € B(H) and 2 < n € N, then T is n-idempotent.
The following result shows that the lower bound of an n-idempotent with respect to the
minus order has a closed range. More precisely, we have the following theorem.

THEOREM 2.4. Let A and B € B(H) be such that A<B. If B is n-idempotent
(2<neN), then R(A) is closed and AB"? is idempotent, and AB"~' = B" 1A = A.

Proof. Since A<B, there are P and Q € Q(H) satisfying R(P) = R(A*) and
R(Q) =R(A) such that A = OB = BP* by Definition 1.1. Since B" = B, one has

AB"!' = OB"= QB=A and B" 'A = B"P* = BP* = A.

Note that
A=QA=Q(B"'A) = (OB)B" ?A=AB"2A.

It follows that (AB"~2)? = AB"2AB"~2 = AB"~2. Hence, R(AB"2) is closed. From
R(A) = R(AB"2A) C R(AB"?) C R(A), we conclude that R(A) = R(AB"?) is
closed. [

Next we give a property of 2 x 2 operator matrices with respect to minus order.

THEOREM 2.5. Fora given 2 x 2 diagonal operator matrix N =N, &0 € B(H; ®
Ho, K1 ®Ky), there exists

M| M
M = (M; Mi) GB(H1®H27’C1€BK2)

such that M<N if and only if M; =0, i =2,3,4 and M{<N,. In addition, if M<N
with respect to some P € Q(H; ®Ha) and Q € Q(K; & Ky), then

M = NP*+ QN — QNP".

Proof. The sufficiency is obvious. We shall prove the necessity. If M<N, then
there exist P € Q(H| @ H;) and Q € Q(K| & K,) such that M = ON = NP*, R(P) =
R(M*) C R(N*) CH; and R(Q) = R(M) C R(N) C K;. It follows that M; =0,
i=2,3,4, R(P)=R(Mj) and R(Q) = R(M;). Now, M, N, P and Q, as operators
from

Hi & Hy=R(M;)® [Hi©R(M;)| & Ha
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into

Ki®Ky=R(M)®[KioRM)| &Ky
have the matrix forms M =M;; 040,

Nii N2 0 I Py Pi3 I 012 O13
N=[NyNno]|, P=[00 0], o=[00 0 |,
0O 00 00 O 00 O

respectively, where M1, € B(R(P),R(Q)) is injective with dense range. The relations
M = QN = NP* imply that

My1 = Ni1 +Q12Na1 = Niy +NiaPy,  Niz = —Q12N»n,  Nap = —NnoPj,.

Thus,
M1+ Q12N2 Py, —Q12Nx 0
N = —N22P1*2 Ny O|=M+({I-Q)N(I—- P)*.
0 0 0

So, M = NP*+ QN — QNP*. By Theorem 2.3, we know

My 0 = M1+ Q12N2 Py —012N»
( 0 0) IS ( —~NnP;, N

with respect to

1 P 1
PI::P|H1:<O 62>7 QI::Q’C1:<OQ012>7

which completes the proof. [

3. Relationships between the minus order and the star order

In this section, we generalize several conclusions of star order to minus order. We
show a connection between the minus order and the star order in Theorem 3.3, which
also shows that the minus order is an extension of star order.

We first recall several known characterizations of star order. For operators A,B €
B(H), it has been proved that

AA* = BA* = A = BPg;sy <= A = BP for some PeP(H) (8)
and

A'TA=A"B<= A= PrgBe=A= P'B forsome P’ € P(H) 9)
in [4, Proposition 2.3]. Therefore, it holds that

*
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and
A< B+ A=PB=BP =PBP forsome P ¢ P(H) and some P’ € P(H). (11)

Both (10) and (11) are equivalent characterizations of the relation A < B in terms of
orthogonal projections. Here, we shall generalize (8) and (9) to the minus order.

THEOREM 3.1. Let A, B € B(H). The following statements hold.
(i) There exists some Q € Q(H) such that A = QB if and only if there exists Q' € Q(H)
with R(Q') = R(A) such that A= Q'B.

(ii) There exists some P € Q(H) such that A= BP* if and only if there exists P' € Q(H)
with R(P') = R(A*) such that A = BP™.

Proof. (1) The sufficiency is obvious. We shall prove the necessity. Let Qg €
Q(H) be such that R(Qp) = R(A). If A= OB, then R(A) = R(Qo) € R(Q) and
A = QoA = Qy0OB. Put Q' = 0oQ. Then

0? = 000000 = 050 = Q0 =0’

and

R(Q') =R(Q0Q) € R(Qo) =R(Q0QQ) € R(QQ) =R(Q).

Therefore, we get that R(Q') = R(A) and A = Q'B.
(i1) By taking the adjoint and then applying item (i), one gets the result. [J

Theorem 3.1 has been proved by Antezana et al. in [3, Proposition 4.13] by a
different definition of the minus order introduced in [ I, Definition 4.11]. According to
Theorem 3.1, A<B if and only if A = QB = BP* for some P,Q € Q(H). Now we are
in the position to present an equivalent characterization of the minus order in terms of
invertible operators Wp and Wy defined by (2).

THEOREM 3.2. Let A, B € B(H). Then A<B if and only if there exist P, Q €
Q(H) satisfying R(P) = R(A*) and R(Q) = R(A) such that

A*WpA = A*WoB and AWFA* = BWEA*, (12)

where invertible operators Wp and W are defined by (2).

Proof. Assume A<B. It follows from Definition 1.1 that there are P and Q €
Q(H) satisfying R(P) = R(A*) and R(Q) = R(A) such that A = BP* = OB. By
Lemma 2.3 (ii), one has

B—A=B(I—P*) =BPy(p-)(Wp)"

and
B—A=(I—Q)B=W, 'Py(gB.
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Since R(P) =R(A*) and R(Q) =R(A), we get
(B—A)WpA™ = BPyr(pA" =0 and A"Wg(B—A)=A"Py;)B=0.
Therefore, we obtain
AWpA* = BWpA* and A"WpA = A*WyB.

Conversely, if there exist P and Q € Q(H) such that R(P) = R(A*) and R(Q) =
R(A), then A, B, P and Q have operator matrix forms as (3) ~ (6), respectively. The
relation AWpA* = BWSA* implies that

A1 O 10 A7, 0\ (B B2 10 A} O
00 Py 1 0 0) \ By By Py 1 0 0)°
A direct computation shows Bij + B2y = A1 and By + By Py = 0. Therefore, we

have A = BP*. Analogously, it follows from A*WpA = A*WpB that A = OB, which
completes the proof. [

By Theorem 3.2, if P,Q € P(H) are orthogonal projections, then Wp = Wy = 1.
Clearly, the relations in (12) are reduced as A*A = A*B and AA* = BA*, which equals

to A < B. More precisely, the next theorem also presents a relationship between the
minus order and star order. For simplification, we denote orthogonal projections by
Py = PW and Py := Pm in the sequel.

THEOREM 3.3. Let A,B € B(H). Then A<B if and only if there exist P and
0 € Q(H) satisfying R(P) = R(A*) and R(Q) = R(A) such that

A< WoBW;,
where Wp and Wy are defined by (2).

Proof. 1If A<B, by Definition 1.1, there exist P and Q € Q(H) satisfying R(P) =
R(A*) and R(Q) = R(A) such that A = OB = BP*. By Lemma 2.3 (iii), we have

WoOW, ' = Pr o) = Py and WpPW;, ' = P p) = Py-,

that is,
WQQ = PAWQ and P*W; = W;PA*.

Therefore,
WpA = WpOB = P\WpB and AWp = BP*Wp = BWp Py-,
which leads to

WQAW;; = PAWQBW; and WQAW; = WQBW; Py
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By Lemma 2.3 (iv),

A = WpAW; = PyWpBW; = WoBWj Py-.
Thus, A < WpBWjy by (10).
For the converse, if there exist P and Q € Q(H) satisfying R(P) = R(A*) and

*

R(Q) =R(A) such that A < WpBW}, by Lemma 2.3 (iv) and (10),

A = WoAW} = PsWoBWj = WoBW; Py:.

Note that Wy and Wp are invertible operators. Then it follows from the above equalities
that
A=W, ' P\WoB = BWzPs-(Wp) ™.

Since Q = WQ_IPAWQ and P* = WiPy+(W;)~! by Lemma 2.3 (iv), we obtain A =
OB = BP*,ie., A<B. O

4. Common minus upper bound

Let A and B € B(H). If there exists C € B(H) such that A<C and B<C, we
say that A and B have a common minus upper bound. In this section, conditions in
which bounded operators have a common minus upper bound are investigated. In order
to simplify, we denote Qm and Qm by Q4 and Qy+, respectively, where Qm

and Q7 are idempotents with ranges R(A) and R(A*), respectively.

THEOREM 4.1. Let A,B and C € B(H) be such that A<B and C<B. Then A<C
if and only if R(A) C R(C) and R(A*) C R(C*).

Proof. The necessity follows immediately by Definition 1.1. It suffices to prove
the converse. Since A<B, there exist Q4 and Qs+ € Q(H) such that A = QsB = BQ},...
Similarly, C<B implies that there are Q¢ and Q¢+ € Q(H) such that C = QcB =
BQ¢.. Hence,

R(A*) CR(C*) = 0aC = QuBQO; = AQ( = A

and
R(A) CR(C) = 0a+C* = Qs+B*QF = A"Qr = A™.
As a consequence, we obtain ALC. O
It should be mentioned that a parallel result with regard to the star order has been

proved in [4, Theorem 2.7]. The following result follows by Theorem 4.1.

COROLLARY 4.1. Let A,B € B(H) with R(A) = R(B) and R(A*) = R(B*).
Then A and B have a common minus upper bound if and only if A = B.
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THEOREM 4.2. Let A,B € B(H). If A is injective or has a dense range, then A
and B have a common minus upper bound if and only if B<A. In this case, AVB = A,
where AVB means the common minus supremum of A and B.

Proof. The sufficiency is obvious and it suffices to prove the converse. Let C €
B(H) be such that A<C and B<C. Since A<C, by Theorem 2.3, there exist V €
B(H), P and Q € Q(H) with R(P) = R(A*) and R(Q) = R(A) such that

C=A+(I-QV(I-P)".

If N(A*) ={0} or N(A) ={0},then Q=1 or P=1. So, C=A, B<A and AVB =
A. O

By Theorem 4.2 (resp. Theorem 2.2, item (ii)) one has the following corollary.

COROLLARY 4.2. Let A and B € B(H). If A and B are injective or have dense
ranges, then A and B have a common minus upper bound if and only if A = B.

THEOREM 4.3. Let A € B(H). If there exists C € Q(H) such that ALC and
Py<C, then there are P, Q and Q' € Q(H) with R(Q) = R(P) = R(Q') = R(A)
such that

A=Py+(Q-0)C(P"—1I),

where Py denotes the orthogonal projection onto R(A).

Proof. By Definition 1.1, if P4<C, then there exist P and Q € Q(H) with R(P) =
R(Q) = R(A) such that Py = QC = CP*. Let P4, P, Q and C, as operators from

(A) N (A*) into R(A) ® N (A*), have the operator matrix forms
_(10 _(Ih _(1Qo _(CuCr
PA_(OO)’ P‘(o 0)’ Q‘(o 0) and €= (cz1 022)’
respectively. By (7) in the proof of Theorem 2.3,

C— 1+ QoCn Py —00Ca
—CpnFy Cx ’

where Cyp € B(N(A%)). Let

a=("75) AneBRM), ane BN R@)

Since A<C, there exists Q' € Q(H) with R(Q') = R(A) such that A = Q'C. Put
1O
r_ 0
o' = (O 0 ).Then

A A\ _ (10 (1+Q0CnP; —Q0Cr
0 0 00 —CnP; Cn )’



96 W. LIANG AND C. DENG

which implies that
An =1+(Q0—Q)C2P; and Apy = —(Qo— Q))Ca-

Therefore,

0 0
B (1 O) N ((Qo—QB)szpg —(Qo—Q6)C22>
00 0 0
B 0000y (CuuCr2\ (0 O
—re (05 %) (@ en) (%)

=P+ (Q-0)C(P 1),

A <I+ (Qo — Qy)Cr2Py —(Qo — Q6)C22)

which completes the proof. [
Similar to Theorem 4.3, we have the following result.
THEOREM 4.4. Let A € B(H). If there exists C € B(H) such that A<C and

Py+<C, then there exist P, Q and P' € Q(H) with R(P) = R(P') = R(Q) = R(A*)
such that

A=Py+(Q-I)C(P—P)*,

where Py» denotes the orthogonal projection onto R(A*).

Proof. Note that A<C and P+ <C if and only if A*<C* and P4+<C* by Theorem
2.2. Tt follows from Theorem 4.3 that there exist Q, P and P’ € Q(H) with R(P) =
R(Q) = R(P") = R(A*) such that

A* =Py + (P—P)C*(Q" —1).

Hence, A =Py« + (Q—1)C(P—P')*. O

5. Applying to (S, 7 )-complementable operators

As an application of the usual order for positive operators, Anderson, Duffin and
Trapp show how the positive operators can be expressed as a sum of operators whose
ranges are restricted by given subspaces [2, Theorem 2]. Shorting operation for positive
operators is introduced in [2]. Later, the conception of shorted operator is extended
to (S,7)-weakly complementable operators by Antezana, Corach and Stojanoff [3],
where S and 7 are two closed subspaces of H.

An operator

Aq Ay 1 1
A= eBSHS,THT 13
<A21 A22) (S® e7T) (13)

is called (S,7)-complementable if
R(A21) CR(A»n) and R(A},) C R(A3,).
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If A€ B(H) is (S,T)-complementable, then

An—FEO> (14)

ApsT) = ( 0 0

is called the bilateral shorted operator of A with respect to subspaces S and 7', where
E and F are reduced solutions of the operator equations

Ay = |A%,|'2UX and A}, = |Ax|'/?X, (15)

respectively, and U is a partial isometry of the polar decomposition of Ay (A =
UlAx)).

Clearly, if R(A) C7 and R(A*) C S, then A/s 1) is (S,7 )-complementable
and A =Ajs 7). If Ais (S,7)-complementable, then A5 7) is the maximal el-
ement of the operators set defined in (1) [3, Theorem 4.15]. For simplification, Qs
and Q7 denote idempotents with ranges S and 7, respectively. Firstly, we provide an
equivalent characterization of (S,7)-complementable operators by using idempotents.

THEOREM 5.1. Let A € B(H). Then A is (S,T)-complementable if and only if
there exist Qs and Q7 € Q(H) such that QTA = AQ%. In this case,

Ajs1)=01A =AQ5 = 0TAQS.

Proof. Let A have the operator matrix form (13). A is (S,7 )-complementable if
and only if R(A},) C R(A3,) and R(Az;) € R(A22) by the definition in (14) if and
only if there exist Qyp € B(7+,7) and Q; € B(S*,S) such that Aj; = QpA;; and
Az =A» Q] by Lemma 2.1. Then

Q0Az21 =A120] = QA2 0.

Define operators Q7 and Qs on 7 &7+ and S & S+, respectively, as follows

or = (é _OQO> and Qs = (é _OQl>.

oA = (A1~ QoA Az —QoAn ) _ (A1 —QoAn0) 0
7 0 0 0 0

It holds that

and

A = A —ApQi 0 _ (A1 —00A»07 0
S Ay —A»07 0 0 0)

Hence, A is (S,7)-complementable if and only if there exist Os and Q7 € Q(H)

such that Q7A = AQ%. Therefore, it also holds that 07A = AQS = Q7AQ%.
Next, we show

A1 — QoAn0j 0)
0 0/

A)sT) = (
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In fact, by the uniqueness of reduced solutions, we have E = \A22|1/ QQ’I‘ and F =
|[An| 12y *Qy . Therefore, a straightforward computation shows that

F*E = QoU|Ax|"*|A0|'/* 0} = QoA 0}
Thus, we complete the proof. [

Theorem 5.1 presents a relationship between (S,7 ) -complementable operator A
and the shorted operator A (s 7). We refer the reader to [3, Proposition 4.7] and [3,
Proposition 4.13] for other proof of the following corollary.

COROLLARY 5.1. [3, Theorem4.15] Let A € B(H). If A is (S,T)-complemen-
table, then A/(S’T)gA.

The following corollary shows that the shorting operation preserves the minus
order with respect to closed subspaces.

COROLLARY 5.2. Let A € B(H), U and V C 'H be closed subspaces such that
SCU and T CV. If A is both (U,V)-complementable and (S, T ) -complementable,

then A/(SfT)zA/(LLV) .

Proof. Assume that A is ({/,V)-complementable. It follows from Theorem 5.1
that there exist Qy; and Qy € Q(H) such that

Ajuv) = OvA = AQy,.

Similarly, the assumption that A is (S,7 ) -complementable implies that there exist Qs
and Q7 such that

Ajs1)=071A =AQ5S.
In addition, R(Aj( s T)) C S CU implies
Aysry =410 = 01AQ, = OTA)11,)
Analogously, R(A(s1)) €7 CV implies
Aysr) = OvA)s.1) = OvAQSs = A1) 0.
By Theorem 3.1, we get A s 71 <A/1y). O

For a given operator A € B(H) and closed subspaces S, 7 CH,if A is (S,7)-
complementable, it follows from the uniqueness of reduced solutions to operators equa-
tions (15) that A (s 7) is unique. However, it is clear that operators D € B(H) with
conditions that

(1) D<KA, (2) R(D)C7T, (3) R(DHCS
are non-unique. In addition, if D also satisfies
4) R(A-D)NT ={0}, (5) R(A"-D")NS={0},

then it is unique and D = A (s, 7). More accurate, we have the following theorem.
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THEOREM 5.2. Let A € B(H) be (S,T)-complementable. There is unique oper-
ator F:=A s 1) satisfying

R(F)CT, R(F)CS, RA—F)NT ={0}, R@A*—F)NS={0} (16)

such that F<A.

Proof. Assume that A is (S,7 )-complementable. By (14) and Corollary 5.1,
R(F)CT,R(F*)CS and F<A.

Next, put G:=A—F =A—As 7). We prove R(G)N7T = {0}. In fact, for
every (w,0) € R(G)N T, there exist x €S and y € S* such that

W\ x\_(F'EAp) (x
<0> =[A-4sm) (y) N <A21 Azz) <y> "

where E and F are reduced solutions to operators equations Ay = \A§2|1/ 2UX and

Al, = \A22|1/ X, respectively. U : R(A3,) — R(A22) is a partial isometry of the
polar decomposition of Ay; . It follows from (17) that

Arix+Apy=0and F*Ex+ Ay =w.
Substituting Ay = |A%,|'/2UE into the first equation above, it holds that
|45, PUEX + U|Anly = UlAn|'*Ex+ U|Agly = U|Ag| ' (Ex+ |Az|'/?y) = 0.
Put 7 = Ex+ |Ap|'/2y. Then z € N (U|An|'/?) = N(JA3|'/?). Since F is the reduced
solution to operator equation A%, = |Ax|'/2X, we obtain R(F) C N (|Ax|"/?)* by
Lemma 2.1. Therefore, we get z € N'(JAxn|'/?) C N(F*). Hence, it holds that
0 = F*z = F*(Ex+ |An|"/?y) = F*Ex+ F*|An|"/?y = F*Ex+ Ay = w.
Thus, R(G)NT = {0}.

As for R(G*)NS = {0}, let (v,0) € R(G*) NS, then there exist ¥ € S and
y' € St such that

v w [ X E*F A5\ (X
<0> - (A_A/(S’T)) ()’/> B (AE A3 v
It follows from the above equality that
Al X + A5y =0and E*FX + A5y =v.

Since F is the reduced solution to operator equation A}, = [A2)| 12X and U is a partial
isometry of the polar decomposition of Ay, , we have

AL V2 X + A5y = |An| P (FX 4 |An|?U™yY) = 0.
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Put 7/ = Fx' 4 |Ap|"/?U*y'. Then 7/ € N'(|Ax|'/?). Since E is the reduced solution to
operator equation Ay = |A3,|'/2UX, we get R(E) C N(|A3,|'/?U)* by Lemma 2.1
again. Hence, 7/ € N'(|Ap|'/?) = N(U|Ap|'/?) = N(|A5,|1/2U) C N (E*). Therefore,

0=E*7 = E*(FX + |An|V2U*Y) = E*Fx' + E*|An|'/2U*Y = E*FX + A%y =,

which implies that R(G*) NS = {0}.

For uniqueness, suppose that there exists Fy € B(H) with Fy<A and Gy =A — Fy
satisfying (16). Let Go = (A —A(s.1)) + (A(s,7) — Fo) - It follows from the existence
proved above that R (A—As.7)) N7 = R(G)NT = {0} and from hypothesis that
R(Go)NT = {0}. However, R (As.1)—Fo) S R(A/s.1)) +R(Fo) € T, which is
a contradiction. Therefore, it holds that A /(S8,T) — Fy=0,1e., Fp =A /(8,T)> which
completes the proof. [

By Theorem 5.2 and [3, Theorem 4.15],

A/(S,T) = mﬁax./\/lf(A,S,T)

<

=max{D € B(H): D<A, R(D)C7, R(D*)CS}
={FeB(H):F<A, R(F)CT, R(F*)CS,
R(A—F)NT ={0}, RA*—F*)NS={0}},

which presents a new characterization of the minus shorted operator A (s 7. In addi-
tion, we give the following corollary.

COROLLARY 5.3. Let A and B € B(H) be such that A<B, U and V C 'H be
closed subspaces satisfying S CU and T CV. If A is (S,T)-complementable and B
is (U,V)-complementable, then A (s 7\<By)-

Proof. By Corollary 5.1, A5 7)<A. By Theorem 2.2, A /(s 7)<B. Define the
set of operators

M~ (BU,V):={DeB(H):DIB, R(D)CV, R(D")Cul.

Note that
R <A;($.’7’)> CSCUand R (A/(Sﬂ’)) CT CV.

We get A/(S{T) S M_(B7H7V). By [3, Theorem 4.15], A/(S’T)KB/MV) . g
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